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1 Similarity based pattern recognition and model selection

The search for patterns in data requires a mathematical definition of structure and a comparison
function to rank different structures. This definition of structure would provide insights into the
invariances in the problem class that we are considering. The central question raised in this work
package WP3.2 is related to the information content of metricity violations in data. An informa-
tion theoretic approach based on approximations is sketched in Section 2, the shift invariance in
connection with a non-parametric Bayesian approach to pairwise clustering is studied in Section 3.

Section 2 summarizes an information theoretic view of cost approximation (empirical risk ap-
proximation, ERA) [1] and how a hypothetical communication framework can be used for model
selection. It is well known that stability based model selection [4] yields highly satisfactory results
in applications and a theoretical understanding of such a heuristics is highly desirable. Similar-
ity based reasoning about structure in data is motivated by the uncertainty in data which induce
uncertainty in the solution space. Patterns are considered to be similar if they are statistically in-
distinguishable due to data noise. The request that solutions should generalize from one data set
to an equally probable second data set gives rise to a new notion of structure induced information.
We use the problem of data clustering to illustrate the concept.

Despite the lack of a vectorial representation, one way to formulate clustering problems is to
define a generative process that produces points in some Euclidean space according to some
form of mixture distribution, and then study the distribution of the pairwise distance matrices asso-
ciated with sets of points. In Section 3, we describe an approach that exploits inherent invariance
principles of clustering models, by considering a matrix partitioning problem. This allows us to re-
lax the metricity requirements. This fully probabilistic framework is used to show that an important
class of mixture models can be viewed as low-rank matrix approximations, and (approximate) shift
invariance can be explained as a natural consequence of assuming a white noise term capturing
the deviations from the low-rank model.



2 Tradeoff between informativeness and robustness

Structures are usually defined in statistical learning as elements of a hypothesis class, e.g., parti-
tions in the case of clustering problems or projection matrices in case of linear dimension reduc-
tion. Depending on the application users then define a cost, risk or energy function to code the
quality of such structures. The search for "good” or even optimal structures is then organized as
an optimization procedure to reduce costs.

Such a modelling strategy does neither answer the open question which cost function should
we use, nor does it help us to develop robust algorithms for finding such structures.

In the following, we describe an information theoretic view of cost approximation (empirical risk
approximation, ERA) and how a hypothetical communication framework can be used for model
selection. We use the problem of data clustering to illustrate the concept.

2.1 Statistical learning of clustering

Given are a set of objects O = {o01,...,0,} and measurements X € X to characterize these
objects. X denotes the measurement space. Such measurements might be vectors x; € R%,1 <
i < n in a d-dimensional space or relations D = (D;;) € R™"™ which describe the (dis)-similarity
between object o; and o;. More complicated data structures than vectors or relations, e.g., three-
way data or graphs, are used in various applications. In the following, we use the generic notation
X for measurements.

The hypothesis class for a clustering problem is defined by the set of assignments of data
to groups, i.e., C = {c : O — {1,...,k}9}. ¢(X) is a set of functions which map objects to
cluster indices. For n objects we can distinguish O(k™) such functions. Special clustering models
might require additional parameters 6 which characterize a cluster like the centroids in k-means
clustering. The hypothesis class is then the product space of possible assignments and possible
parameter values.

Pattern analysis in data clustering requires to quantify the quality of such hypothesis, e.g., in
vector quantization we use the k-means cost function and we use the nearest centroid assignment
rule. For the subsequent discussion on empirical risk approximation we assume that a cost func-
tion R(c, 6; X) is given which measures how well a particular clustering with assignments ¢(o) and
cluster parameters 6 groups the objects. A suitable metric on the space of hypotheses might be
chosen based on such a cost function R.

2.2 Why information theory for clustering?

To formulate the statistical learning question we have to consider the following problem: Quite often
the measurement space X has a much higher "dimension” than the solution space. Consider
for example the problem of spectral clustering with & groups based on dissimilarities D: The
measurements are elements of R"("~1)/2 for real valued weights, but we can only distinguish less
than or equal to k™ different clusterings. Any approach which relies on estimating the probability



distribution of the data ultimately will fail since we require far too many observations than needed
to identify one hypothesis or a set of hypotheses, i.e., one clustering or a set of clusterings.

Using an information theoretic perspective, we might ask the question how the uncertainty in
the observations limit the resolution in the hypothesis class. How different can two hypotheses be
so that they are still statistically indistinguishable given a cost function R(c, #; X)? The core ques-
tion of statistical learning, "How well does a learning solution generalize?”, is intimately related to
the problem of distinguishing hypotheses.

Shannon’s information theory provides a framework to study such questions of how many bit
strings can be reliably distinguished in the presence of noise and, therefore, can be used as a
code for communication. This study is based on the idea that approximation sets of clustering cost
functions can be used as a reliable code. The capacity of such a coding scheme then answers the
guestion how sensitive a particular cost function is to noise. "Good” models exhibit high robustness
to noise and at the same time, they are highly informative due to a large hypothesis class. "Poor”
models might be sensitive to noise (overfitting) or might be very restrictive with a small hypothesis
class (underfitting).

To identify the correlate of a code vector and a code book, we define the set C,, of hypotheses
which are y-optimal w.r.t. the minimum cost solution ¢*(X) = arg min. ¢ R(c, 0; X), i.e.,

Cy(X) ={c : R(c,6;X) < R(c",60;X) +}. L)

To test how well a v-optimal solution generalizes we assume that we are given two samples
of the problem, i.e., we have measurements X(1), X(?) ~ Pr(X) for training and testing. These
two measurements X (1.2) define two optimization problems R(c, §; X(1:2)). For both sets of mea-
surements we can determine ~-optimal approximations 05,1’2) = C,Y(X(L?)). To measure stability
of a solution, we require that the intersection between both sets is almost as large as its union.
If this condition is met then the noise in the data will not affect the property to be ~-optimal to
the optimum. ~-optimality can be considered as a similarity criterion based on the cost function
R(e, 8; X) which closely relates this concept to the main theme of the SIMBAD project.

2.3 Coding by approximation

The informativeness-robustness tradeoff is expressed by the condition that v should be as small
as possible and the intersection between the two approximation sets should be as large as their
union. This condition corresponds to Shannon’s random coding argument that the received bit
string should be jointly typical with the codeword which has been selected by the sender. The
error of this communication process vanishes for asymptotically large bit strings provided we do
not exceed the capacity of the communication channel.

In our setting, where we use approximation sets for coding, we have to generate 2™ different
code problems with respective approximation sets so that a zero error condition can be used to
determine the optimal model. np defines a coding rate which should be as large as possible. Fur-
thermore, such a procedure will allow us to measure the number of bits relative to the hypothesis
class which we have selected for our pattern recognition problem.



The sender follows the following procedure to define the set of code problems: (i) the problem
generator send the data set X(!) to sender and receiver; (ii) the sender permutes the object
indices of the data in such a way that the new optimal solution ¢ (X) is transformed to o; o ¢+ (X).
In total, there exist 277 (Pe) with H(p,) = — ", -, <,, P, log p, many transformations o. This set of
transformations is shared with the receiver which establishes a code.

problem generator P&

sender (& \: receiver
{0-17 <. 70-2'”'9}

Figure 1. Generation of a set of code problems for communication.

In the communication process , the sender selects the transformation o, and send this trans-
formation to the problem generator §3® which generates a second data set X(?) ~ Pr(X). This
test data set is drawn from the same probability distribution as the training data set X(1), The P&
then applies the transformation o, to the test data and send the transformed data X = o, 0 X to
the receiver.

A problem generator

G, ~
~ R(-, 00 X®) s.t.
sender XU X p(X? receiver [ c*

Figure 2. Communication process: the sender selects transformation o, and the receiver esti-
mates o*.

The receiver now faces the question which transformation o;, 1 < j < 2" has been selected
by the sender. If he is able to estimate the transformation selected by the sender, then he has
received np bits in this communication. To compute the intersection between the approximation
set of the test problem and the approximation set of one of the code problems, solutions of the
test problem have to be mapped to the hypothesis class C(X(")). This mapping is denoted by
o : C(X@) - c(x),

For decoding , the receiver intersects the approximation set ¢ o CV(X) with all approximation
sets in the codebook {C,(o; o X(M),1 < j < 27°}. Under the condition that a sufficiently large
overlap exists, the receiver declares the transformation o*
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o* = argmgx‘cv(g oXM)y N ¢ (CW(X(Q))N (2)

Cy(0* 0 XW) 11 6 (€,(X)) |

if
| Cy(o 0 XV)]

>1—c¢

as being selected by the sender. o* is the received message which has been transmitted by an
approximate optimization protocol using the problem generator as a channel.

2.4 Error Analysis of this Code

To analyze the error of this communication protocol, we introduce the following events &;:

p { 1C, (05 0 XW) N ($0Cy (050 X@)) |
=

>1— 1< <2™ 3
C,(; 0 X)) - } == )

The event &, 0 < € < 1 corresponds to correct communication with o* = o5.
Two types of errors can occur using this communication protocol:

1. The approximation set ¢ o CW(X(Q)) does not substantially intersect with the “correct”, sender
selected approximation set C, (o, o X(l)), i.e.,

= |C(X(1))\C (050 XN (poC,y (050X )))]
T €y (05 0 XD)]

zl—e} 1<j<2"  (4)

2. The approximation set ¢ o CV(X(Q)) substantially intersects with an “incorrect” approximation
set C,(oj 0o X)), j # s, i.e., the event §;, j # s occurs.

The conditional error of communication if the sender has selected the transformation o:

P(errorlos) = P(EU---UEU---U&Emp|oy)

< P(Elos) + > P(Ejlos)
j#s

{CE¢OC (050X(2) )}
- Z Z |poCy(os o X@)| {CGC7 o oX(l))}P(O'J)
J#s C(x M)

IN

|¢poCy(oso0 X(Q)) NCy(ojo X(l))]

< €+ (2" —1)exp(—H (o)) X 6 0Cy (050 X@)

(®)

H (o) denotes the entropy of the transformation o; which is independent of the index j. The
exponentially large terms have to vanish for error free communication. This condition which yields
the inequality

np < loglgoCy(oso XP)NCy(oj0 XM)| —log|poCy(os 0 X)) — H(oy) 6)
= I(O’S,CV(O'SOX@)))



Since H(o;) = H(os) we can abbreviate the right hand side of inequality (6) as a mutual informa-
tion Z(.,.). This inequality defines an approximation capacity for an optimization problem and it
allows us to study the number of bits which can be reliably extracted from an optimization problem
R(c,0;X) in the presence of noise.

Within the SIMBAD project we will study this concept of structure dependent information to
measure the influence of invariances when selecting a cost function for pattern recognition. We
also will investigate the role of a metric in the space of hypotheses. Beyond metric approaches, the
approximation sets can also be defined by algorithms which do not necessarily follow a gradient
dynamics.

3 Bayesian clustering models for dissimilarity matrices

The Bayesian clustering approach presented in this work aims at identifying subsets or clusters
of objects represented as “blocks” in a permuted dissimilarity matrix. The underlying idea is that
objects grouped together in such a cluster can be reasonably well described as a homogeneous
sub-population. Our focus on dissimilarity matrices implies that we do not have access to a vec-
torial representation of the objects, and in general, no such representation will exist, since we do
not assume that the dissimilarity matrix fulfills the axioms of a valid metric.

Despite the lack of a vectorial representation, one way to formulate clustering problems of this
kind is to define a generative process that produces points in some Euclidean space according to
some form of mixture distribution, and then study the distribution of the pairwise distance matrices
associated with sets of points. By construction, however, it is clear that any such approach can
only generate metric distances, which might lead to the conclusion that this class of models are
not very helpful for explaining general dissimilarity matrices.

This gap between explainable metric distances and non-metric matrices outside the accessible
modeling space, however, might be bridged by exploiting some inherent invariance principles of
clustering models. A first idea of this kind has been presented in [7] for the k-means clustering
model which can be reformulated as a matrix partitioning method for squared Euclidean distances
between pairs of points. Once we have arrived at this matrix partitioning problem, however, we
can forego the requirement on the distances as being of squared Euclidean form, and simply use
this method for partitioning any dissimilarity matrix. This strategy naturally brings up questions
about the price to be payed for dropping the Euclidean assumption.

The key insight in [7] is that basically no such price has to be paid at all: it could be shown that
the partition structure defined by maximizing the associated cost function is both invariant under
symmetrizing transformations and under constant additive shifts applied to the dissimilarities. The
first property ensures that any input matrix violating the symmetry axiom of a metric space can be
safely symmetrized, and the shift invariance property implies that any (potentially symmetrized)
matrix can be forced to fulfill the triangle inequality without changing the solution structure. To be
exact, the assertion is even stronger in that under this partitioning model, any dissimilarity matrix
can be safely transformed such that the dissimilarities fulfill the parallelogram inequality. It follows
that the corresponding norm stems from a dot product which, in turn, implies that there exists a set



of points in R™ which is geometrically arranged in such a way that the transformed dissimilarities
are squared Euclidean distances.

The conclusion is that the the k-means cost function (or its dissimilarity-base counterpart) is
essentially “blind” against metric violations. Informally, this property means that the clustering
model explains both metric and artificially “metricized” matrices equally well, leading to the some
parameter estimates in a maximum likelihood framework.

Despite its elegance, the approach in [7] is particularly tailored to a certain cost function and
does not provide general insights into the sources and origins of the identified invariances. In
this work we will go one step further and reformulate the matrix partitioning problem in a fully
probabilistic framework. We show that an important class of mixture models can be viewed as
low-rank matrix approximations, and (approximate) shift invariance can be explained as a natural
consequence of assuming a white noise term capturing the deviations from the low-rank model.
In the hard-clustering limit, the k-means model with its known invariance properties appears as a
special case of this class of models.

This section is structured as follows: we first review the partitioning model for Gaussian mix-
tures introduced in [6], which is then extended to a partitioning process on dissimilarity matrices.
Connections to multi-dimensional scaling are shown which help to explain the clustering process
as a low-rank matrix approximation. Finally, shift invariance properties are analyzed.

3.1 Dirichlet cluster process for Gaussian mixtures.

Let [n] := {1,...,n}. A partition B € B,, is an equivalence relation B : [n] x [n] — {0,1} that may
be represented in matrix form as B(i,j) = 1 if z(i) = z(j) and B(i, j) = 0 otherwise, with = being a
function that maps [n] to some label set C. Alternatively, B may be represented as a set of disjoint
non-empty subsets called “blocks” b.

A partition process is a series of distributions P, on the set B,, of partitions of the set [»] in
which P, is the marginal distribution of P, 1. Such a process is called exchangeable if each P, is
invariant under permutations of object indices.

A Gauss-Dirichlet cluster process consists of an infinite sequence of points in R?, together with
a random partition of integers into k blocks. A sequence of length n can be sampled as follows,
cf. [6]: fix the number of mixture modes k, generate mixing proportions = = (7y,...,7) from
an exchangeable Dirichlet distribution Dir(\/k, ..., \/k), generate a label sequence (z1,...,z,)
from a multinomial distribution, and forget the labels introducing the random partition P of [n]
induced by z. Integrating out 7, one arrives at a Dirichlet-Multinomial-type prior over partitions
P(BJ|A, k). The limit as k¥ — oo is well defined and known as the Ewens process (a.k.a. Chinese
Restaurant process), [3]. Given such a partition B, d-dimensional observations Y = (Y1,...,Y},)
are generated from a zero-mean Gaussian distribution with covariance matrix

Yp=1,03+B®%, with cov(V,Vjs|B)=20;30rs + BijX1,s, (7

where Y, is the usual within-class covariance matrix and ¥; the between-class matrix, respec-
tively. Since the partition process is invariant under permutations, we can always think of B be-
ing block-diagonal. For spherical covariance matrices, ¥y = aly, Y1 = B4, the columns of )



contain independent copies distributed according to a normal distribution with covariance matrix
¥ = al, + 6B. Further, the distribution also factorizes over the blocks b € B. Introducing for
each block a (n, x ny)-matrix of ones E,,, the joint distribution of observed data and partitions
reads

d
p(Y, Bla, B, A k) = | [T [ NYaslaln, + 8En,)| - P(BIA k), ®)
beB j=1

where the symbol i, defines an index-vector for all objects assigned to block &.

3.2 Inner products and distances.

The above concept of a Gauss-Dirichlet cluster process can be easily extended to a sequence of
inner product (and distance) matrices. Conditioned on the partition B, the inner product matrix S =
Yt follows a (possibly degenerate) Wishart distribution in d degrees of freedom, S ~ W,(Xp).
Regarding the distribution of the distance matrix with components D;; = S;; + S;; — 25;;, it is
convenient to first consider the case d = 1 and to introduce the notion of a generalized Gaussian
distribution with kernel K C R", see [5]: Y ~ N (K, u, 3). Consider a matrix &K whose columns are
the vectors in K so that K = span(K). For any transformation L with LK = 0, the meaning of the
general Gaussian notation is:

LY ~ N(Lu, LXLY). (9)

In the following we will only consider the case p = 0 and only such transformation L under which
LY.L is strict positive definite. It follows that under the kernel K, two parameter settings ¥; and
¥, are equivalent if (X1 — X3) € sym?(K ® R™). It is also useful to introduce the distributional
symbol S ~ W (K, X) for the generalized Wishart distribution of the random matrix S = YVt when
Y~ N(K,0,%).

The key observation in [5] is that D;; = Sy + S;; — 2S5;; defines a linear transformation on
symmetric matrices with kernel sym?(1 @ R") which implies that for K = 1 (the space of constant
functions), the distances follow a generalized Wishart distribution: —D ~ W;(1,2X5) = Wi (1, A)
with A;; = Xp;; + Xp;; — 2X ;5. For the above setting with spherical covariances, ¥ = al,¥; =
(1, this result generalizes in a natural way to d dimensions: —D ~ W;(1, A).

The restriction . = 0 does not limit the generality of the approach, since by “centering” the dis-
tance matrix we can always transform the representation into inner product form via S = —%QDQ
with Q;; = (1 — %)6@, which eliminates any contribution of the mean vector while preserving the
distances. Note that @ itself is a projection with the same kernel 1. Thus, given an observed matrix
D, we can directly work with the transformed S = —1QD@Q assuming the model S ~ Wy(Xp). The
joint distribution of inner-product matrices and partitions reads

p(S; Blev, 3, X, k) = Wa(S|(adn + BB)) - P(B|A, k), (10)

which again is invariant under index permutations and factorizes over blocks b € B:

p(S, Bla, B,\, k) = £(S) | T 12672 exp (—tx(;154)) | - P(BIA, k), (11)
beB



where f(.S) captures terms that are independent of the partition, and X, S, denote the submatrices
corresponding to the b-th block.

3.3 Relation to multi-dimensional scaling.

Classical multi-dimensional scaling [2] can be interpreted as using a distance model
—D ~W(1,A) with A = Ag 4+ M + 021, (12)

where A stems from the kernel, M is a low-rank matrix used to approximate the observed matrix
D, and ¢?I is a white noise term accounting for deviations from the low-rank model, see [5]. It
has been proposed to use the transformation S = —%QDQ with @ = (1 — %)In (see above), which
eliminates A, and transforms the data into inner product form: S ~ W(1, %), with ¥ = %azQJr M.
Note that @ is a scaled identity matrix which means that this expression is essentially the same as
our covariance model ¥z = al, + 6B. The only difference is that B is not an arbitrary low-rank
matrix, but additionally constrained to be a binary partition matrix. Thus, Gaussian mixture models
can be understood as a binarized version of multi-dimensional scaling in that the inner product
matrix is approximated by a low-rank partition matrix. The white noise term al,, corresponding to
the within-class covariance has the role of absorbing the deviations from the low-rank model.

The expected value of S ~ Wy(Xp) is E[S] = . Adding an additional noise term 41 to
the covariance matrix shifts the expected value of S to X + §1. Reversing this argument for
inference problems in which we observe the inner product matrix .S, additive shifts of the diagonal
elements of S might be absorbed by the white noise term. Note that such additive diagonal terms
appear when shifting the off-diagonal elements of D. Using sufficiently large shifts ensures that
there exists an embedding space in which the transformed dissimilarities D’ can be represented
as squared Euclidean distances between a set of n vectors. We will study shift invariance more
formally in the next section. In particular, we will show that in the large sample size limit (or
alternatively in the hard clustering limit) the mixture model becomes shift invariant.

3.4 Shift invariance.

The inverse matrix Eb‘l = (al,, + BE,,)"! can be analytically computed as

1 g
—({——=E,, |- 13
a < a+nyf b) (13)
Denoting by A the argument of the exponential function in (11), a shift S’ = S + 61, implies
A" = —a tr((al,, + BEn,)  (Sn, + 1)) = nof3 (npSn, + 8) — tr(Sn,) — 9, (14)
o+ npf

where S,,, denotes the mean value of the b-th block of S. For «, 3 fixed and large block sizes n, it
follows that

A’ ~ npSy, — tr(Sp,) — (np — 1)8
=3 A ~ —tr(S) — (n— #B)S+ > S, (15)

beB beB



with # B being the number of blocks in the partition B. This result implies that for fixed parameters
and number of blocks, the conditional posterior of partitions is approximately shift invariant. In the
limit n — oo or in the hard clustering limit 5 — oo this statement becomes exact.

3.5 Conclusion.

Gaussian mixture models can be defined via an exchangeable partitioning process which avoids
problems related to unidentifiable of labels. Given a partition, any set of n observations is gener-
ated according to a Gaussian distribution. Assuming spherical within- and between covariances,
this construction induces a Wishart model for inner product matrices which is formally identical
to a probabilistic version of (classical) multi-dimensional scaling. This analogy shows that mix-
ture models can be viewed as low-rank matrix approximations using binary partition matrices.
The within-class covariance term has the role of a white noise term capturing deviations from the
low-rank model.

A partitioning model on dissimilarity matrices is called shift invariant, if the choice of a partition
is not influenced by additive constant shifts of the off-diagonal elements in D. If a model exhibits
this invariance property, it is always possible to construct an underlying Euclidean embedding
space without altering the preference for partitions. For a fixed number of observations n, certain
models of this kind can be formally described as mixture models in R™, even if the input matrix
violates the triangle inequality.

We have shown that the clustering model induced by an exchangeable partitioning process
and a Wishart model on inner product matrices is “nearly” shift invariance, a statement which
becomes exact if either the block sizes go to infinity, or in the hard-clustering limit. On an intuitive
level, shift invariance can be explained as “absorbing” shifts in the white-noise term that captures
deviations from the low-rank partition model.

4 Summary

The work of the ETH Zurich group together with the group of Volker Roth (Univ. Basel) has fo-
cussed on both the theoretical studies of clustering and on the data analysis part of the medical
application in cancer studies. The theoretical work is concerned with model selection in clustering
and it pursues two strategies, (i) an information theoretic approach to measure the information
content of hypothesis classes in an approximation setting and (ii) a non-parametric Bayesian ap-
proach to understand pairwise clustering and its shift invariance. Both studies are complementary
and will be brought together in the next stage of the project.
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