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Introduction

The objective of this workpackage is to study both the causes of the lack
of (geo)metricity in dissimilarity data and its eﬀect on traditional machine
learning algorithms.
For non-metric dissimilarity data, the triangle inequality is violated for
some subsets of three data points. For metric data, a basic structure is
available in the dataset. However, it is still possible that sets of more than
three points would not ﬁt into a Euclidean space. Consequently, they cannot
be isometrically embedded in such a space. As a result, the assumptions
are violated for many of the traditional procedures for analyzing and classifying data. For that reason the target of this workpackage is to study
non-Euclidean data. We distinguish the following questions:
• Why is there non-Euclidean data?
• How can it be analyzed? What representation should be used?
• What are examples of datasets?
These are studied and presented in the three reports listed on page 2. The
results are summarized in the next section. Consequences are discussed in
the ﬁnal section.

2
2.1

Results
The cause of non-Euclidean data

We identiﬁed two main causes for non-Euclidean behavior [1,4,5]: nonintrinsic ones and intrinsic ones.
Non-intrinsic causes are related to computational and observational
problems. Examples are measurement noise, computational inaccuracies,
algorithmic shortcuts in optimization procedures and missing data. The resulting dissimilarities may not be consistent with each other as they are measured/optimized only pairwise. In case there are no other eﬀects, Euclidean
representations can asymptotically be expected for increasing computational
and observational resources.
Intrinsic causes are deliberately chosen for non-Euclidean distance measures like the l1 norm used for comparing spectra, the edit distance and the
Hausdorﬀ distance used for comparing shapes and the single-linkage procedure used in cluster analysis (which is even non-metric). An important
group of the set of intrinsic causes are the pairwise object comparisons that
3

deﬁne their own subspace or normalization [3,4,5]. Examples are objects
represented by point sets in Hilbert space and rotation invariance of images
solved by a pairwise optimization of the relative image angle. In such cases,
a global representation for all objects might be derived by using all given
pairwise relations leading to some non-Euclidean embedding. A perfect Euclidean embedding can only be found if the pairwise comparison was already
made in a Euclidean space, which necessarily has to be constructed using all
objects.
There is an important conclusion, not explicitly mentioned in one of the
reports, but which is drawn here from the above. The use of training objects
as well as test objects (i.e. the objects to be classiﬁed) for constructing the
representation may be necessary in case the non-Euclidean dissimilarities
are essential for a good classiﬁcation. Transductive learning becomes then a
consequence of using informative non-Euclidean object proximities [8].
An observation, not explicitly made before, but which is evident from all
examples is the following. A basic reason for experts to design non-Euclidean
dissimilarity measures is when it is essential to incorporate object structure
into a measure. The bridge over the gap between structural and statistical pattern recognition that is oﬀered by the dissimilarity representation
demands the handling of non-Euclidean data as a toll [4].

2.2

The representation of non-Euclidean data

We can distinguish three approaches to construct a vector space given a full
set of dissimilarities.
• Embedding into a pseudo-Euclidean space. This is possible without
any error, so there is no loss of information. A problem is however
that the inner product deﬁnition and the distance deﬁnition demand
diﬀerent classiﬁers in this space than the traditional ones. The SVM
suﬀers from non-Mercer or indeﬁnite kernels, density estimation is not
well deﬁned and objects can have negative square distances to other
objects. Some classiﬁers can be deﬁned, e.g. the nearest neighbor,
nearest mean and Parzen [8]. For other classiﬁers, like QDA an Fisher,
indeﬁnite kernelized versions exist [6,7].
• Euclidean corrections, either based on the pseudo-Euclidean embedding, or directly on the given dissimilarity matrix [8,10,11] are available
as well. Examples are neglecting the speciﬁc distance measure deﬁned
for the pseudo-Euclidean space or using a Euclidean subspace of this
space. An interesting alternative is the transformation studied in report
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D3.2 [2]: enlarging the oﬀ-diagonal dissimilarities by some constant before embedding. A perfect Euclidean embedding is possible for suﬃciently large values of this constant. As this transformation is topology
preserving (neighborhood relations are maintained, certain clusterings
are invariant), it shows that a continuous (nonlinear!) transformation
between classiﬁers in the pseudo-Euclidean space and classiﬁers in the
Euclidean space exists that assign objects to classes in the same way.
• The dissimilarity space. This approach postulates a Euclidean space
using the vector of dissimilarities from a given object to the so-called
representation set (e.g. the training set) as ’features’ [1,3,4]. This
can always be done without any computational overhead, except when
dimension reduction is desired. It makes no diﬀerence whether the
original set of dissimilarities has a Euclidean behavior or not. It is
even not needed that the pairwise relations are symmetric. The price
that has to be paid for this ﬂexible solution is that the distances in the
dissimilarity space are not identical to, and can be very diﬀerent from
the original dissimilarities. This may be bad for some applications,
but it can also be advantageous, e.g. in the above mentioned situation
when the pairwise object comparisons made for the computation of
the original dissimilarities do not take into account the context of the
total set of objects. The dissimilarity space creates such a context by
relating all objects to each other.

2.3

Examples of datasets

The datasets collected in the project are described in the SIMBAD report
2009 9 [8]. We collected 64 dissimilarity matrices of which 44 have been
generated for the same problem (shapes of chicken pieces). This is a public
domain data. From the remaining 20 matrices, six matrices are artiﬁcially
generated by us, three matrices have been constructed within SIMBAD by
using the COIL dataset, ﬁve matrices are the result of in-house applications
and six matrices are public domain datasets taken from the internet. All
have non-Euclidean behavior.
We developed software for a systematic analysis of the datasets and compared the performance of some classiﬁers in various spaces as discussed above.
In general, dissimilarity spaces do somewhat better than pseudo-Euclidean
embedded spaces and spaces derived by Euclidean corrections.
The main ﬁnding however is that for some datasets a direct removal of the
non-Euclidean characteristics of the data (neglecting eigenvectors with negative eigenvalues in the pseudo-Euclidean embedding) is counterproductive
5

for some classiﬁers. So, the non-Euclidean behaior is informative for these
datasets and these classiﬁers. This does not necessarily imply that classiﬁers
used in the pseudo-Euclidean space or based on indeﬁnite kernels are only
beneﬁcial. Euclidean corrections may bring the relevant information into the
domain of Euclidean classiﬁers, as well.
Extreme examples are artiﬁcially constructed by the Balls3D and
Balls50D datasets [5,8]. For these problems, all information for the separation between the classes is located in the negative part of the pseudoEuclidean space. By isolating this area and treating it as a Euclidean space,
the classiﬁcation problems can be entirely solved.
One of the datasets that has become available in the SIMBAD project
(WP7) is the Verona set of 182 dissimilarity matrices derived from the MRI
brain scans of 124 subjects [9]. They are constructed using 13 diﬀerent
dissimilarity measures applied to ROIs related to 14 diﬀerent regions in the
brain. Majority of the measures is non-Euclidean. The data is analyzed with
the same procedures as mentioned above. In addition, they are combined into
a single dissimilarity matrix which showed a signiﬁcantly better performance
than any of the individual constituting matrices.

3

Conclusions

Causes for the non-Euclideaness of dissimilarity data have been identiﬁed.
Some are non-intrinsic causes and corrections may improve classiﬁcation results in such cases. For intrinsic causes, the non-Euclidean behavior is likely
to be informative and Euclidean corrections or the construction of the Euclidean dissimilarity space may make the standard statistical classiﬁers applicable to these problems. We identiﬁed structural pattern recognition as a signiﬁcant application domain of non-Euclidean dissimilarity measures, oﬀering
a bridge to the tools of statistical pattern recognition [16,17]. Examples are
the many applications using dissimilarity measures between spectra or histograms like a shape distance or the earth mover distance [22,23,24,26,27,28].
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22. D. Porro Muñoz, R.P.W. Duin, I. Talavera, and N. Hernández, The Representation of Chemical Spectral Data for Classiﬁcation, in: E. BayroCorrochano, J.O. Eklundh (eds.), Progress in Pattern Recognition, Image
Analysis, Computer Vision, and Applications (Proc. CIARP 2009, Guadalajara, Jalisco, Mexico, Nov. 15-18, 2009), Lecture Notes in Computer Science,
vol. 5856, Springer, Berlin, 2009, v513-520.

9
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27. D. Porro-Muñoz, R.P.W. Duin, M. Orozco-Alzate, I. Talavera, and J.M.
Londoño- Bonilla, Classifying Three-way Seismic Volcanic Data by Dissimilarity Representation, ICPR 2010, 2010.
28. L. Sørensen, M. de Bruijne, R.P.W. Duin, M. Loog, P. Lo, and A. Dirksen,
Image Dissimilarity-Based Quantiﬁcation of Pathology, MICCAI, 2010.

10

