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Generalizations of game-theoretic notions

1. Introduction
The objective of workpackage WP5 is to develop novel, general learning models which do
not require the (geo)metric assumption, thereby working directly on the original data. Game
theory offers an attractive and unexplored perspective that serves well our purpose.
In task WP5.2 we aimed at generalizing the game-theoretic framework developed in
WP5.1 in several directions:
•

High-order relations: extensions to the game-theoretic approach have been
studied, allowing k-way interactions among players, which is equivalent to using
high-order similarity relations, or payoff functions that are non linear in the
population distribution allowing us to deal with context-dependent similarities.

•

Multi-population

formulations:

generalizations

involving

several

distinct

populations of players. These “multi-population” games allow to learn many
related classification functions simultaneously.
Along these lines of research, we further developed some general topics related to the
game theoretic approach:
•

Applications: we studied the applicability of the approach to specific problems

•

Future Work.

In the following we will report the main results from each line of investigation

2. High-order relations
The game-theoretic framework naturally generalizes to allow k-way interactions among
players, which is equivalent to using high-order similarity relations (hypergraphs). The main
extension in this direction was already anticipated in D5.1 and derived from the work
published in (Rota Bulò and Pelillo, 2009). Since that report there has been some further work
in the theoretical characterization of the hypergraph clusters (Rota Bulò and Pelillo,
submitted).
Let H=(V, s) be a k-graph modeling a hypergraph clustering problem, where V={1,...,n} is
the set of objects to cluster and s({i1,...,ik}) is the similarity function providing the similarity
among k objects i1,...,ik. We can build a game involving k players, each of them having the
same set of (pure) strategies, namely the set of objects to cluster V. Under this setting, a
population x ∈ Δ of agents playing a clustering game is to all intents and purposes a
representation of a cluster, where xi is the probability for object i to be part of it. Indeed, any
cluster can be modelled as a probability distribution over the set of objects to cluster.
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The payoff function of the clustering game is defined in a way as to favour the evolution of
agents supporting highly coherent objects. Intuitively, this is accomplished by rewarding the k
players in proportion to the similarity that the k played objects have.
Hence, assuming (v1, ...,vk) ∈ Vk to be the tuple of objects selected by k players, the payoff
function can be simply defined as

Within this context, the notion of a cluster turns out to be equivalent to a classical
equilibrium concept from (evolutionary) game theory, namely Evolutionary Stable Strategies,
as the latter reflects both the internal and external cluster conditions of a cluster, i.e., internal
coherency condition, which asks that the objects belonging to the cluster have high mutual
similarities, and an external incoherency condition, which states that the overall cluster
internal coherency decreases by adding to it any external object.

  x denote the support of a population x ∈ , that is the set of indices
i∈V such that x i >0 . Consider the following function u : k ℝ which will be
Let

useful in the sequel:

which is invariant under any permutation of its arguments due to the super-symmetry of the

 . Also, we will use the notations x [ k] as a shortcut for a sequence
(x ,... , x) of k identical states x , and e j to indicate the n-vector with x j =1 and

payoff function

zero elsewhere. Now, it is easy to see that the expected payoff earned by a j-strategist (an
agent playing strategy

j ∈S ) in a population x ∈ is given by u (e j , x[ k−1]) , while

the expected payoff over the entire population is given by
A

population

state x ∈ is

a

Nash

x [ k] .

equilibrium

of

the

clustering

game

= P , S ,  if
An ESS is a refinement of the notion of Nash equilibrium which is stable to some extent
under evolutionary pressure. Formally, assume assume that in a population x ∈ , a
small share  of mutant agents appears, whose distribution of strategies is
resulting post-entry population is then given by

y ∈ . The

w =1− x y . Biological intuition

suggests that evolutionary forces select against mutant individuals if and only if the expected
payoff of a mutant agent in the postentry population is lower than that of an individual from the
original population, i.e.,

Hence, a population

x ∈

is said to be evolutionary stable if the previous inequality

holds for any distribution of mutant agents
mutants

y ∈ ∖ { x } , granted the population share of

 is sufficiently small.
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Within our framework , a cluster of a hypergraph clustering problem instance is, by
definition, an ESS of the corresponding clustering game.
Definition (ESS-cluster): Given an instance of a hypergraph clustering problem

H =V , E ,  , an ESS-cluster of H is an ESS of the corresponding
hypergraph clustering game.
Note that given an ESS-cluster x ∈ the expected population payoff

[k ]
u ( x ) can be

regarded as a measure of the cluster's internal coherency in terms of the average similarity of

u (e j , x[ k−1]) of a player
selecting object j ∈V in x measures the average similarity of object j with respect to
the objects forming the cluster, whereas the expected payoff
the cluster.
The internal coherency of an ESS-cluster is a direct consequence of the Nash condition,
which is satisfied by any ESS. Indeed, if x ∈ is an ESS of a clustering game, then from
the Nash condition it follows that every object belonging to the cluster, i.e., every object in

  x , has the same average similarity with respect to the cluster, which in turn
corresponds to the cluster's overall average similarity. This is formally stated in the following
theorem.
H =V , E ,  be an instance of a hypergraph clustering problem,
and = P , V ,  the corresponding clustering game. If x ∈ is an ESScluster of H , with support   x=C , then
Theorem: Let

We provide also in the following theorem a characterization of the ESS-equilibria in terms
of two-covers, i.e. subgraphs such that each pair of vertices belongs to at least one
(hyper-)edge.

H =V , E ,  be an instance of a hypergraph clustering problem,
and = P , V ,  the corresponding clustering game. If x ∈ is an ESScluster of H , then its support   x is a two-cover of H .
Theorem: Let

Intuitively, the previous result shows that two objects cannot belong to (the support of) an
ESS-cluster if there is no similarity relationship between them within the cluster. This is a
minimal property that a cluster should satisfy in order to guarantee some form of internal
coherency.
As for the external incoherency, we show in the next theorem that any deviation from the
equilibrium leads to a drop in the cluster internal similarity.

H =V , E ,  be an instance of a hypergraph clustering problem,
and = P , V ,  the corresponding clustering game. Then,
x ∈ is an
ESS-cluster of H if and only if for any y ∈ ∖ { x } and all sufficiently small
positive values of  the following inequality holds:
Theorem: Let

where

w  =1− x y .

We additionally show that there exists a correspondence between the ESS-clusters and
the local solutions of a polynomial, linearly-constrained, optimization problem.
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H =V , E ,  be

a

hypergraph

clustering

problem,

= P , V ,  the corresponding clustering game, and f (x ) a function
defined as

 are in one-to-one correspondence with the critical points of
f ( x ) over  , while ESS's of  are in one-to-one correspondence with strict
local maximizers of f ( x ) over  .
Nash equilibria of

We also provide the following dynamics as an algorithm for finding ESS-clusters, which
derives straightforwardly from the Baum-Eagon inequality (L. E. Baum and J. A. Eagon,
1967), which can be regarded to as a generalization of the replicator dynamics to multipopulation games :

2.1 Hypergraph matching
In (Ren, Wilson, Hancock, 2011) an approach to hypergraph matching is proposed, which
is based on the factorization of the compatibility tensor, derived from two hypergraphs to
match, in terms of a matrix defined in probability domain. This factorization is accomplished
by using the game-theoretic framework described in the previous section.
Let

H =V , E ,  be a k-graph and let H denote also the adjacency tensor of

hypergraph H . The adjacency tensor is indexed by k-tuples of vertices in V and
provides for each tuple

(i 1,... , i k ) corresponding to an edge {i 1,... , i k }∈ E of the

hypergraph the similarity  {i 1,. .. ,i k } and 0 otherwise.
Consider two k-graphs

H =V , E ,  and H ' =V ' , E ' , ' to be matched and

construct a compatibility tensor as follows

where

s (⋅,⋅) is a function measuring hyperedge similarity. This function can be defined

using a Gaussian kernel

s  H i ,... ,i , H ' i '
1

k

1,.

.. ,i ' k

=exp −∥H i , ..., i −H ' i '
1

k

1,.

2
.. , i ' k 2

∥ / 1 where

 1 is a scaling parameter. The hyperedge pair {i 1,... , i k } and {i ' 1,... , i ' k } with a large
similarity

measure

has

a

large

probability

Pr ({i 1,... , i k }⇔{i ' 1,... ,i ' k }∣H , H ' ) for

matching. Here ⇔ denotes a possible matching between the two corresponding
hyperedges or a pair of vertices. Under the conditional independence assumption of the
matching process, the hyperedge matching probability can be factorized over the associated
vertices of the hypergraphs as
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k

Pr ({i 1,... , i k }⇔{i ' 1,... ,i ' k }∣H , H ' )=∏ n=1 Pr (i n ⇔ i' n∣H , H ' )
where

Pr (i n ⇔ i' n∣H , H ' ) denotes the probability for the possible matching i n ⇔i ' n to

be correct.
Let P be a marix in probability domain, where

P ii ' =Pr (i ⇔i '∣H , H ') . High order

matching problems can be formulated as locating the matching probability that most closely
accords with the elements of the compatibility tensor, i.e., seeking the optimal

P by

maximizing the objective function

subject to

P ij ≥0 and

∑i , j Pij =1

.

By applying the Baum-Eagon inequality, we obtain the following iterative scheme,:

which allows to locally optimize

f (P ) over the set of matrices P defined over the

probability domain. Finally, the matching vertices can be determined from matrix

P .

2.2. Feature Selection
In (Z. Zhang and E. R. Hancock, 2011a; Z. Zhang and E. R. Hancock, 2011b; Z. Zhang
and E. R. Hancock, 2011c) a game-theoretic approach for feature selection is proposed,
which is based on the framework presented in (Pavan and Pelillo, 2007). The idea is to
cluster features based on the mutual information of the feature vectors and select the features
that best describe each cluster. With this view, the process is threefold: First, a relevance
matrix must be computed from the feature vectors, then clusters are extracted using the
dominant sets framework, and finally the features are selected based on multidimensional
interaction information I(F;C) between features F={f1,...,fm} and class C:

In (Z. Zhang and E. R. Hancock, 2011a; Z. Zhang and E. R. Hancock, 2011c) the
relevance measure based on the (pairwise) mutual information I(Fk1,Fk2) of feature vectors Fk1,
Fk2: and their Entropies H(Fk1), H(Fk2):

Page 6 / 29

Deliverable D5.2

Generalizations of game-theoretic notions

In (Z. Zhang and E. R. Hancock, 2011b) higher order relations are used. Here, the relevance
between feature vectors Fk1, Fk2, Fk3 is

where I(X,Y,Z) is the interaction information, defined in terms of the conditional mutual
information.

With this high order relation to hand, the game-theoretic hyper-clustering framework is
used to extract the clusters and then the multidimensional interaction information framework
is used to extract the relevant features for each cluster.
These approaches provide competitive results on both standard datasets from the
machine learning archive, and on the problem of gender determination.

3. Multi-population formulations
A further generalization involves the existence of distinct populations of players, each
characterized by its own strategies and payoffs. In this context the search for equilibria is
over the multi-simplex
Δm ={x∈ℝ nm |

x ij ≥0 for all i=1,...,n, j=1,...,m,

n

∑i=1 x ij =1

for all j=1,...,m},

allowing us to jointly estimate several distributions. To this end, we start from a
generalization of the link between Evolutionary Stable Strategies and the local maxima of
problem (1), where in the general context of super-symmetric multi-population games,
equilibria correspond to local maxima of a multi-simplex constrained polynomial optimization
problem. This generalization has been at the basis of several developments where the
dynamics derived from the Baum-Eagon inequality have been applied to several different
Machine Learning problems.

3.1. Graph transduction
Multi-population approaches have been used also for semi-supervised learning. In (A.
Erdem and M. Pelillo, 2011; A. Erdem and M. Pelillo, to appear) a multi-population gametheoretic approach for graph transduction was developed. Graph transduction is a popular
class of semi-supervised learning techniques which aims to estimate a classification function
defined over a graph of labeled and unlabeled data points. The general idea is to propagate
the provided label information to unlabeled nodes in a consistent way. In contrast to the
traditional view, in which the process of label propagation is defined as a graph Laplacian
regularization, within the proposed game-theoretic framework, the t consistent labelings of the
data correspond to equilibria of the game. An attractive feature of this formulation is that it is
inherently a multi-class approach and imposes no constraint whatsoever on the structure of
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the pairwise similarity matrix, being able to naturally deal with asymmetric and negative
similarities alike.
3.1.1 Transductive learning on unweighted undirected graphs
The theoretical motivation for the proposed approach stems from the analysis of the
simplest case of graph transduction where the graph expressing the similarity relationships
among the data points is an unweighted undirected graph. To give an example, the graph can
be seen as a k-nearest neighbor (k-NN) graph with 0/1 weights over points in which the
presence of an edge simply denotes the perfect similarity between a pair of two data points,
otherwise the points are completely dissimilar. To illustrate this toy problem, consider the
graph shown the following Figure in which edges are unweighted.

Initial label assignment

Final label assignment

The classification task is to estimate the labels of the unlabeled points based exclusively
on the information available at the two labeled points, each of which is marked with a different
label. Recall the cluster assumption of semi-supervised learning that neighboring objects and
objects in the same cluster (or on the same manifold structure) tend to belong to the same
class. Clearly, in the unweighted graph setting, the cluster assumption is also valid and can
be expressed as the hypothesis that every node in a connected component of a binary
similarity graph has the same class label as each connected component describes a
manifold.
Following this observation, we can formulate this toy version of graph transduction as a
(binary) constraint satisfaction problem (CSP) (Tsang, 1993;Marriott and Stuckey, 1998).
CSPs are widely used to solve combinatorial problems in a variety of application domains,
such as artificial intelligence and computer vision. In the computer vision literature, the
problem is often known as the consistent labeling problem (Waltz, 1975; Haralick and
Shapiro, 1979).
A binary CSP is defined by a set of variables representing the elements of the problem
being modeled and a set of binary constraints representing the relationships among variables.
A solution of the problem is simply an assignment of values to the variables which satisfies all
the constraints. If there is no such assignment, then the problem is unsatisfiable. When each
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variable can take a value from a finite domain, a binary CSP can be described in a formal
manner as a triple (V,D,R), where V = {v1,..., vn} is a set of variables, D = {Dv1,...,Dvn} is a set
of domains of the variables, each Dvi denoting a finite set of possible values for variable vi,
and R = {Rij | Rij ⊆ Dvi × Dvj} is a set of binary constraints, each Rij describing compatible
pairs of values for the variables vi and vj. If the cardinality of the domains of variables are p
and q, respectively, then Rij can be expressed by a 0/1 matrix of size p×q, where Rij(λ, λ′) = 1
if the assignment vi = λ is compatible with the assignment vj = λ′. For a general CSP on a
finite domain, the problem of finding a solution is known to be NP-complete (Haralick et al.,
1978). The simplest way to obtain an assignment satisfying all the given constraints or to
report non-existence of such a solution is to perform backtracking. However, it is time
consuming, so in practice, either a constraint propagation technique or a local search method
is used to solve the problem (Tsang, 1993; Marriott and Stuckey, 1998).
Returning back to the motivating problem of transductive learning on an unweighted
undirected graph, suppose that we are given a data set D = {Dℓ,,Du} consisting of labeled
points Dℓ = {d1, ..., dℓ} and unlabeled points Du = {dℓ+1, ... , dn} and a set of labels = {1,... , c}
such that the labels provided for the first ℓ labeled points are given by {φ1,... , φℓ} ∈. The task
of transductive learning is to estimate the unknown labels {φℓ+1, ..., φn} of unlabeled points
{dℓ+1, ..., dn}. Now further suppose that the relationships among the data points are given by an
unweighted undirected graph G = (D, E), where D is the set of nodes and ℇ is the set of edges
such that an edge eij ∈ ℇ shows that points i and j are perfectly similar to each other. Let A =
(aij) denote the 0/1 adjacency matrix of G. Reflecting the constraints imposed by the cluster
assumption of SSL, the problem of graph transduction on an unweighted graph can be
formalized as a binary CSP as follows:
•

The set of variables: V = {v1, ..., vn}

•

Domains:

•

Binary constraints: ∀ij: if aij = 1, then vi = vj.

Each assignment of values to the variables satisfying all the constraints is a solution of the
CSP, and provides a consistent labeling for the unlabeled points.
Classical CSPs such as the one given in this section assume crisp constraints, in the
sense that constraints are either completely satisfied or completely violated. However, for
many real-world applications, such a formulation is too restrictive to be practical. A classical
generalization to deal with soft constraints is described in (Hummel and Zucker, 1983), in
which each constraint is assigned a weight representing a level of confidence. Later, it was
shown that the notion of consistency proposed in (Hummel and Zucker, 1983) is related to the
Nash equilibrium concept in non-cooperative game theory (Miller and Zucker, 1991). In this
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study, we build on this connection to devise a graph transduction game which serves as a
generalization of the binary CSP for the motivating problem.
3.1.2 The graph transduction game
Let the geometry of the data be modeled with a weighted graph G = (D, E, w) in which D is
the set of nodes representing both labeled and unlabeled points, and w : E → ℝ is a weight
function assigning a similarity value to each edge e ∈ E. Representing the graph with its
weighted adjacency matrix W = (wij), the partial payoff matrix between two players i and j is
set as Aij = wij ×Ic, where Ic is the identity matrix of size c. Note that when partial payoff
matrices are represented in block form as A = (Aij), the matrix A is given by the Kronecker
product A = Ic ⊗ W.
The transduction is defined in terms of the following graph transduction game. Assume
each player i∈I participating in the game corresponds to a particular point in a data set D =
{d1,..., dn} and can choose a strategy among the set of strategies Si = {1,... , c}, each
expressing a certain hypothesis about its membership to a class and c being the total number
of classes. Hence, the mixed strategy proﬁle of each player i∈I lies in the c-dimensional
simplex ∆i. By problem definition, the players of the game can be categorized into two disjoint
groups: those which already have knowledge of their membership, referred to as labeled
players and denoted with the symbol Iℓ , and those which do not have any idea about this at
the beginning of the game, which are hence called unlabeled players and correspondingly
denoted with Iu. In this approach we assume that the proposed graph transduction game is an
instance of a special subclass of multi-player games, known as polymatrix games
(Janovskaya, 1968; Howson, 1972), in which players are nodes of a graph and every edge
denote a two-player game between corresponding pair of players. In other words, we
suppose that only pairwise interactions are allowed in the game and the payoffs associated to
each player are additively separable so that the payoff of each player is given by the sum of
the payoffs gained from each game played with one of its neighbor. Formally speaking, for a
pure strategy profile s=(s1,..., sn) ∈ S, the payoff function of every player i∈I is in the form:

In an instance of the transduction game, since each labeled player is restricted to play a
definite strategy of its own, all of these fixed choices can be reflected directly in the payoff
function of a unlabeled player i∈Iu as follows:

The multi-population replicator dynamics are then used to find an equilibrium.
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Empirically, we observed that specifying payoffs in terms of normalized similarity matrix
W = D−1/2WD−1/2
with D = (dii) being the diagonal degree matrix of W whose elements are given by

d ii =∑ j w ij performs better than the case with the original similarities. In that regard, we
add that the use of normalization is a common practice in graph-based approaches because it
can typically achieve a better performance. To give an example, while the GFHF method (Zhu
et al., 2003) uses original (unnormalized) similarities, the LGC method (Zhou et al., 2004)
employs the normalized similarity matrix in its formulation. Moreover, while not directly related
to graph transduction, it has been shown that the use of normalization has nice convergence
properties in spectral clustering (von Luxburg et al., 2004). In terms of game theory, however,
it is interesting to note that both versions of the transduction game (with and without
normalizing input similarities) belong to the so-called class of normalized games, i.e., games
with payoffs in a unit-length interval (Daskalakis, 2011), but the gap in their classification
performance requires further investigation.
3.1.3 Connection to graph-based approaches
Contrary to our derivation, the vast majority of graph-based SSL studies starts with writing
down an objective function that casts the transductive learning problem as an energy
minimization problem and most of the focus is on how to compute the optima of
corresponding objective function. In general, all these methods attempt to estimate an optimal
classification function which is defined on the nodes of the graph by minimizing an objective
function with two terms. One term penalizes the mismatch between the initial label
assignments and the labels estimated by the classifier. The second term is a regularization
term that enforces the smoothness of the classification function. Although the game-theoretic
perspective shifts the focus from optima of objective functions to equilibria of the noncooperative games, we can shed some light on the connection between the proposed
transduction game to the energy-based graph transduction methods in the special case in
which the pairwise similarities are assumed to be symmetric. In this situation, computing ESS
is equivalent to computing the optimal values of the following quadratic program (Hummel and
Zucker, 1983; Miller and Zucker, 1991):

The Nash equilibria of a symmetric non-normalized transduction game is, thus, equivalent
to solving the following optimization problem:
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where X = [x1…xn]T is the n×c matrix of mixed strategies. This functional resembles the
continuous relaxation of the k-way normalized cut criterion (Yu and Shi, 2003). However, note
that there is a key difference in the game-theoretic formulation in that each mixed strategy xi
is constrained to lie in the c-dimensional standard simplex Δi. This subtle difference is very
important since it provides robustness against noise and outliers (Pavan and Pelillo, 2007).
Moreover, unlike the proposed approach, hard labeling constraints cannot be embedded into
the Normalized Cuts framework in an explicit way, such that partial grouping constraints could
be enforced by introducing extra linear equality constraints (Eriksson et al., 2007; Xu et al.,
2009; Yu and Shi, 2004). The framework suggested recently in (Ghanem and Ahuja, 2010) is
an exception but it is inherently a two-class clustering approach and requires a recursive
strategy to solve multi-class problems.
In the case of the symmetric normalized game, the optimization problem is in fact
equivalent to that of the graph Laplacian regularization used in (Zhu et al., 2003), which is
known to be a special case of the regularization in (Zhou et al., 2004) with the parameter μ =
∞ and the graph Laplacian being unnormalized. In this way, one can argue that the method in
(Zhu et al., 2003) solves a special case of transduction games in which the pairwise
similarities are symmetric and the partial payoffs are specified in terms of negative graph
Laplacian.

3.2. Consensus and probabilistic clustering
In (Rota Bulò, Lourenco, Fred and Pelillo, 2010) a multi-population approach has been
applied to the problem of consensus clustering, i.e, the problem of finding a proper
consensual aggregation of data objects from a number of different input clusterings which
have been obtained for a particular dataset. The proposed approach is built upon the
evidence accumulation framework: For each pair of data objects, the probability of them to be
clustered together (co-occurrence probability) is estimated from the ensemble of clusterings.
This yields a co-occurrence matrix C. The idea behind the consensus clustering approach is
that the co-occurrence matrix can be factorized in terms of hidden probabilistic assignments
of data points to K classes. These assignments reside in a K-dimensional simplex ΔK and the
union of all these assignments then lays in a multi-simplex ΔnK, where n is the number of
objects to be clustered. If we consider Y to be a K×n matrix representing such assignments,
then the co-occurrence matrix C can be seen as an estimate of the product YTY. By exploiting
this fact, we find a consensus clustering by solving the following polynomial optimization
problem in the multi-simplex ΔnK

Note that a local solution of this optimization problem is equivalent to an equilibrium of a
super-symmetric multi-population game. In order to use the Baum-Eagon theorem we need
to meet the requirement of having a polynomial to maximize with nonnegative coefficients in
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the simplex-constrained variables. To this end, we consider the following equivalent
optimization program
where EK is the K×K matrix of all 1’s. By applying the Baum-Eagon inequality we derive a
growth transformation in ΔnK, which allows us to find a local solution to the consensus
clustering problem.
In (S. Rota Bulo' and M. Pelillo, 2010) a similar approach is applied in a context where the
similarity matrix S is provided directly and is assumed to represent the likelihood that two
objects are clustered together. In this case, our approach tries to factorize S as YTY, where
the additional parameter  is a nonnegative real value. The cluster assignments Y are
computed by means of a 2-step optimization approach, where a step of the Baum-Eagon
dynamics is interleaved with an update of the parameter , until convergence.

3.3. Semantic image labelling
A similar multi-population approach has been applied to the problem of semantic image
labelling in (P. Kontschieder, S. Rota Bulò, M. Donoser, M. Pelillo and H. Bischof, 2011a) and
(P. Kontschieder, S. Rota Bulò, H. Bischof and M. Pelillo, 2011s). Semantic image labelling
problem is the task of assigning object class labels to all pixels in a test image. We provide an
interpretation in terms of a label puzzle game by considering semantic image labelling as the
task of assembling possibly overlapping label puzzle pieces, where the pieces are label
configurations obtained by means of a modified random forest classifier.
Each puzzle piece
points to labels

p ∈P

is a function

p : ℤ2 → Y ∪ mapping two-dimensional

Y ={1,... , k } or to void (  ), a special symbol indicating the absence

of a label. A puzzle piece represents a topological and semantically plausible label
configuration stemming from pixel-wise annotated training data. A puzzle configuration is a

z : D → P associating each pixel in

function

D⊆ℤ2

P . The set of puzzle configurations is denoted as

ℓ: D →Y mapping pixels in

function

and puzzle pieces are denoted by I ,

Z . A labelling for an image is a

D to labels in Y. The sets of images, labellings
L and P , respectively.

We define the agreement of a puzzle piece
labelling

with exactly one puzzle piece in

p ∈P located in (i , j)∈D with a

ℓ∈L as the number of corresponding pixels sharing the same label, i.e.,

where

[Q ] are the Iverson brackets yielding 1 if proposition Q is true and 0

otherwise.
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Given a puzzle configuration

z ∈Z and a labelling ℓ∈L , the total agreement

  z , ℓ of the image labelling puzzle is the sum of the agreements of each puzzle piece
in z with the labelling ℓ according to

A label puzzle game for an image

f ∈ I is a function  f mapping each pixel

(i , j)∈D to a non-empty set of puzzle pieces

 f i , j⊆P. This function restricts the

possible choices of puzzle pieces per pixel and hence, also the set of admissible puzzle
configurations to

A solution of a label puzzle game  f is a pair
admissible puzzle configuration and a labelling for

 z ∗ , ℓ∗ ∈ Z∣ ×L consisting of an
f

f yielding the maximum total agreement

and can be obtained by iteratively updating the puzzle configuration

z  t1 at time

(t +1) for a labelling ℓ(t ) by

and producing the new labelling

ℓ(t +1) by taking a majority vote from all overlapping puzzle

pieces according to

Note that from a multi-population game perspective, this approach is equivalent to having
a game involving for each pixel

(i , j )∈D two types of players: One player plays by

selecting a class label in Y, whereas the second one plays by selecting a puzzle piece in the
set

 f i , j. Both of them have a payoff function which is proportional to the agreement

of their choice with respect to the actual puzzle configuration and labelling. The dynamics
adopted to find an equilibrium are best-response dynamcs, i.e. at each iteration each player
takes a strategy in such a way as to maximizes his own payoff. Note also that an alternative
solution would be to allow players to take mixed strategies. This would lead to a multi-simplex
optimization, which could be addressed by means of the Baum-Eagon dynamics.

3.4. Correlation Clustering
In

(N. Rebagliati, S. Rota Bulò e M. Pelillo, 2011) we applied the multi-population

formulation in the context of Correlation Clustering. Correlation clustering is the problem of
finding a crisp partition of the vertices of a correlation graph in such a way as to minimize the
disagreements in the cluster assignments. In the standard formulation a correlation graph is a
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fully connected graph with edge weights in {-1, +1} where a -1 implies a disagreement
between two data and a +1 implies an agreement between two data. However, in a more
general setting we can relax edge weights with the probability that two vertices agrees p(i, j)
and the solution clustering is not a crisp partition but is relaxed to be an assignment matrix Y
in ΔnK. The main motivation of our work was to use the most general concept of multipopulation to capture those situations where a vertex belongs to more than one cluster. This
is a common situation arising, for example, in the context of Consensus Clustering. If a vertex
belongs to more than one cluster the resulting probabilistic assignment should weight its
ownership equally among those clusters.
We relaxed the disagreement minimization of Correlation Clustering formulation into:

and we developed a heuristic algorithm, based on the Baum-Eagon inequality, for the
Correlation Clustering problem, returning a partition solution in the form of an assignment
matrix Y in ΔnK.

We made two key observations on the solution Y. Firstly K, the number of classes, does
not need to be fixed in advance, but it is automatically selected by the algorithm (consistently
with the properties Correlation Clustering). Secondly we proved that the returned matrix Y is
deterministic, that is each vertex is assigned to a single class. This actually means that
relaxing the crisp partition constraint in the Correlation Clustering formulation is not sufficient
for capturing overlapping clusters.
In order to overcome these limitations we adapted the functional of (Rota Bulò, Lourenco,
Fred and Pelillo, 2010) in the Correlation Clustering context with the following relaxed
formulation (Q2):
(Q2)
This relaxed formulation, differently from the one in (Rota Bulò, Lourenco, Fred and Pelillo,
2010), does not impose a fixed number of clusters. Both (Q2) and (Rota Bulò, Lourenco, Fred
and Pelillo, 2010) can be considered in a general framework of Matrix Factorization with multipopulation matrices.
Additionally, we propose a simple way for building an ensemble of weak hyperplane
classifiers sampled from a reproducing kernel Hilbert space, which allows to apply Correlation
Clustering without the empirical estimation of pairwise correlation values. Experiments on
datasets from the UCI repository, using this ensemble, show that formulation (Q2), solved
with a scheme similar to (Rota Bulò, Lourenco, Fred and Pelillo, 2010), can actually perform a
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significative selection of the number of clusters and that the probabilistic assignments of Y
found by (Q2) can be used to build a precision/recall like function of the misclassification
error. As explained before this could not be achieved within the Correlation Clustering
framework.

4. Applications
One of the most interesting property of the single-population game-theoretic learning
approach is its selectivity, i.e., its tendency to select small sets of highly compatible elements.
This property derives directly from the simplex constraint of the game-theoretic estimation
approach, and finds a theoretical justification in the fact that the Lagrangian of the simplex is
equivalent to an L1 regularization. However, since the constraint is enforced in a hard way, the
game-theoretic competition drives for an even stronger sparsity of the solution than what is
obtained with the lasso constraint.

4.1. Matching and inlier selection
This is particularly evident in the graph-matching framework, where in contrast to the
traditional quadratic assignment-based formulation which favors the largest possible set of
consistent matches, the game-theoretic matcher selects a sparse set of very good
correspondences, thus favoring low false positive rather than low false negative matches.
This property made the approach particularly attractive for inlier selection problems, where
the presence of outliers severely affect the final estimation. In these situations a common
approach is to use ex post filtering approaches like RANSAC, which fail with a very strong or
structured noise. In contrast, with the use of a game-theoretic approach, the evolution of the
population drives the selection towards a highly cohesive subset of inliers.

In (Albarelli,

Rodolà, and Torsello, 2010a) this approach have been used in the selection of matching
features from wide baseline stereo images for pose estimation. Here similarity is measured by
the adherence to a weak affine camera model, extracting small sets of local matches that are
highly reliable, each small set being a distinct equilibrium in a matching game.
Central to this framework is the definition of a matching game, or, specifically, the
definition of the strategies available to the players and of the payoffs related to these
strategies. Given a set M (model) of feature points in a source image and a set D (data) of
features in a target image, we call a matching strategy any pair (a1, a2) with a1 ∈ M and a2 ∈
D. We call the set of all the matching strategies S⊆M×D. The total number of matching
strategies in S can, in theory, be as large as the Cartesian product of the sets of features
detected in the images. Since most interest point detectors extract thousands of features from
an image, a suitable selection should be made in order to keep its size limited. To this end we
can exploit unary information such as the distance between descriptors or the photoconsistency of local image patches to select only feasible pairs. Specifically, for each source
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feature we can generate k matching strategies that connect it to the k destination features
that are nearest in terms of descriptor distance. Since our game-theoretic approach operates
inlier selection regardless of the descriptor, we do not need to set any threshold with respect
to the absolute descriptor distance or the distinctiveness between the rest and the second
nearest point. In this sense, the only constraint that we need to impose over k is that it should
be large enough that we can expect the correct correspondence to be among the candidates
for a significant proportion of the source features.
Once S has been selected, our goal becomes to extract from it a large subset of
correspondences that includes only correctly matched features: that is, strategies that
associate a physical point in the source image with the same physical point (if visible) in the
destination image. To this end, it is necessary to define a payoff function ∏ : S ×S ℝ+ that
exploits some pairwise information available at this early stage (i.e., before estimating camera
and scene parameters) and that can be used to impose consistency globally. Since location,
scale, and rotation are associated to each feature, we can associate to each correspondence
(a, b) between feature a in the source image and feature b in the target image a similarity
transform T(a, b) that maps the neighborhood of a into the neighborhood of b, transforming
the location, orientation, and scale measured in the source image into the location,
orientation, and scale observed in the target image. Under small motion assumptions, we can
expect these similarity transforms to be very similar locally. Thus, imposing the conservation
of the similarity transform, we aim to extract clusters of feature matches that belong to the
same region of the object and that tend to lie in the same level of depth. While this could
seem to be an unsound assumption for general camera motion, we show experimentally that
it holds well with the typical disparity found in standard multiple view and stereo data sets.
Further, it should be noted that with large camera motion, most, if not all, commonly used
feature detectors fail, thus any inlier selection attempt becomes meaningless.
In order to define the payoff function ∏, we need a way to measure the distance between
similarity transforms. In order to avoid the problem of mixing incommensurable quantities, we
compute the distance in terms of the reprojection error expressed in pixels. Specifically, given
two matching strategies (a1, a2) and (b1, b2) and their respective associated similarities T(a1, a2)
and T(b1, b2), we calculate virtual points a'2 and b'2

by applying the other strategy'sS. Rota

Bulò and M. Pelillo (Submitted) transformation to the source features a1 and b1 . Given virtual
points a'2 and b'2 , we can measure the similarity between (a1, a2) and (b1, b2) as:

where  is a selectivity parameter: If is small, then the similarity function (and thus the
matching) is more tolerant with respect to deviation in the similarity trans forms, becoming
more selective as grows.
The main idea of the proposed approach is that by playing a matching game driven by a
similarity enforcing payoff function the strategies (i.e., correspondence candidates) that share
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a similar locally affine transformation are advantaged from an evolutionary point of view and
shall emerge in the surviving population. In the following Figure we illustrate a simplified
example of this process. Once the population has reached a local maximum, all the nonextinct mating strategies can be considered valid.

In (Albarelli, Rodolà, and Torsello, 2011b) the approach has been extended to obtain a
single global similarity model by letting the various local groups play a hierarchical
consistency game.
The game formulation introduced shifts the matching problem to a more global scope by
producing a set of correspondences between groups of features. While the affine camera
model extract very coherent groups, making such macro features

more robust and

descriptive than single points, in principle there is nothing that prevents the system to still
produce wrong or weak matches. To reduce this chance we propose a different game setup
that allows for a further refinement. In this game the strategies set S corresponds to the set of
paired features groups extracted from the affine matching game and the payoff between them
is related to the features' agreement to a common epipolar geometry. More specifically, given
two pairs of matching groups a ⊆ M×D and b ⊆ M×D, each one made up of model and data
features, we estimate the epipolar geometry from ab and define the payoff among them as:

where l(p) is a function that gives the epipolar line in the data image from the feature point
p in the model image, according to the estimated epipolar geometry, and d(p,l) calculates the
distance between point p and the epipolar line l. It is clear that this distance is low (and thus
the payoff high) if the two groups share a common projective interpretation and high
otherwise. Of course, different pairs of groups can agree on different epipolar geometry, but
the transitive closure induced by the selection process ensures that the strategies in the
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surviving population will agree on the same (or very similar) projective transformation (See
the Figure below for an example of the evolution of this refinement game)

The approach results in a correspondence selection that is more robust with respect to
outliers, even when structured or repeated patterns are present, resulting in a much lower
error in pose estimation and surface reconstruction. Other semi-local geometric models, more
versatile than the local affine camera model, have been tested in (Rodolà, Albarelli, and
Torsello, 2010a) and (Rodolà, Albarelli, and Torsello, 2010b).
Another interesting application for the sparse matcher is the robust alignment of 3D
surfaces. In (Albarelli, Rodolà, and Torsello, 2010b) and (Albarelli, Rodolà, and Torsello,
Submitted) surface registration is obtained by matching points consistent with an isometric
transformation. The approach was shown to obtain a level of precision typical of fine
registration approaches, without requiring an initial pose estimate. As in the inlier selection
application, we are given a set M of model points, a set D of data points, and a set S⊆M×D of
candidate matches obtained by matching some surface descriptor. Our goal is of course to
extract from S a subset of correct matches, that is, strategies that associate a point in the
model surface with the same point in the data surface.
The game theoretic matching process requires that a sufficient amount of good matches
be present in the initial set S. Clearly, the distinctiveness of the descriptor used to
characterize the data points has a big influence in fixing a reasonable number of candidates
for each match. This observation, in turn, raises the quandary between the repeatability and
the distinctiveness of feature descriptors. In fact, while a high level of distinctiveness is always
desirable, this often comes at the price of much more instability with respect to noise and thus
can lead to a poor repeatability.
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Fortunately, with our approach, the descriptor itself is only used during the building step of
set S and has no role in the evolutionary selection, which is purely driven by the payoff
function. For this reason we find it reasonable to resort to a feature characterization that is
little distinctive and to allow for several candidate matches letting the game-theoretic selection
to operate a severe culling.
With these matches to hand, we define a matching game where the payoff enforces an
isometric constrain between corresponding model and data points.
Definition 1: Given a function  : SSℝ we call it a isometry-enforcing payoff
function if for any ((a1, a2 ), (b1, b2 )) and ((c1, c2 ), (d1, d2 )) ∈ S×S we have that
||a1-b1|-|a2-b2|| > ||c1-d1|-|c2-d2|| implies ((a1, a2 ), (b1, b2 )) < ((c1, c2 ), (d1, d2 )).
In addition, if ((a1, a2 ), (b1, b2 )) < ((b1, b2 ), (a1, a2 )) for all (a1, a2 ), (b1, b2 )∈ S,  is said
to be symmetric.
A isometry-enforcing payoff function is a function that is monotonically decreasing with the
absolute difference of the Euclidean distances between respectively the model and data
points of the matching strategies compared. In other words, given two matching strategies,
their payoff should be high if the distance between the model points is equal to the distance
between the data points and it should decrease as the difference between such distances
increases. This isometry-enforcing matching game exhibits some interesting properties.
Theorem 1: Given a set of model points M, a set of data points D = TM that are
exact rigid transformations of the points in M, a set of matching strategies S⊆M×D
with (m, Tm) ∈ S for all m ∈ M, and a matching game over them with a payoff function
 , the vector x ∈ Δ|S| defined as

is an ESS and obtains the global maximum average payoff.
This theorem states that when matching a surface with a rigidly transformed copy of itself
the optimal solution (i.e., the population configuration that selects all the matching strategies
assigning each point to its copy) is the stable state of maximum payoff. While the quality of
the solution in presence of noise can only be assessed experimentally, we can give some
theoretical results regarding occlusions.
Theorem 2: Let M be a set of points with Ma⊆M and D = TMb a rigid transformation
of Mb⊆M such that |Ma  Mb| > 3 , and S⊆Ma×D be a set of matching strategies over
Ma and D with (m, Tm) ∈ S for all m ∈ Ma  Mb. Further, assume that the points that
are not in the overlap, that is the points in Ea = Ma\(Ma  Mb) and Eb = Mb\(Ma  Mb),
are sufficiently far away such that for every s ∈ S, s = (m, Tm)
with m ∈ Ma  Mb and every q∈S, q=(ma, Tmb) with ma∈Ea and mb∈Eb, we have then,
the vector x ∈ Δ|S| defined as
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is an ESS.
The following Figure illustrates the evolution of the correspondences through the matching
process.
The approach also proved to be more robust and less susceptible to local minima than
other coarse registration approaches at the state of the art. In(Albarelli, Rodolà, and Torsello,
2011a) and (Rodolà, Albarelli, and Torsello, Work in progress) the approach was extended to
recognize objects from cluttered 3D scenes, providing better recognition rate and matching
accuracy than the approaches at the state of the art.

4.2. Feature selection
The selectivity of the game-theoretic approach and its characteristic of being a one-class
clustering framework can be used to perform relevant feature selection. The idea is that
relevant features are the least common and self similar. Thus, relevant features are extracted
by iteratively removing cluster of similar features. In (Albarelli, Rodolà, Cavallarin, and
Torsello, 2010) this approach was applied to the problem of

extracting and matching a

signature from a cluttered and textured background, while in (Albarelli, Rodolà, and Torsello
2010c; Albarelli, Rodolà, and Torsello, Submitted) the idea was applied to the selection of
robust surface descriptors for 3D registration. In this context, the feature selector approach
differ from the more common interest point detection approach in that the latter are only local:
points are deemed interesting if there are enough local high frequency features. This makes
the point localizable, but not distinctive. By contrast our approach performs a global selection,
where distinctiveness is the most important feature. In (Albarelli, Rodolà, and Torsello 2010c;
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Albarelli, Rodolà, and Torsello, Submitted) we start from a set of very loose integral features
designed to be robust to noise, and apply a selection game where the similarity between
features is an exponentially decaying function of the Euclidean distance of the features.
The following Figure illustrates the loose figures and the progressive elimination of non
distinctive points operated by the game-theoretic selection process.

4.3. Feature combination
Feature combination is an effective method in improving object recognition and
classification performance. Feature combination methods can be categorized into two types
according to the level at which they operate. The first one use features of all individual
classifiers to form a joint feature vector, which is then used in later classification. In the case
of SVM classification, feature combination translates to combining a set of kernel functions
into one final kernel function. The second type operates at the decision or the score level,
namely, the outputs of all individual classiﬁers are used in combination. This approach is
attractive as different types of classifiers, e.g., SVM and kNN, can be combined together. In
this paper we focus on kernel combination with application in SVM classification.
In (Hou and Pelillo, 2011) we developed a simple yet effective weighting scheme for
feature combination based on the dominant set concept. Specifically, we use the dominant
set clustering method to evaluate how difficult a kernel matrix is for a SVM classifier. This
degree of difficulty is found to be related to the classification performance and thus is used as
the weight in feature combination.
A SVM classifier partitions training examples of different classes with as large a margin as
possible. From this mechanism, we see that if the training examples of the same class are
highly similar and those of different classes are dissimilar, it’s likely that the SVM separates
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different classes with a large margin resulting in high recognition rate. In other words, the
possibility of a kernel matrix producing a high recognition rate is determined by the degree
with which it satisfies the high intra-class and low inter-class similarity constraint. We measure
the accuracy of a kernel matrix by comparing the label partition on the training data with the
dominant set clusters obtained from the kernel matrix. More precisely, we define the kernel
accuracy to be inversely related to the (scaled) amount of entropy within each dominant set:

where nij is the number of elements in dominant set i which belong to class j, and Ni is the
overall number of elements in dominant set i, and C is the number of classes. Clearly, wdset
reaches 1 with the ideal case where all dominant sets are of single-class, and becomes 0
when all dominant sets are shared equally by all classes.
For each kernel, we calculate wdset and use it as the weight in kernel matrix combination. In
implementation we use w3dset instead of wdset as the weight to highlight the difference between
different kernels. Our weighting scheme is intuitive, in that it provides a meaningful weight to
feature combination, and simple, in that the weights of features are computed separately. In
case of a large set of kernel matrices for combination, the latter property implies a much
smaller memory requirement than joint optimization methods. Experiments have been
conducted on different object classification tasks and, in particular, on the biomedical
applications of WP6-7. The results show that the approach consistently outperforms the state
of the art.

5. Stability of dominant sets
The concept of Nash Equilibrium (NE) is very general and has many refinements, those
are usually introduced as adaptations to some practical situation. Here we focus on the
possible noise on payoff matrices arising from applications. Clearly, we are interested in NE
robust to noise, so that a NE x of a game G is said essential is for every ε there exist a δ such
that every G' that is distant δ from G has a NE closer than ε to x. The essentiality notion is due
to (Wu and Jiang, 1962). It is not difficult to show that Evolutionary Stable Strategy, and thus
Dominant Sets, are essential (Weibull, 1995).
We are interested in extending the essentiality concept into a quantified robustness of the
support of Dominant Sets w.r.t. noise. For this reason we introduced (Rebagliati and Pelillo,
work in progress) the concept of η-essentiality as those dominant sets whose support does
not change with respect to a small variation of the payoffs, quantified by η. Then we tried to
relate this concept with two different quantities: the spectrum of the payoff matrix (related to
the support of the Dominant Set), in particular to the second smallest eigenvalue and the
values of the indicator vector of a Dominant Set.

Page 23 / 29

Deliverable D5.2

Generalizations of game-theoretic notions

Finally, we studied a regularization operation on the payoff matrix that can increase the
robustness

of

a

payoff

matrix.

This

regularization

operation

is

as

follows:

with E the matrix of all ones and I the identity.
This operation was previously used by (Pavan, Pelillo 2003) to create a hierarchy of
Dominat Sets solutions. Here we studied its use to increase the robustness of a Dominant
Set. The most important empirical phenomenon of this regularization is that the indicator
vector of a Dominant Set strongly converges to the constant vector, where for strong
convergence we mean that the minimum value increases up to 1/n (n is the cardinality of the
Dominant Set). At the same time two opposite effects occur: the stability of the payoff matrix
increases but the information on the payoff matrix decreases. For this reason we have to set
a parameter accounting for a trade-off between robustness and the quantity of information we
retain.

6. On-going and future work
There is ongoing work on further generalizations of the game-theoretic framework. We
plan to generalize the InImDyn algorithm to polymatrix games, in order to have a faster and
more accurate alternative to the Baum-Eagon dynamics. Given a mixed strategy profile, the
idea is to iteratively select a player violating most the Nash conditions and perform an
InImDyn-like update of his playing strategy. Similar theoretical properties, holding for
InImDyn, should hold also for this generalization.
We also plan to study the relation between Markov Random Fields (MRF) / Conditional
Random Fields (CRF), which are widely used in Machine Learning and Computer Vision, and
multi-population games, in order to propose alternative relaxation models based on gametheory, and consequently alternative algorithms for learning the parameters characterizing the
new models.
In a previous work (Levinshtein, Sminchisescu and Dickinson 2009) developed a method
for detecting and assembling medial parts from a multiscale superpixel segmentation of an
image. In a current work (Rebagliati, Fidler, Dickinson and Pelillo) we extend this method by
means of a modified superpixel definition, based upon an ellipse inscribed into the superpixel.
These ellipses can be visually seen in the images of the swan below (superpixels in green,
ellipses in blue):
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Indeed, this visual feature allows the creation of dense similarity matrices by pairwise
comparison among the ellipses. The final matrix includes the similarity of their alignment, their
direction, their eccentricity or their texture. Given this matrix we can apply Dominant Set
Clustering and tune parameters according to the dataset at hand. Preliminary results show
improvements over the previous method of (Levinshtein, Sminchisescu and Dickinson 2009).
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Abstract

the success of this kind of technique is of course the
distinctiveness of the extracted features. Unfortunately,
when dealing with textured clutter, this distinctiveness
comes short and the number of very repeatable but irrelevant features overshadows those coming from the
foreground object. To avoid false matches it is mandatory to recognize and ignore the background. In this
paper we cope with both the ﬁltering of the background
features and the recognition task by tailoring the matching framework introduced in [1]. Speciﬁcally we model
the ﬁltering step as a self-matching game, where features that show high mutual similarity in the same image
are deemed not distinctive enough and thus screened
away. By converse, the recognition step is performed as
a matching game between the model and a data image,
where a set of highly coherent pairs of corresponding
features is seeked.

Feature-based image matching relies on the assumption that the features contained in the model are distinctive enough. When both model and data present a
sizeable amount of clutter, the signal-to-noise ratio falls
and the detection becomes more challenging. If such
clutter exhibits a coherent structure, as it is the case for
textured background, matching becomes even harder. In
fact, the large amount of repeatable features extracted
from the texture dims the strength of the relatively few
interesting points of the object itself. In this paper we
introduce a game-theoretic approach that allows to distinguish foreground features from background ones. In
addition the same technique can be used to deal with the
object matching itself. The whole procedure is validated
by applying it to a practical scenario and by comparing
it with a standard point-pattern matching technique.

2. The Matching Game
1. Introduction

Evolutionary game theory [11] considers an idealized scenario where pairs of individuals are repeatedly
drawn at random from a large population to play a twoplayer game. Each player obtains a payoff that depends
only on the strategies played by him and its opponent.
Players are not supposed to behave rationally, but rather
they act according to a pre-programmed behavior, or
mixed strategy. It is supposed that some selection process operates over time on the distribution of behaviors
favoring players that receive larger payoffs. More formally, let O = {1, · · · , n} be the set of available strategies (pure strategies in the language of game theory)
and C = (cij ) be a matrix specifying the payoff that
an individual playing strategy i receives against someone playing strategy j. A mixed strategy is a probability distribution x = (x1 , . . . , xn )T over the available
strategies O.
Being probability distributions, mixed strategies are
constrained to lie in the n-dimensional standard simplex

Given its central role in many computer vision tasks,
image matching and registration is a widely investigated
topic in literature. Several approaches exploit global
properties of the images, ranging from the many techniques based on cross-correlation [6] to those that work
in the frequency domain [4] or adopt the mutual information as a similarity measure [10]. While successful
in many scenarios, the global nature of those techniques
makes them little robust to changes in illumination and
to the presence of clutter. Feature-based approaches
partially solve those problems. Attributed feature points
are extracted from images using detectors [8, 9, 7] and
descriptors [5, 2] that are locally invariant to illumination, scale and rotation. Usually, the model features are
matched with those obtained from the target image by
means of some RANSAC-based approach that can exploit the prior given by the descriptors [3]. Critical to
1051-4651/10 $26.00 © 2010 IEEE
DOI 10.1109/ICPR.2010.97
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Figure 1. Examples of the two evolutionary matching games proposed
n
Δn = {x ∈ IRn : ∀i ∈ 1 . . . n xi ≥ 0, i=1 xi = 1} .
The support of a mixed strategy x ∈ Δ, denoted by
σ(x), is deﬁned as the set of elements chosen with nonzero probability: σ(x) = {i ∈ O | xi > 0}. The expected payoff received by a player choosing element i
when playing against
 a player adopting a mixed strategy x is (Cx)i = j cij xj , hence the expected payoff
received by adopting the mixed strategy y against x is
yT Cx. The best replies against mixed strategy x is the
set of mixed strategies

cal maximum, all the non-extincted pure strategies (i.e.,
σ
(x)) can be considered selected by the game.

2.1. Filtering a Textured Background
When dealing with textures, we can expect a large
number of features that exhibit very similar descriptors.
This is a very unfortunate condition for matching: in
fact, this high level of conguence can easily distract
any matcher from the foreground object. Paradoxically
we use this property to screen out background features.
Following [1], we model each feature as a strategy in a
matching game where the payoff matrix is deﬁned by:

β(x) = {y ∈ Δ | yT Cx = max(zT Cx)} .
z

A strategy x is said to be a Nash equilibrium if it is the
best reply to itself, i.e., ∀y ∈ Δ, xT Cx ≥ yT Cx .
This implies that ∀i ∈ σ(x) we have (Cx)i = xT Cx;
that is, the payoff of every strategy in the support of x
is constant. A strategy x is said to be an evolutionary
stable strategy (ESS) if it is a Nash equilibrium and
∀y ∈ Δ

C(i, j) = e−α|di −dj |

where di and dj are the descriptor vectors associated to
features i and j, and α is a parameter that controls the
level of selectivity. Clearly, features that are similar will
get a large mutual payoff and thus are more likely to be
selected by the evolutive process. A simpliﬁed (but numerically correct) example of such evolution is shown
in the ﬁrst row of Fig. 1. Here, six descriptors of dimensionality 2 are labeled from a to f . Vectors b,c and d
get high values in the payoff matrix since they are close
in the descriptor space. Other descriptors get lower mutual payoffs, according to their respective distances. We
start the replicator dynamics (T = 0) near the barycenter of Δ6 , which is sligthly perturbed to help avoiding
local minima. After just one iteration (T = 1), strategies b,c and d get a signiﬁcant evolutionary boost over
the others, and after ten iterations (T = 10) they are the
only strategies left in the support. We can then classify
those features as background and ﬁlter them out.

xT Cx = yT Cx ⇒ xT Cy > yT Cy .

This condition guarantees that any deviation from the
stable strategies does not pay. The search for a stable
state is performed by simulating the evolution of a natural selection process. Under very loose conditions, any
dynamics that respect the payoffs is guaranteed to converge to Nash equilibria [11] and (hopefully) to ESS’s;
for this reason, the choice of an actual selection process
is not crucial and can be driven mostly by considerations of efﬁciency and simplicity. We chose to use the
replicator dynamics, a well-known formalization of the
selection process governed by the following equation
xi (t + 1) = xi (t)

(1)

(Cx(t))i
x(t)T Cx(t)

2.2. Matching Model and Data

where xi is the i-th element of the population and C the
payoff matrix. Once the population has reached a lo-

In order to match model and data points we need to
deﬁne a slightly different matching game. In this con361

Figure 2. Background ﬁ ltering and feature matching (best viewed in color)

3. Experimental Evaluation

text, each strategy models a pair of features     
that belong respectively to the model and the data. We
deﬁ ne a payoff among strategies that is proportional
*% * %#&*"*/ % * 1$ *($)%(#*%$ )*A
mated by the descriptor used (for instance, SIFT [5] or
SURF [2]). Speciﬁ cally, we are able to associate to each
strategy      an afﬁ ne transformation, which we call
    .
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textured fabric. This is a typical scenario for batch
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performance of our method. The ﬁ rst frame contains
all the original SIFT features extracted, the second one
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lectivity parameter    . By using   
"" * !(%+$ ) )($ $ * *( (#< 
observed that a larger value of  does not affect much
the result, as foreground features are quite disjointed.
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nation step, we applied this RANSAC schema to both
ﬁ ltered and unﬁ ltered frames.
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Figure 3. Comparison with RANSAC
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4. Conclusions

30.000 frames long video sequence. Given the constant
presence of a textured background, the poor results obtained with RANSAC and the unﬁltered video were expected. Indeed, we were unable to reach a full recall
without a complete loss of precision, and even when
accepting a low recall most of the detected frames were
false positives due to background matching. RANSAC
performance increases dramatically after application of
the ﬁlter. Nevertheless, it is not possible to obtain a
high level of recall without losing precision. This is
due to the presence of features that do not belong to
the foreground marker and neither are part of a texture.
This happens, for instance, with sewings, seams or dirt
present in the fabric. In the right half of Fig. 2 we show
an instance where our method obtains the correct match,
while RANSAC is distracted by a junction in the fabric. The game-theoretic matcher (applied over ﬁltered
frames) obtains by far the best results. In fact, a perfect recall is obtained with a precision value above 0.8
(β = 10−3 ) and, by using a more selective parameter
(β = 10−2 ) all the false positives are avoided while still
obtaining a recall just slightly below 0.7. In some practical applications it is more important to guarantee a recall of 1 since a moderate number of false positives can
be tolerated (and ﬁltered bottomward in the pipeline),
while a miss in the detection is not allowed. To measure
the loss in precision with respect to noise, we corrupted
both data and model with additive Gaussian noise. At
each noise level (expressed with the standard deviation
in Fig. 4) we tuned β to maintain a recall of 1 and measured the precision. While it was always possible to obtain a complete recall, we observed a linear decay of the
precision. This is not a failure of the matcher itself, but
an impaired effectiveness of the background ﬁlter due to
the reduced similarity among the extracted descriptors.
It should be noted, however, that in this experimental
setup a precision of 0.3 with a recall of 1 corresponds to
a fall-out of 0.006 (about 180 false positives over 30.000
tests).

We presented a game-theoretic approach that allows
to perform a robust feature-based matching even when
the foreground is absorbed in a highly textured background. This is done by playing two different noncooperative games: a ﬁlter game, that separates foreground from background, and a matching game, that
performs the actual point-pattern matching. An experimental validation shows that both the steps concur to
the improvement of the whole matching task and the
obtained results outperform in terms of precision and
recall an optimized RANSAC-based approach.
Acknowledgments
We acknowledge the ﬁnancial support of the Future
and Emerging Technology (FET) Programme within the
Seventh Framework Programme for Research of the European Commission, under FET-Open project SIMBAD
grant no. 213250.

References
[1] A. Albarelli, S. Rota Bulò, A. Torsello, and M. Pelillo.
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Abstract

techniques that are able to locate affine invariant regions,
such as Maximally Stable Extremal Regions (MSER) [8]
and Hessian-Affine [9]. The affine invariance property is
desirable since the change in appearance of a scene region
after a small camera motion can be locally approximated
with an affine transformation. Once interesting points are
found, they must be matched to form the candidate pairs
to be fed to the bundle adjustment algorithm. Most of the
currently used techniques for point matching are based on
the computation of some affine invariant feature descriptor.
Specifically, to each point is assigned a descriptor vector
with tens to hundreds of dimensions, a scale and a rotation
value. Among the most used feature descriptor algorithms
are the Scale-Invariant Feature Transform (SIFT) [6, 5], the
Speeded Up Robust Features (SURF) [3], the Gradient Location and Orientation Histogram (GLOH) [10] and more
recently the Local Energy based Shape Histogram (LESH)
[11]. In all of these techniques, the descriptor vector itself
is robust with respect to affine trasformations: i.e., similar
image regions exhibit descriptor vectors with small mutual
Euclidean distance. This property is used to match each
point with the candidate that is associated to the nearest descriptor vector. If the descriptor is not distinctive enough
this approach is prone to select many outliers. A common
optimization involves the definition of a maximum threshold over the distance ratio between the first and the second
nearest neighbors. In addition, points that are matched multiple times are deemed as ambiguous and discarded (i.e.,
one-to-one matching is enforced). Another common heuristic for the elimination of erroneous matches is to exclude
points that exhibit a large reprojection error after a first
round of Levenberg-Marquardt optimization [4] (see for instance [14]). Unfortunately this afterthought is based upon
an error estimation that depends on the point pairs chosen
beforehand; this leads to a quandary that can only be solved
by avoiding wrong matches from the start. In this paper we
introduce a robust matching technique that allows to operate a very accurate inlier selection at an early stage of the
process and without any need to rely on 3D reprojection.
In the experimental section, to assess the advantages of our
approach, we present a comprehensive set of comparisons
between the results delivered by our technique and those

Bundle Adjustment is a widely adopted self-calibration
technique that allows to estimate scene structure and camera parameters at once. Typically this happens by iteratively minimizing the reprojection error between a set of 2D
stereo correspondences and their predicted 3D positions.
This optimization is almost invariantly carried out by means
of the Levenberg-Marquardt algorithm, which is very sensitive to the presence of outliers in the input data. For this
reason many structure-from-motion techniques adopt some
inlier selection algorithm. This usually happens both in the
initial feature matching step and by pruning matches with
larger reprojection error after an initial optimization. While
this works well in many scenarios, outliers that are not filtered before the optimization can still lead to wrong parameter estimation or even prevent convergence. In this paper we introduce a novel stereo correspondences selection
schema that exploits Game Theory in order to perform a robust inlier selection before any optimization step. The practical effectiveness of the proposed approach is confirmed by
an extensive set of experiments and comparisons with stateof-the-art techniques.

1. Introduction
The selection of 2D point correspondences is arguably
the most important step in image based multi-view reconstruction. As a matter of fact, differently from techniques
augmented by structured light or known markers, wrong
initial correspondences can lead to sub-optimal parameter
estimation or, in the worst cases, to the inability of the optimization algorithm to obtain a feasible solution. For this
reason reconstruction approaches adopt several specially
crafted expedients to avoid as much as possible the inclusion of outliers. In the first place correspondences are not
searched throughout all the image plane, but only points that
are both repeatable and well characterized are considered.
This selection is carried out by means of interest point detectors and feature descriptors. Salient points are localized
with sub-pixel accuracy by general detectors, such as Harris
Operator [2] and Difference of Gaussians [7], or by using
1

obtained with a reference implementation of the structurefrom-motion system presented in [13] and [14].

entities with competing objectives, which is thus hard to
characterize with a single objective function [16]. According to this view, the emphasis shifts from the search of a
local optimum to the definition of equilibria between opposing forces. In this setting multiple players have at their
disposal a set of strategies and their goal is to maximize a
payoff that depends also on the strategies adopted by other
players. Evolutionary game theory originated in the early
70’s as an attempt to apply the principles and tools of game
theory to biological contexts. Evolutionary game theory
considers an idealized scenario where pairs of individuals
are repeatedly drawn at random from a large population to
play a two-player game. In contrast to traditional gametheoretic models, players are not supposed to behave rationally, but rather they act according to a pre-programmed behavior, or mixed strategy. It is supposed that some selection
process operates over time on the distribution of behaviors
favoring players that receive higher payoffs.
More formally, let O = {1, · · · , n} be the set of available strategies (pure strategies in the language of game theory), and C = (cij ) be a matrix specifying the payoff that
an individual playing strategy i receives against someone
playing strategy j. A mixed strategy is a probability distribution x = (x1 , . . . , xn )T over the available strategies
O. Clearly, mixed strategies are constrained to lie in the
n-dimensional standard simplex
(
)
n
X
n
n
∆ = x ∈ IR : xi ≥ 0 for all i ∈ 1 . . . n,
xi = 1 .

2. Game-Theoretic Point Pairs Selection
The selection of matching points on behalf of the feature descriptor is only able to exploit local information.
This limitation conflicts with the richness of information
that is embedded in the scene structure. For instance, under the assumption of rigidity and small camera motion,
intuition suggests that features that are close in one view
cannot be too far apart in the other one. Further, if a pair
of features exhibit a certain difference of angles or ratio of
scales, this relation should be maintained among their respective matches. Our basic idea is to formalize this intuitive notion of consistency between pairs of feature matches
into a real-valued utility function and to find a large set of
matches that express a high level of mutual compatibility.
Of course, the ability to define a meaningful pairwise utility function and a reliable technique for finding a consistent
set as large as possible is paramount for the effectiveness
of the approach. Following [15, 1], we model the matching
process in a game-theoretic framework, where two players
extracted from a large population select a pair of matching
points from two images. The player then receives a payoff from the other players proportional to how compatible
his match is with respect to the other player’s choice, where
the compatibility derives from some utility function that rewards pairs of matches that are consistent. In Section 2.2
such a function will be proposed, but in practice many different choices can be made: for instance it is possible to
assign a high payoff to pairs of matches that preserve the
distance between source and destination points and a low
payoff otherwise. Clearly, it is in each player’s interest to
pick matches that are compatible with those the other players are likely to choose. In general, as the game is repeated,
players will adapt their behavior to prefer matchings that
yield larger payoffs, driving all inconsistent hypotheses to
extinction, and settling for an equilibrium where the pool
of matches from which the players are still actively selecting their associations forms a cohesive set with high mutual support. Within this formulation, the solutions of the
matching problem correspond to evolutionary stable states
(ESS’s), a robust population-based generalization of the notion of a Nash equilibrium. In a sense, this matching process
can be seen as a contextual voting system, where each time
the game is repeated the previous selections of the other
players affect the future vote of each player in an attempt
to reach consensus. This way the evolving context brings
global information into the selection process.

i=1

The support of a mixed strategy x ∈ ∆, denoted by σ(x),
is defined as the set of elements chosen with non-zero probability: σ(x) = {i ∈ O | xi > 0}. The expected payoff received by a player choosing element i when playing
P against
a player adopting a mixed strategy x is (Cx)i = j cij xj ,
hence the expected payoff received by adopting the mixed
strategy y against x is yT Cx. The best replies against
mixed strategy x is the set of mixed strategies
β(x) = {y ∈ ∆ | yT Cx = max(zT Cx)} .
z

A strategy x is said to be a Nash equilibrium if it is the best
reply to itself, i.e., ∀y ∈ ∆, xT Cx ≥ yT Cx . This implies
that ∀i ∈ σ(x) we have (Cx)i = xT Cx; that is, the payoff
of every strategy in the support of x is constant.
A strategy x is said to be an evolutionary stable strategy
(ESS) if it is a Nash equilibrium and
∀y ∈ ∆

xT Cx = yT Cx ⇒ xT Cy > yT Cy .

(1)

This condition guarantees that any deviation from the stable
strategies does not pay.

2.1. Non-cooperative Games

2.2. Matching Strategies and Payoffs

Originated in the early 40’s, Game Theory was an attempt to formalize a system characterized by the actions of

Central to this framework is the definition of a matching
game, which implies the definition of the strategies avail2

b02 , the payoff between (a1 , a2 ) and (b1 , b2 ) is:

a2'

T(b1b2)
da

a1

0

a2

T(a1a2)

db

b1
T(a1a2)

b2'

Figure 1. The payoff between two matching strategies is inversely
proportional to the maximum reprojection error obtained by applying the affine transformation estimated by a match to the other.

able to the players and of the payoffs related to these strategies. Given a set M of feature points in a source image and
a set D of potentially corresponding features in a destination image, we call a matching strategy any pair (a1 , a2 )
with a1 ∈ M and a2 ∈ D. We call the set of all the matching strategies S. In principle, all the features extracted by an
interest point detector could be used to build the matching
strategies set, thus leading to a size of the set S that grows
quadratically with the average number of features detected
in an image. In practice, however, in Section 2.3 we adopt
some heuristics that allow us to obtain good overall results
with a much smaller set. Once S has been selected, our goal
becomes to extract from it the largest subset that includes
only correctly matched points: that is, strategies that associate a feature in the source image with the same feature in
the destination image. To this extent, it is necessary to define a payoff function Π : S × S → R+ that exploits some
pairwise information available at this early stage (i.e. before estimating camera and scene parameters). Since scale
and rotation are associated to each feature, it seems natural
to try to use this information to enforce coherence between
matching strategies. Specifically, we are able to associate
to each matching strategy (a1 , a2 ) one and only one similarity transformation, that we call T (a1 , a2 ). When this
transformation is applied to a1 it produces the point a2 , but
when applied to the source point b1 of the matching strategy (b1 , b2 ) it does not need to produce b2 . In fact it will
produce b2 if and only if T (a1 , a2 ) = T (b1 , b2 ), otherwise
it will give a point b02 that is as near to b2 as the transformation T (a1 , a2 ) is similar to T (b1 , b2 ). Given two matching
strategies (a1 , a2 ) and (b1 , b2 ) and their respective associated similarities T (a1 , a2 ) and T (b1 , b2 ), we calculate their
reciprocal reprojected points as:
a02
b02

=
=

(2)

where λ is a selectivity parameter that allows to operate a
more or less strict inlier selection. If λ is small, then the
payoff function (and thus the matching) is more tolerant,
otherwise the evolutionary process becomes more selective
as λ grows. We define 2 as a similarity enforcing payoff
function and we call a matching game any symmetric noncooperative game that involves a matching strategies set S
and a similarity enforcing payoff function Π.
The rationale of the payoff function proposed in equation 2 is that, while by changing point of view the similarity
relationship between features is not maintained (as the object is not planar and the transformation is projective), we
can expect the transformation to be a similarity at least “locally”. This means that we aim to extract clusters of feature
matches that belong to the same region of the object and
that tend to lie in the same level of depth. While this could
seem to be an unsound assumption for general camera motion, in the experimental section we will show that it holds
well with the typical disparity found in standard multiple
view and stereo data sets. Further it should be noted that
with large camera motion most, if not all, commonly used
feature detectors fail, thus any inlier selection attempt becomes meaningless. One final note should be made about
one-to-one matching. Since each source feature can correspond with at most one destination point, it is desirable to
avoid any kind of multiple match. It is easy to show that
a pair of strategies with zero mutual payoff cannot belong
to the support of an ESS (see [1]), thus any payoff function
Π can be easily adapted to enforce one-to-one matching by
defining:
(
Π((a1 , a2 ), (b1 , b2 )) if a1 6= b1 and a2 6= b2
0
Π =
0
otherwise
(3)
We can define 3 as a one-to-one similarity enforcing payoff
function.

b2

T(b1b2)

0

Π((a1 , a2 ), (b1 , b2 )) = e−λmax(|a2 −a2 |,|b2 −b2 |)

2.3. Building the Matching Strategies Set
From a theoretical point of view the total number of
matching strategies can be as large as the Cartesian product
of the sets of features detected in the images. Since most
interest point detectors extract thousands of features from
an image and the size of the payoff matrix grows quadratically with the number of matching strategies, this leads
to problems too large to be managed in an efficient way.
While the feature descriptor has not been used to define the
payoff function Π, it could be useful to reduce the number of matching strategies considered. Specifically, for each
source feature we can generate k matching strategies that
connect it to the k destination features that are the nearest

T (b1 , b2 )a1
T (a1 , a2 )b1

That is, the virtual points obtained by applying to each
source point the similarity transformation associated to the
other match (see Fig. 1). Thus, given virtual points a02 and
3

π
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c1
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1
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Figure 2. An example of the evolutionary process. Four feature points are extracted from two images and a total of six matching strategies
are selected as initial hypotheses. The matrix Π shows the compatibilities between pairs of matching strategies according to a oneto-one similarity-enforcing payoff function. Each matching strategy got zero payoff with itself and with strategies that share the same
source or destination point (i.e., Π((b1 , b2 ), (c1 , b2 )) = 0). Strategies that are coherent with respect to similarity transformation exhibit
high payoff values (i.e., Π((a1 , a2 ), (b1 , b2 )) = 1 and π((a1 , a2 ), (d1 , d2 )) = 0.9)), while less compatible pairs get lower scores (i.e.,
π((a1 , a2 ), (c1 , c2 )) = 0.1). Initially (at T=0) the population is set to the barycenter of the simplex and slightly perturbed. After just one
iteration, (c1 , b2 ) and (c1 , c2 ) have lost a significant amount of support, while (d1 , c2 ) and (d1 , d2 ) are still played by a sizable amount of
population. After ten iterations (T=10) (d1 , d2 ) has finally prevailed over (d1 , c2 ) (note that the two are mutually exclusive). Note that in
the final population ((a1 , a2 ), (b1 , b2 )) have a higher support than (d1 , d2 ) since they are a little more coherent with respect to similarity.

in terms of descriptor distance. Since our game-theoretic
approach operates inlier selection regardless of the descriptor, we do not need to set any threshold with respect to
the absolute descriptor distance or the distinctiveness between the first and the second nearest point. In this sense,
the only constraint that we need to impose over k is that it
should be high enough to allow the correct correspondence
to be among the candidates a significative percentage of the
times. In the experimental section we will analyze the influence of k over the quality of the matches obtained.

maximum, all the non-extincted mating strategies can be
considered valid (see Fig. 2). In practice strategies are extincted only after an infinite number of iterations. Since we
halt the evolution when the population ceases to change significantly, it is necessary to introduce some criteria to distinguish correct from non-correct matches. To avoid a hard
threshold we chose to keep as valid all the strategies played
by a population amount exceeding a percentage of the most
popular strategy. We call this percentage quality threshold.
As mentioned in Section 2.2, each evolution process selects
a group of matching strategies that are coherent with respect
to a local similarity transformation. This means that if we
want to cover a large portion of the subject we need to iterate many times and prune the previously selected matches
at each new start. Obviously, after all the depth levels have
been swept, small and not significant residual groups start to
emerge from the evolution. To avoid the selection of these
spurious matches we fixed a minimum cardinality for each
valid group. We call this cardinality group size.

2.4. Evolving to an Optimal Solution
The search for a stable state is performed by simulating the evolution of a natural selection process. Under very
loose conditions, any dynamics that respect the payoffs is
guaranteed to converge to Nash equilibria [16] and (hopefully) to ESS’s; for this reason, the choice of an actual selection process is not crucial and can be driven mostly by
considerations of efficiency and simplicity. We chose to use
the replicator dynamics, a well-known formalization of the
selection process governed by the following equation
(Cx(t))i
xi (t + 1) = xi (t)
x(t)T Cx(t)

3. Experimental Results
We conducted different sets of experiments. Our first
goal was to analyze the impact of the algorithm parameters,
namely λ, k, quality threshold and group size, over the quality of the results obtained. For this purpose we used a pair of

(4)

where xi is the i-th element of the population and C the
payoff matrix. Once the population has reached a local
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Figure 3. Analysis of the performance of the approach with respect to variation of the parameters of the algorithm.

cameras previously calibrated through a standard procedure
and took stereo pictures of 20 different, isolated objects;
then, we investigated the influence of the four parameters
separately. For each test we evaluated three quality measures: the average reprojection error in pixels () and the
differences in radians between the (calibrated) ground-truth
and respectively the estimated rotation angle (∆α) and rotation axis (∆γ). In addition, each stereo pair was processed
with the keymatcher included in the structure-from-motion
suite Bundler [13, 14]. Finally, the correspondences produced by both the Bundler keymatcher and our technique
were given as an input to the bundle adjustment procedure
included in the suite. This allows to obtain a fair comparison of the two approaches, whose quality parameters can
be directly compared, being the result of running the same
optimizer on different inputs. In Fig. 3 we reported the
results of these experiments. The first row shows the effect of the selectivity parameter λ. As expected both a too
low and a too high value lead to less satisfactory results,
mainly with respect to the estimation of the angle between
the two cameras. This is probably due respectively to a too
tight and a too relaxed enforcement of local coherence. The

three rows below show the impact of the number of candidate matches for each source point, the quality threshold
that a match must exceed to be considered feasible and the
minimum size of a valid group. Overall, these experiments
suggest that those parameters have little influence over the
quality of the result, notwithstanding the Game-Theoretic
approach achieves better results in nearly every case.
For the purpose of exploring further the differences between our technique and the Bundler keymatcher, we investigated in depth four cases. We will describe them here
in two separate sets. The first set of unordered images
comes from the ”DinoRing” and ”TempleRing” sequences
from the Middlebury Multi-View Stereo dataset [12]; for
these models, camera parameters are provided and used as
a ground-truth. The second set is composed of two calibrated stereo scenes selected from the previously acquired
collection, specifically a statue of Ganesha and a handful of
screws placed on a table. It should be noted however that
Bundler did not find a feasible matching for many stereo
pairs in the collection. Again, for all the sets of experiments we evaluated both the rotation error of all the cameras in terms of angular distance and axis discrepancy, and
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Figure 4. Results obtained with two multiple view data sets (image best viewed in color).

the reprojection error of the detected keypoints. The average number of matching groups is also given for the GameTheoretic method.

good results in the whole process, also outputs erroneous
correspondences (marked in the figure).
The quality of reconstruction following the application
of both methods can be visually compared by looking at the
distribution of the reprojection error in the left half of Fig.
6. While most reprojections fall within 1-3 pixels of distance for the Game-Theoretic approach, the Bundler keymatcher exhibits a long-tail trend, reaching an error spread
of 20 pixels. Differently from “Dino”, the “Temple” model
is quite rich of features; for visualization purposes we only
show a subset of the detected matches for both the techniques. While the effectiveness of our approach is not negatively impacted by the model characteristics, mismatches
are revealed with Bundler. In particular, the symmetric parts
of the object (mainly represented by the pillars) result in
very similar features and this causes the matcher to establish one-to-many pairings over them. However, it should be
noted that for both the “Dino” and “Temple” models the two
matchers deliver comparably good results when fed with a

The “Dino” model is a difficult case in general, as it embodies very few features; the upper part of Fig. 4 shows the
correspondences produced by our method (left column) in
comparison with the other matcher (right column). A set
of optimal parameters detected in the previous experiments
was used for configuring our matcher. This resulted as expected in the detection of many correct matches organized
in groups, each corresponding to a different level of depth,
and visualized with a unique color in the figure. As can be
seen, different levels of depth are properly estimated; this is
particularly evident throughout the arched back going from
the tail (in foreground) to the head of the model (in background), where clustered sets of keypoints follow one after
the other. Furthermore, these sets of interest points maintain
the right correspondences within the pair of images. The
Bundler keymatcher on the other hand, while still achieving
6
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Figure 5. Results obtained with two stereo view data sets (image best viewed in color).

whole set of views of the object.

results nevertheless in a good estimation of the rigid transformation linking the two cameras, since erroneous pairings
are removed a posteriori during the subsequent phases of
bundle adjustment. By contrast, the Game-Theoretic approach outputs large and accurate sets of matches, roughly
one per object, each corresponding to a level of depth; even
moderately difficult cases, such as the left-right “swaps”
due to the change of viewpoint taking place at the borders,
are correctly dealt with. Again, a histogram of the reprojection error for this object is shown in Fig. 6.
Execution times for the matching steps of our technique
are plotted in Fig. 7; the scatter plot shows a substantially
linear growth of convergence time as the number of matching strategies increases, staying below half a second even
with a large number of players.

In the calibrated stereo scenario, ”Ganesha stereo” images are rich of distinctive features and should pose no difficulty to any of the methods. The Bundler keymatcher provides very good results, with only one evident false match
out of a total of 200 matches (see Fig. 5). The resulting
bundle adjustment is quite accurate, giving very small rotation errors and reprojection distances. Nevertheless, our
method performs considerably better: reprojection errors
dramatically decrease, with around 98 percent of the keypoints falling below one pixel of reprojection distance.
The second calibrated stereo scene, ”Screws stereo”, is
an emblematic case and provides some meaningful insight.
The images depict a dozen of screws standing on a table,
placed by hand at different levels of depth. This configuration, together with the abundance of features in the objects
themselves, should provide enough information for the two
algorithms to extract significant matches. Indeed, the scene
proves to be a difficult one due to the very nature of the
objects depicted, which are all identical and highly symmetric, and diverse false matches are established by the Bundler
keymatcher (see the last column of Fig. 5). This matching

4. Conclusions
In this paper we introduced a novel game-theoretic technique that performs an accurate feature matching between
multiple views of the same subject as a preliminary step for
bundle adjustment. Differently from other approaches, we
do not rely on a first estimation of scene and camera param7
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Figure 6. Distribution of the reprojection error on one multiple view (left) and one stereo pair (right) example.

eters in order to obtain a robust inlier selection. Rather, we
enforce local compatibility of groups of features with respect to a common similarity transformation. By extracting
one group at a time by means of an evolutive process, we
are able to cover the entire subject. Experimental comparisons with a widely used technique show the ability of our
approach to obtain a tighter inlier selection and thus a more
accurate estimation of the scene parameters.
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Abstract

selection schemes. The tension between the precision required for fine alignment versus the recall needed for an
initial motion estimation stands as the main hurdle to the
unification of such approaches.
The large majority of currently used fine alignment
methods are modifications to the original ICP proposed by
Zhang [23] and Besl and McKay [3]. These variants generally differ in the strategies used to sample points from
the surfaces, reject incompatible pairs, or measure error. In
general, the precision and convergence speed of these techniques is highly data-dependent and very sensitive to the
fine-tuning of the model parameters. Several approaches
that combine these variants have been proposed in the literature in order to overcome these limitations (see [16] for
a comparative review). Some recent variants avoid hard
culling by assigning a probability to each candidate pair
by means of evolutionary techniques [14] or Expectation
Maximization [10]. ICP variants, being iterative algorithms
based on local, step-by-step decisions, are very susceptible to the presence of local minima. Other fine registration
methods include the well-known method by Chen [6] and
signed distance fields matching [15].
Coarse registration techniques can be roughly classified
into methods that exploit some global property of the surface, such as PCA [8] or Algebraic Surface Model [18],
and methods that use some 3D feature descriptor to find
plausible candidates pairs over the model and data surfaces.
Global techniques are generally very sensitive to occlusion.
Feature-based approaches are more precise and can align
surfaces that exhibit only partial overlap. Nevertheless, the
unavoidable localization error of the feature points prevents
them from obtaining accuracies on par with fine registration
methods. Among the most successful descriptors are Point
Signatures [7] and Spin Images [12]. A completely different coarse registration approach is the RANSAC-based
DARCES [5], which is based on the random extraction of
sets of mates from the surfaces and their validation based on
the accuracy of the estimated transformation. Other recent
methods include [1]; a recent and extensive review of all the
different methods can be found in [17].

Surface registration is a fundamental step in the reconstruction of three-dimensional objects. This is typically a
two step process where an initial coarse motion estimation
is followed by a refinement. Most coarse registration algorithms exploit some local point descriptor that is intrinsic
to the shape and does not depend on the relative position of
the surfaces. By contrast, refinement techniques iteratively
minimize a distance function measured between pairs of selected neighboring points and are thus strongly dependent
on initial alignment. In this paper we propose a novel technique that allows to obtain a fine surface registration in a
single step, without the need of an initial motion estimation.
The main idea of our approach is to cast the selection of
correspondences between points on the surfaces in a gametheoretic framework, where a natural selection process allows mating points that satisfy a mutual rigidity constraint
to thrive, eliminating all the other correspondences. This
process yields a very robust inlier selection scheme that
does not depend on any particular technique for selecting
the initial strategies as it relies only on the global geometric compatibility between correspondences. The practical
effectiveness of the proposed approach is confirmed by an
extensive set of experiments and comparisons with state-ofthe-art techniques.

1. Introduction
The distinction between coarse and fine surface registration techniques is mainly related to the different strategies
adopted to find pairs of mating points to be used for the
estimation of the rigid transformation. Almost invariably,
fine registration algorithms exploit an initial guess in order to constrain the search area for compatible mates and
minimize the risk of selecting outliers. On the other hand,
coarse techniques, which cannot rely on any motion estimation, must adopt a mating strategy based on the similarity between surface-point descriptors or resort to random
1

Regardless of the criteria used to obtain pairs of mating points, the subsequent step in surface registration is
to search for the rigid transformation that minimizes the
squared distance between them. Since many mature techniques are available to do this (for instance [11]), in this paper our effort is toward the matching step itself: specifically
by proposing a novel game-theoretic approach that is able
to deal equally well with both coarse and fine registration
scenarios.

2. Game-Theoretic Surface Registration
We are looking for a robust set of inliers for correspondence selection from which we can estimate the rigid transformation. Most of the currently adopted matching schemes
operate on a local level, and global information comes only
as an afterthought by checking the quality of the candidate
matches with respect to the registration error obtained. The
approach we are proposing, on the other hand, brings global
information into the matching process by favoring sets of
point-associations that are mutually compatible with a single rigid transformation. Fundamental to our approach is
the fact that requiring the compatibility to a single transformation is equivalent to requiring that there exists a compatible transformation for each pair of mates. Following [19, 2],
we model the mating process in a game-theoretic framework, where two players extracted from a large population
select a pair of corresponding points from two surfaces to
be registered with one another. The player then receives
a payoff from the other players proportional to how compatible his pairings are with respect to the other player’s
choice, where the compatibility derives from the existence
of a common rigid transformation. More explicitly, if there
exists a rigid transformation that moves both his point and
the other player’s point close to the corresponding mates,
then both players receive a high payoff, otherwise the payoff will be low. Clearly, it is in each player’s interest to
pick correspondences that are compatible with the mates the
other players are likely to choose. In general, as the game is
repeated, players will adapt their behavior to prefer matings
that yield larger payoffs, driving all inconsistent hypotheses
to extinction, and settling for an equilibrium where the pool
of mates from which the players are still actively selecting their associations forms a cohesive set with high mutual support. Within this formulation, the solutions of the
matching problem correspond to evolutionary stable states
(ESS’s), a robust population-based generalization of the notion of a Nash equilibrium.
In a sense, this mating process can be seen as a contextual voting system, where each time the game is repeated
the previous selections of the other players affect the future
vote of each player in an attempt to reach consensus. This
way the evolving context brings global information into the
selection process.

2.1. Non-cooperative Games
Originated in the early 40’s, Game Theory was an attempt to formalize a system characterized by the actions of
entities with competing objectives, which is thus hard to
characterize with a single objective function [21]. According to this view, the emphasis shifts from the search of a
local optimum to the definition of equilibria between opposing forces. In this setting multiple players have at their
disposal a set of strategies and their goal is to maximize a
payoff that depends also on the strategies adopted by other
players. Evolutionary game theory originated in the early
70’s as an attempt to apply the principles and tools of game
theory to biological contexts. Evolutionary game theory
considers an idealized scenario where pairs of individuals
are repeatedly drawn at random from a large population to
play a two-player game. In contrast to traditional gametheoretic models, players are not supposed to behave rationally, but rather they act according to a pre-programmed behavior, or mixed strategy. It is supposed that some selection
process operates over time on the distribution of behaviors
favoring players that receive higher payoffs.
More formally, let O = {1, · · · , n} be the set of available strategies (pure strategies in the language of game theory), and C = (cij ) be a matrix specifying the payoff that
an individual playing strategy i receives against someone
playing strategy j. A mixed strategy is a probability distribution x = (x1 , . . . , xn )T over the available strategies
O. Clearly, mixed strategies are constrained to lie in the
n-dimensional standard simplex
)
(
n
X
n
n
xi = 1 .
∆ = x ∈ IR : xi ≥ 0 for all i ∈ 1 . . . n,
i=1

The support of a mixed strategy x ∈ ∆, denoted by σ(x),
is defined as the set of elements chosen with non-zero probability: σ(x) = {i ∈ O | xi > 0}. The expected payoff received by a player choosing element i when playing
P against
a player adopting a mixed strategy x is (Cx)i = j cij xj ,
hence the expected payoff received by adopting the mixed
strategy y against x is yT Cx. The best replies against
mixed strategy x is the set of mixed strategies
β(x) = {y ∈ ∆ | yT Cx = max(zT Cx)} .
z

A strategy x is said to be a Nash equilibrium if it is the best
reply to itself, i.e., ∀y ∈ ∆, xT Cx ≥ yT Cx . This implies
that ∀i ∈ σ(x) we have (Cx)i = xT Cx; that is, the payoff
of every strategy in the support of x is constant.
A strategy x is said to be an evolutionary stable strategy
(ESS) if it is a Nash equilibrium and
∀y ∈ ∆

xT Cx = yT Cx ⇒ xT Cy > yT Cy .

(1)

This condition guarantees that any deviation from the stable
strategies does not pay.

c2

a2

b2

a1

b1

c1

Figure 1. Example of mating strategies.

2.2. Mating Strategies and Payoffs
Central to this framework is the definition of a mating
game, which implies the definition of the strategies available to the players and of the payoffs related to these strategies. Given a set of model points M and a set of data points
D we call a mating strategy any pair (a1 , a2 ) with a1 ∈ M
and a2 ∈ D. We call the set of all the mating strategies S.
In principle, all the model and data points could be used to
build the mating strategies set, thus giving S = M × D. In
practice, however, we adopt some heuristics that allow us
to obtain good alignments with a much smaller set. Once S
has been selected, our goal becomes to extract from it the
largest subset that includes only correctly matched points:
that is, strategies that associate a point in the model surface
with the same point in the data surface. To enforce this we
assign to each pair of mating strategies a payoff that is inversely proportional to a measure of violation of the rigidity
constraint. This violation can be expressed in several ways,
but since all the rigid transformations preserve Euclidean
distances, we choose this property to express the coherence
between mating strategies.
Definition 1. Given a function π : S × S → R+ ,
we call it a rigidity-enforcing payoff function if for any
((a1 , a2 ), (b1 , b2 )) and ((c1 , c2 ), (d1 , d2 )) ∈ S × S we have
that ||a1 − b1 | − |a2 − b2 || > ||c1 − d1 | − |c2 − d2 || implies
π((a1 , a2 ), (b1 , b2 )) < π((c1 , c2 ), (d1 , d2 )). In addition, if
π((a1 , a2 ), (b1 , b2 )) = π((b1 , b2 ), (a1 , a2 )), π is said to be
symmetric.
A rigidity-enforcing payoff function is a function that
is monotonically decreasing with the absolute difference of
the Euclidean distances between respectively the model and
data points of the mating strategies compared. In other
words, given two mating strategies, their payoff should
be high if the distance between the model points is equal
to the distance between the data points and it should decrease as the difference between such distances increases.
In the example of Figure 1, mating strategies (a1 , a2 ) and
(b1 , b2 ) are coherent with respect to the rigidity constraint,
whereas (b1 , b2 ) and (c1 , c2 ) are not, thus it is expected that
π((a1 , a2 ), (b1 , b2 )) > π((b1 , b2 ), (c1 , c2 )).
Further, if we want mating to be one-to-one, we must put
an additional constraint on the payoffs, namely that mates
sharing a point are incompatible.

Definition 2. A rigidity-enforcing payoff function π is
said to be one-to-one if a1 = b1 or a2 = b2 implies
π((a1 , a2 ), (b1 , b2 )) = 0.
Given a set of mating strategies S and an enumeration O = {1, ..., |S|} over it, a mating game is a noncooperative game where the population is defined as a vector x ∈ ∆|S| and the payoff matrix C = (cij ) is defined
as cij = π(si , sj ), where si , sj ∈ S are enumerated by
O and π is a symmetric one-to-one rigidity-enforcing payoff function. Intuitively, xi accounts for the percentage of
the population that plays the i-th mating strategy. By using
a symmetric one-to-one payoff function in a mating game
we are guaranteed that ESS’s will not include mates sharing
either model or data nodes. In fact, given a non-negative
payoff function, a stable state cannot have in its support a
pairs of strategies with payoff 0 [2]. Moreover, a mating
game exhibits some additional interesting properties.
Theorem 1. Given a set of model points M , a set of data
points D = T M that are exact rigid transformations of the
points in M , and a set of mating strategies S ⊆ M × D
with (m, T m) ∈ S for all m ∈ M , and a mating game over
them with a payoff function π, the vector x̂ ∈ ∆|S| defined
as
(
1/|M | if si = (m, T m) for some m ∈ M ;
x̂i =
0
otherwise,
is an ESS and obtains the global maximum average payoff.
Sketch of proof. Let Ŝ ⊆ S be the set of mates that match
a point to its copy, clearly for all s, q ∈ Ŝ, s 6= q we have
π(s, q) = 1, while for s ∈ Ŝ and q ∈ S \ Ŝ, we have
π(s, q) < 1. For all s ∈ Ŝ we have that π(x̂, x̂) = |M|M|−1
|
while, since π is one-to-one, for any q ∈ S \ Ŝ there must
be at least one sq ∈ Ŝ with π(q, sq ) = 0, thus π(q, x̂) <
|M |−1
|M | , thus x̂ is a Nash equilibrium. Further, since the inequality is strict, it is an ESS. Finally, x̂ is a global maximizer of π since |M|M|−1
| is the maximum value that a oneto-one normalized payoff function over |M | points can attain.
This theorem states that when matching a surface with
a rigidly transformed copy of itself the optimal solution
(i.e., the population configuration that selects all the mating strategies assigning each point to its copy) is the stable
state of maximum payoff. Since well established algorithms
to evolve a population to such a state exist, this provides us
with an effective mating approach. Clearly, aligning a surface to an identical copy is not very useful in practical scenarios, where occlusion and measurement noise come into
play. While the quality of the solution in presence of noise
will be assessed experimentally, we can give some theoretical results regarding occlusions.
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Figure 2. An example of the evolutionary process. Four points are sampled from the two surfaces and a total of six mating strategies are
selected as initial hypotheses. The matrix Π shows the compatibilities between pairs of mating strategies according to a one-to-one rigidityenforcing payoff function. Each mating strategy got zero payoff with itself and with strategies that share the same source or destination
point (i.e., π((b1 , b2 ), (c1 , b2 )) = 0). Strategies that are coherent with respect to rigid transformation exhibit high payoff values (i.e.,
π((a1 , a2 ), (b1 , b2 )) = 1 and π((a1 , a2 ), (d1 , d2 )) = 0.9)), while less compatible pairs get lower scores (i.e., π((a1 , a2 ), (c1 , c2 )) = 0.1).
Initially (at T=0) the population is set to the barycenter of the simplex and slightly perturbed (3-5%). After just one iteration, (c1 , b2 ) and
(c1 , c2 ) have lost a significant amount of support, while (d1 , c2 ) and (d1 , d2 ) are still played by a sizable amount of population. After ten
iterations (T=10), (d1 , d2 ) has finally prevailed over (d1 , c2 ) (note that the two are mutually exclusive). Note that in the final population
((a1 , a2 ), (b1 , b2 )) have a larger support than (d1 , d2 ) since they are a little more coherent with respect to rigidity.

Theorem 2. Let M be a set of points with Ma ⊆ M and
D = T Mb a rigid transformation of Mb ⊆ M such that
|Ma ∩ Mb | ≥ 3, and S ⊆ Ma × D be a set of mating
strategies over Ma and D with (m, T m) ∈ S for all m ∈
Ma ∩ Mb . Further, assume that the points that are not in
the overlap, that is the points in Ea = Ma \ (Ma ∩ Mb )
and Eb = Mb \ (Ma ∩ Mb ), are sufficiently far away such
that for every s ∈ S, s = (m, T m) with m ∈ Ma ∩ Mb and
every q ∈ S, q = (ma , T mb ) with ma ∈ Ea and mb ∈ Eb ,
a ∩Mb |−1
we have π(q, s) < |M|M
, then, the vector x̂ ∈ ∆|S|
a ∩Mb |
defined as
(
1/|M | if si = (m, T m) for some m ∈ Ma ∩ Mb ;
x̂i =
0
otherwise,
is an ESS.
a ∩Mb |−1
. Let
Sketch of proof. We have π(x̂, x̂) = |M|M
a ∩Mb |
q ∈ S be a strategy not in the support of x̂, then, either it maps a point in Ma or Mb , thus receiving payoff
a ∩Mb |−1
π(q, x̂) < |M|M
because of the one-to-one condition,
a ∩Mb |
or it maps a point in Ea to a point in Eb , receiving, by hya ∩Mb |−1
pothesis, a payoff π(q, x̂) < |M|M
. Hence, x̂ is an
a ∩Mb |
ESS.
The result of theorem 2 is slightly weaker than theorem
1, as the face of the simplex corresponding to the “correct” overlap, while being an evolutionary stable state, is
not guaranteed to obtain the overall highest average payoff.
This is not a limitation of the framework as this weakening
is actually due to the very nature of the alignment problem
itself. The inability to guarantee the maximality of the average payoff is due to the fact that the original object (M )
could contain large areas outside the overlapping subset that
are perfectly identical. Further, objects that are able to slide
(for instance a plane or a sphere) could allow to move between different mixed strategies without penalty. These situations cannot be addressed by any algorithm without re-

lying on supplementary information. However, in practice,
they are quite unlikely, exceptional cases. In the experimental section we will show that our approach can effectively
register even quasi-planar surfaces.

2.3. Building the Mating Strategies Set
From a theoretical point of view the total number of mating strategies in a registration problem is |M × D|, which
can be very large even with medium-sized surfaces. In practice, it is possible to apply several heuristics to select a lower
number of candidates while still achieving good alignment
results. Since the proposed approach is very selective it is
not necessary to use all the model points: even a highly aggressive subsampling does not affect the registration quality, provided that some points in the overlapping region between model and data are retained. In fact, our approach
does not try to find a good registration by means of a vote
counting validation; instead it takes quite the opposite route,
by self-validating the selected mixed strategy exploiting its
internal coherence. Once the model points have been subsampled, the mating strategies set could be created by pairing each one of them with all the data points. Again, while
this approach would work, it is somewhat wasteful since
most of the mating strategies could be dropped on the basis of some local property of the surface surrounding the
model and data point. For instance, the mean or Gaussian
curvatures can be compared or some surface feature can be
calculated in order to select only meaningful pairs. In the
experimental section we will suggest an effective selection
strategy. Once a proper set of mates has been chosen, a payoff function is needed. In principle, any proper one-to-one
symmetric rigidity-enforcing payoff function could be used
to capture the coherence between pairs of mating strategies.
From a practical point of view it is often advisable to use
bounded functions, usually in the interval (0, 1]. Very good
candidates are the negative exponentiation of the difference
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Figure 3. Comparison of coarse registration techniques using real range data, measuring ground RMS (column 1), translation (column 2)
and rotation (column 3) errors as a function of noise (row 1), occlusion (row 2) and number of samples (row 3).

between the distances of the model and data points, or the
ratio between the min and the max distance. In general, the
steeper is the function, the more selective is the choice of
the inlier mating strategies.

2.4. Evolving to an Optimal Solution
The search for a stable state is performed by simulating the evolution of a natural selection process. Under very
loose conditions, any dynamics that respect the payoffs is
guaranteed to converge to Nash equilibria [21] and (hopefully) to ESS’s; for this reason, the choice of an actual selection process is not crucial and can be driven mostly by
considerations of efficiency and simplicity. In this paper we
chose to use the replicator dynamics, a well-known formalization of the selection process governed by the following
equation
(Cx(t))i
xi (t + 1) = xi (t)
(2)
x(t)T Cx(t)
where xi is the i-th element of the population and C the
payoff matrix. A simple but complete example of the evolution process is shown in Figure 2.
Once the population has reached a local maximum, all
the non-extincted mating strategies can be used to calculate
the rigid transformation between data and model surfaces.
A clear advantage of our approach is that in the final mixed
strategy each pair of points is weighted proportionally to
its degree of participation in the equilibrium (see Figure 2).

This is similar in spirit to the concept of compatibility between mates adopted by a number of fine registration algorithms, yet it does not depend at all on supplementary
information such as surface normals or texture color. This
compatibility can be used to weigh each pair when calculating the best surface alignment by using a weighted least
squares fitting technique [11].

3. Experimental Results
Since the proposed technique can be used independently
for coarse and fine registration, we evaluated its performance with respect to state-of-the-art algorithms of both
fields. All the experiments have been executed on two
sets of data: range images obtained from real-world scanners and synthetically-generated surfaces. For the first set
of experiments we selected models from publicly available
databases; specifically the Bunny [20], the Armadillo [13]
and the Dragon [9] from the Stanford 3D scanning repository. To further assess the shortcomings of the various approaches, we used three synthetic surfaces representative of
as many classes of objects: a wave surface, a fractal landscape and an incised plane (see Figure 4).
In all the experiments the set of mating strategies was
obtained using the same selection technique. We used
the MeshDOG [22] 3D feature detector to find interesting
points in both the model and the data range images. A descriptor was associated to each point of interest; after considering both the MeshHOG and the Spin Image descrip-
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Figure 4. Comparison of coarse registration techniques using synthetic objects, measuring motion error as a function of noise.

tors, we preferred the latter as we found it to be more distinctive. Then a set of candidate source points was subsampled from the model and for each source point we created
5 mating strategies by connecting it to the 5 points with the
most compatible descriptors. The rigidity-enforcing payoff
function chosen was
π((a1 , b1 ), (a2 , b2 )) =

min(|a1 − a2 |, |b1 − b2 |)
max(|a1 − a2 |, |b1 − b2 |)

(3)

where a1 , a2 , b1 and b2 are respectively the two model
(source) and data (destination) points in the compared mating strategies.

3.1. Coarse Registration
We compared our method with two coarse registration methods: RANSAC-based DARCES [5] and Spin Images [12]. DARCES has been implemented according to
the original paper, while we used the Spin Images variant
suggested in [4] to obtain a higher accuracy. In Figure 3
we show the results obtained using the set of surfaces from
the Stanford repository. Each test was made under different conditions of noise, occlusion and subsampling and was
run for a total of 12 times over the set of range images.
For each set of experiments we plot the RMS distance for
the actual point correspondences in the two meshes, and the
estimation errors of the translation vector and rotation angle. In order to obtain a ground-truth for precise error measurement we generated the data points by adding Gaussian

noise, random occlusion and motion to the model points.
In these experiments the surfaces were obtained from laser
scans of objects of hundreds of millimeters in size, with a
resolution of about one tenth of millimeter. The first row
of Figure 3 plots the sensitivity to Gaussian noise exhibited
by the different techniques. The noise level is expressed as
the ratio between the standard deviation of the noise and
the average edge length. While DARCES is not very sensitive to noise, it delivers by far the worst overall results. By
contrast, Spin Images give fairly good results at low noise
levels, but their performance worsens quickly as noise is increased. The proposed approach (GTR), on the other hand,
exhibits errors that are consistently an order of magnitude
below Spin Images. In the second row we show the effect
of occlusion under a constant level of Gaussian noise with
standard deviation equal to 12% of the average edge length.
The results show that the tested techniques are substantially
insensitive to occlusions, our technique constantly outperforming the other approaches. Finally, the third row shows
the effect of subsampling. Our game-theoretic method outperforms the other approaches. Note that the Spin Images
based technique was never able to find a correct transformation when provided with less than 300 samples.
Figure 4 plots the alignment results on the three synthetic
surfaces. Each set of experiments was conducted over a single type of surface (displayed at the beginning of the row)
with 12 runs for each technique and noise level. Since these
objects are synthetic, errors on translation are expressed

3.2. Fine Registration
The performance of our approach with respect to fine
registration has been studied in a separate batch of experi-

Figure 5. Examples of surface registration obtained respectively
with RANSAC-based DARCES (first column), Spin Images (second column), and our game-theoretic registration technique (third
column).
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GTR
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100

Final RMS Error [mm]

in edge units. The “wave” test object (first row) offers a
regular surface with few outstanding features and high redundancy of the pattern; in this scenario the Spin Images
technique is affected by the inability to discern among a
large amount of similar descriptors, thus it performs poorly
at all noise levels. Conversely, the geometric-based consensus exploited by our registration approach allows for a
more precise selection and thus a more accurate registration. The “fractal landscape” test object (second row) is
an irregular surface that allows to produce very distinctive
feature descriptors. In fact, with low levels of noise both
Spin Images and our technique perform very well, albeit as
noise increases we achieve better results. Finally, the “incised plane” object (third row) is a big flat domain with a
small cross just half an edge deep. This represents a very
difficult target for most registration techniques, since very
few and faint features are available, while a large planar surface dominates the landscape. Despite the lack of good detectable points, our technique is able to register the surface
as long as noise is minimal. With higher noise levels the
bumped cross fades and becomes almost indistinguishable
from the plane itself. Note that DARCES achieves mediocre
results under all tested conditions.
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Figure 6. Comparison of fine registration accuracies (the green
dashed line represents y=x). Graph best viewed in color.

ments. The goal of this test is two-fold: we want to evaluate our quality as a complete alignment tool and, at the
same time, find the breaking point for traditional fine registration techniques. The method we used for comparison
is a best-of-breed ICP variant, similar to the one proposed
in [20]. Point selection is based on Normal Space Sampling [16], and point-surface normal shooting is adopted for
finding correspondences; distant mates or candidates with
back-facing normals are rejected. To minimize the influence
of incorrect normal estimates, matings established on the
boundary of the mesh are also removed. The resulting pairings are weighted with a coefficient based on compatibility
of normals, and finally a 5%-trimming is used. Each test
was performed by applying a random rotation and translation to different range images selected from the Stanford 3D
scanning repository. Additionally, each range image was
perturbed with a constant level of Gaussian noise with standard deviation equal to 12% of the average edge length. We
completed 100 independent tests and for each of them we
measured the initial RMS error between the ground-truth
corresponding points and the resulting error after performing a full round of ICP (ICP) and a single run of our registration method (GTR). In addition, we applied a step of
ICP to the registration obtained with our method (GTR +
ICP) in order to assess how much the solution extracted using our approach was further refinable. A scatter plot of
the obtained errors before and after registration is shown in
Figure 6. We observe that ICP reaches its breaking point
quite early; in fact with an initial error above the threshold
of about 20mm it is unable to find a correct registration. By
contrast, GTR is able to obtain excellent alignment regardless of the initial motion perturbation. Finally, applying ICP
to GTR decreases the RMS only by a very small amount.
While we did not carry out any formal benchmark of the
execution time required by our technique, we always observed a very fast convergence of the replicator dynamics,
even with several thousands of mating strategies. In the

worst scenarios our unoptimized C++ implementation1 of
the framework required less than 2 seconds (on a typical
desktop PC) to evolve a population of 4000 to a stable state.

4. Conclusions
In this paper we introduced a novel game-theoretic technique that solves both the coarse and fine surface registration problems at once. Our approach has several advantages
over the state-of-the-art: it does not require any kind of initial motion estimation, as it does not rely on spatial relationships between model and data points, it does not need any
threshold as it produces a continuous compatibility weight
on the selected point matches that can be used directly for
alignment estimation, and, differently from most inlier selection techniques, it is not affected by a large number of
outliers since it operates an explicit search for good inliers
rather than using random selection or vote counting for validation. From a theoretical point of view, a sound correspondence between optimal alignments and evolutionary equilibria has been presented and a wide range of experiments
validated both the robustness of the approach with respect
to noise and its performance in comparison with other wellknown techniques.
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Abstract. Many successful feature detectors and descriptors exist for
2D intensity images. However, obtaining the same effectiveness in the
domain of 3D objects has proven to be a more elusive goal. In fact, the
smoothness often found in surfaces and the lack of texture information on
the range images produced by conventional 3D scanners hinder both the
localization of interesting points and the distinctiveness of their characterization in terms of descriptors. To overcome these limitations several
approaches have been suggested, ranging from the simple enlargement of
the area over which the descriptors are computed to the reliance on external texture information. In this paper we offer a change in perspective,
where a game-theoretic matching technique that exploits global geometric consistency allows to obtain an extremely robust surface registration
even when coupled with simple surface features exhibiting very low distinctiveness. In order to assess the performance of the whole approach
we compare it with state-of-the-art alignment pipelines. Furthermore,
we show that using the novel feature points with well-known alternative
non-global matching techniques leads to poorer results.

1

Introduction

Feature detection and characterization is a key step in many tasks involving the
recognition, registration or database search of 2D and 3D data. Specifically, when
suitable interest points are available, all these problems can be tackled by working with the set of extracted features, rather than dealing with the less stable and
noisier information carried by the whole data. Of course, for an interest point to
be reliable it must exhibit two properties: repeatability and distinctiveness. A
feature is highly repeatable if it can be detected with good positional accuracy
over a wide range of noise levels and sampling conditions as well as different
scales and transformations of the data itself. Further, description vectors calculated over interesting points are said to be distinctive if they are well apart when
related to different features, yet coherent when associated to multiple instances
of the same point. These properties are somewhat difficult to attain since they
are subject to antithetical goals. In fact, to achieve good repeatability despite
of noise, larger patches of data must be considered. Unfortunately this leads
to a lower positional precision and a less sharp culling of uninteresting points.
Moreover, for descriptor vectors to be distinctive among different features, they
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need to adopt a large enough basis, which, owing to the well known “dimensionality curse”, also affects their coherence over perturbed versions of the same
feature. In the last two decades these quandaries have been addressed with great
success in the domain of 2D images where salient points are localized with subpixel accuracy by detectors exploiting strong local variation in intensity, such as
Harris Operator [1] and Difference of Gaussians [2], or by using techniques that
are able to locate affine invariant regions, such as Maximally stable extremal
regions (MSER) [3] and Hessian-Affine [4]. Among the most used descriptors are
the Scale-invariant feature transform (SIFT) [5], the Speeded Up Robust Features (SURF) [6] and Gradient Location and Orientation Histogram (GLOH)
[7]. While these approaches work well with 2D intensity images, they cannot be
easily extended to handle 3D surfaces since no intensity information is directly
available. Of course several efforts have been made to use other local measures,
such as curvature or normals. One of the first descriptor to capture the structural neighborhood of a surface point was described by Chua and Jarvis that
with their Point Signatures [8] suggest both a rotation and translation invariant descriptor and a matching technique. Later, Johnson and Hebert introduced
Spin Images [9], a rich characterization obtained by a binning of the radial and
planar distances of the surface samples respectively from the feature point and
from the plane fitting its neighborhood. Given their ability to perform well with
both surface registration and object recognition, Spin Images have become one
of the most used 3D descriptors. More recently, Pottmann et al. proposed the
use of Integral Invariants [10], stable multi-scale geometric measures related to
the curvature of the surface and the properties of its intersection with spheres
centered on the feature point. Finally, Zaharescu et al. [11] presented a comprehensive approach for interest point detection (MeshDOG) and description
(MeshHOG), based on the value of any scalar function defined over the surface
(i.e. curvature or texture, if available). MeshDOG localizes feature points by
searching for scale-space extrema over progressive Gaussian convolutions of the
scalar function and thus by applying proper thresholding and corner detection.
MeshHOG calculates a histogram descriptor by binning gradient vectors with
respect to a rotational invariant local coordinate system.
In this paper we introduce a novel technique to detect and describe 3D interest points and to use them for robust surface registration. Unlike previous
approaches we do not aim to obtain a very distinctive characterization. Instead,
we settle for very simple descriptors, named Surface Hashes, that span only 3 to
5 dimensions. As their name suggests, we expect Surface Hashes to be repeatable through the same feature point, yet to suffer a high level of clashing due to
their limited distinctiveness. In order to overcome this liability we avoid the use
of classical RANSAC-based matchers; rather we adopt a robust game-theoretic
inlier selector which exploits rigidity constraints among surfaces to guarantee a
global geometric consistency. The combination of these loosely distinctive features and our robust matcher leads to an effective surface alignment approach. In
the experimental section we point out this symbiosis by showing that standard
matching techniques are not able to make the most of our descriptors.
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3

Game-Theoretic Matching

Before describing in detail the Surface Hashes features we need to introduce
some basic concepts about Evolutionary Game Theory and to present the idea
of a Matching Game, originally presented in [12] and exploited by our technique
both as an inlier selector and a robust matcher.
Evolutionary Game Theory [13] considers an idealized scenario where pairs
of individuals are repeatedly drawn at random from a large population to play a
two-player game. Each player obtains a payoff that depends only on the strategies
played by him and its opponent. Players are not supposed to behave rationally,
but rather they act according to a pre-programmed behavior, or mixed strategy.
It is supposed that some selection process operates over time on the distribution of behaviors favoring players that receive larger payoffs. More formally, let
S = {1, · · · , n} be the set of available strategies (pure strategies in the language
of game theory) and C = (cij ) be a matrix specifying the payoff that an individual playing strategy i receives against someone playing strategy j. A mixed
strategy is a probability distribution x = (x1 , . . . , xn )T over the available strategies S; being probability distributions, mixed strategies P
lie in the n-dimensional
n
standard simplex ∆n = {x ∈ IRn : ∀i ∈ 1 . . . n xi ≥ 0,
i=1 xi = 1} . The support of a mixed strategy x ∈ ∆, denoted by σ(x), is defined as the set of elements
chosen with non-zero probability: σ(x) = {i ∈ S | xi > 0}. The expected payoff
received by a player choosing element
i when playing against a player adopting
P
a mixed strategy x is (Cx)i = j cij xj , hence the expected payoff received by
adopting the mixed strategy y against x is yT Cx. The best replies against mixed
strategy x is the set of mixed strategies
β(x) = {y ∈ ∆ | yT Cx = max(zT Cx)} .
z

A strategy x is said to be a Nash equilibrium if it is the best reply to itself, i.e.,
∀y ∈ ∆, xT Cx ≥ yT Cx . This implies that ∀i ∈ σ(x) we have (Cx)i = xT Cx
that is, the payoff of every strategy in the support of x is constant. A strategy x
is said to be an evolutionary stable strategy (ESS) if it is a Nash equilibrium and
∀y ∈ ∆ xT Cx = yT Cx ⇒ xT Cy > yT Cy . This condition guarantees that any
deviation from the stable strategies does not pay. The search for a stable state
is performed by simulating the evolution of a natural selection process. Under
very loose conditions, any dynamics that respect the payoffs is guaranteed to
converge to Nash equilibria [13] and (hopefully) to ESS’s; for this reason, the
choice of an actual selection process is not crucial and can be driven mostly
by considerations of efficiency and simplicity. We chose to use the replicator
dynamics, a well-known formalization of the selection process governed by the
following equation
(Cx(t))i
xi (t + 1) = xi (t)
x(t)T Cx(t)
where xi is the i-th element of the population and C the payoff matrix.
Once the population has reached a local maximum, all the non-extinct pure
strategies (i.e. σ(x)) can be considered selected by the process.
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Following [12] and [14], we define a Matching Game as a non-cooperative
game where the set of strategies S is a subset of all the possible correspondences, and the payoff cij between two strategies is proportional to some notion
of compatibility between correspondences. By using different sets to be matched
and alternative payoff functions, we are able to define games specially crafted
to solve specific problems. In the following section we will define more formally
two Matching Games. Respectively the first game will be dedicated to the localization of interest points over a surface described by Surface Hashes, while the
second one will address the search for reliable correspondences between feature
points extracted from two different meshes.

3

Surface Hashes

Intuitively, a Surface Hash is a concise point feature descriptor which exhibit
the property of being highly repeatable at the cost of a relatively high probability of clashing. In practice this happens with any low-dimensional descriptor,
such as the Gaussian or Mean Curvature (1 dimension), the first two Principal Components of a patch (2 dimensions), or the normal vector associated to a
point (2 dimensions). While those descriptors could be used with our registration
pipeline, we prefer to introduce some multiscale Surface Hashes based respectively on the dot product between normals and a local surface integral. Each of
our descriptors corresponds to a vector of scalar measures evaluated at different
scales. By increasing or reducing the number of scales, we are able to obtain
vectors of different length, thus being more or less distinctive. The Normal Hash
(see Fig. 1(a)) is obtained by setting as a reference the average surface normal
over a patch that extends to the largest scale (red arrow in figure) and then,
for each smaller scale, calculate the dot product between the reference and the
average normal over the reduced patches (blue arrows in figure). This measure
finds its rationale in the observation that at the largest scale the average normal
is more stable with respect to noise and that the dot product offers a concise
representation of the relation between the vectors obtained at various scales.
The Integral Hash (see Fig. 1(b)) is similar in spirit to the Normal Hash. In this
case we search for the best fitting plane (in the least squares sense) with respect

1

1

2

2

3

3

(a) Normal Hash

(b) Integral Hash

Fig. 1. Example of the two basic Surface Hashes proposed in this paper
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(a) First dimension

(b) Second dimension

(c) Third dimension

(d) First pass

(e) Second pass

(f) Third pass
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Fig. 2. Example of a 3-dimensional Normal Hash and the related detection process

to the surface patch associated to the largest scale. We calculate the volume
enclosed between the surface and such a plane. In practice, it is not necessary
to evaluate this volume accurately: even naive approximations, such as the sum
of the distances of the surface points from the plane, have shown to provide a
reasonable approximation in all the empirical tests. Note that Normal Hashes
evaluated over n scales yield descriptor vectors of length n − 1 (since the larger
scale is used only to calculate the reference normal), while Integral Hashes provide n-dimensional vectors. In Fig. 2 a Normal Hash of dimension 3 (respectively
from (a) to (c)) evaluated over 4 scales is shown. Note that the descriptor is not
defined on the points for which the larger support is not fully contained in the
surface, i.e., points close to the surface boundary.
3.1

Interest Points Detection

Given the large number of points contained in typical 3D objects, it is not practical for any matching algorithm to deal with all of them. In addition, the isolation
of a relatively small number of interest points can enhance dramatically the ability of the matcher to avoid false correspondences, usually due to a large number
of features with very common characterizations. This is particularly true when
using Surface Hashes, which are loosely distinctive by design. Paradoxically, we
use exactly this property to screen out features exhibiting descriptors that are
too common over the surface. This happens by defining a Matching Game where
the strategy set S corresponds to the set of all the surface points and the payoff
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matrix is defined by:
C(ij) = e−α|di −dj | ,

(1)

where di and dj are the descriptor vectors associated to surface point i and j,
and α is a parameter that controls the level of selectivity. Clearly, features that
are similar in terms of Surface Hashes will get a large mutual payoff and thus
are more likely to be selected by the evolutive process. In this sense, our goal is
to let the population evolve to an ESS and then remove from the set of interest
points the features that survived the evolutive process. At the beginning we can
initialize the set of retained features to the whole surface and run a sequence of
Matching Games until the desired number of points are left. At this point, the
remaining features are those characterized by less-common descriptors which are
more likely to represent good cues for the matching. It should be noted that by
choosing high values for α the payoff function decreases more rapidly with the
growth of the distance between the Surface Hashes, thus the Matching Game
becomes more selective and less points survive after reaching an ESS. In the
end this results in a blander decimation and thus in a larger ratio of retained
interest points. By converse, a low value for α leads to a more greedy filtering
and thus to a more selective interest point detector. In Fig. 2 (from (d) to (f))
we show three steps of the evolutive interest point selection with respect to the
3-dimensional Normal Hash shown from (a) to (c). In Fig. 2(d) we see that after
a single pass of the Matching Game most of the surface points are still considered
interesting, while after respectively two and three passes only very distinctive
points (belonging to areas with less common curvatures) are left.
3.2

Matching Surface Hashes

After obtaining a reduced set of interest points from the two surfaces, we could
proceed to align them using some robust algorithm such as a basic RANSAC
[15], that would use just the point locations and some initial match hypotheses,
or PROSAC [16], that could better exploit the prior expressed by the descriptors.
Unfortunately, Surface Hashes, despite the proposed filtering technique, are still
not distinctive enough to be used directly by such methods. For this reason
we define another Matching Game that ignores the information given by the
descriptors and takes advantage of the rigidity constraint to be enforced in the
surface registration problem. While this can sound counterintuitive, the main
idea of this approach is to limit the use of the weak features to the selection of
interest points and to use a more reliable global approach (that does not depend
on descriptors) for the registration itself.
Given a set of model interest points M and a set of data interest points
D we define the set of strategies for our Matching Game as all the possible
correspondences between them: S = {(a1 , a2 )|a1 ∈ M and a2 ∈ D}. Of course
for practical reasons it is perfectly reasonable to limit the size of S by including
only pairs that show similar descriptors.
Once S has been selected, our goal becomes to extract from it the largest
subset that includes only correctly matched points: that is, strategies that associate a point in the model surface with the same point in the data surface.
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To enforce this we assign to each pair of strategies a payoff that is inversely
proportional to a measure of violation of the rigidity constraint. This violation
can be expressed in several ways, but since all the rigid transformations preserve
Euclidean distances, we choose this property to express the coherence between
strategies.
Definition 1. Given a function π : S × S → R+ , we call it a rigidity-enforcing
payoff function if for any ((a1 , a2 ), (b1 , b2 )) and ((c1 , c2 ), (d1 , d2 )) ∈ S×S we have
that ||a1 − b1 | − |a2 − b2 || > ||c1 − d1 | − |c2 − d2 || implies π((a1 , a2 ), (b1 , b2 )) <
π((c1 , c2 ), (d1 , d2 )). In addition, if π((a1 , a2 ), (b1 , b2 )) = π((b1 , b2 ), (a1 , a2 )), π is
said to be symmetric.
A rigidity-enforcing payoff function is a function that is monotonically decreasing with the absolute difference of the Euclidean distances between respectively the model and data points of the strategies compared. In other words,
given two strategies, their payoff should be high if the distance between the
model points is equal to the distance between the data points and it should
decrease as the difference between such distances increases.
Further, if we want matching to be one-to-one, we must put an additional
constraint on the payoffs, namely that mates sharing a point are incompatible.
Definition 2. A rigidity-enforcing payoff function π is said to be one-to-one if
a1 = b1 or a2 = b2 implies π((a1 , a2 ), (b1 , b2 )) = 0.
Given a set of strategies S and an enumeration O = {1, ..., |S|} over it, a
mating game is a non-cooperative game where the population is defined as a
vector x ∈ ∆|S| and the payoff matrix C = (cij ) is defined as cij = π(si , sj ),
where si , sj ∈ S are enumerated by O and π is a symmetric one-to-one rigidityenforcing payoff function. Intuitively, xi accounts for the percentage of the population that plays the i-th strategy. By using a symmetric one-to-one payoff
function in a mating game we are guaranteed that ESS’s will not include mates
sharing either model or data nodes (see [12]). Moreover, a mating game exhibits
some additional interesting properties.
Theorem 1. Given a set of model points M , a set of data points D = T M
that are exact rigid transformations of the points in M , and a set of strategies
S ⊆ M × D with (m, T m) ∈ S for all m ∈ M , and a mating game over them
with a payoff function π, the vector x̂ ∈ ∆|S| defined as
(
1/|M | if si = (m, T m) for some m ∈ M ;
x̂i =
0
otherwise,
is an ESS and obtains the global maximum average payoff.
This theorem states that when matching a surface with a rigidly transformed
copy of itself the optimal solution (i.e., the population configuration that selects
all the strategies assigning each point to its copy) is the stable state of maximum
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payoff. Clearly, aligning a surface to an identical copy is not very useful in practical scenarios, where occlusion and measurement noise come into play. While
the quality of the solution in presence of noise will be assessed experimentally,
we can give some theoretical results regarding occlusions.
Theorem 2. Let M be a set of points with Ma ⊆ M and D = T Mb a rigid
transformation of Mb ⊆ M such that |Ma ∩ Mb | ≥ 3, and S ⊆ Ma × D be
a set of strategies over Ma and D with (m, T m) ∈ S for all m ∈ Ma ∩ Mb .
Further, assume that the points that are not in the overlap, that is the points in
Ea = Ma \(Ma ∩Mb ) and Eb = Mb \(Ma ∩Mb ), are sufficiently far away such that
for every s ∈ S, s = (m, T m) with m ∈ Ma ∩ Mb and every q ∈ S, q = (ma , T mb )
a ∩Mb |−1
, then, the vector
with ma ∈ Ea and mb ∈ Eb , we have π(q, s) < |M|M
a ∩Mb |
x̂ ∈ ∆|S| defined as
(
1/|M |
x̂i =
0

if si = (m, T m) for some m ∈ Ma ∩ Mb ;
otherwise,

is an ESS.
The result of theorem 2 is slightly weaker than theorem 1, as the face of
the simplex corresponding to the “correct” overlap, while being an evolutionary
stable state, is not guaranteed to obtain the overall highest average payoff. This
is not a limitation of the framework as this weakening is actually due to the very
nature of the alignment problem itself. The inability to guarantee the maximality of the average payoff is due to the fact that the original object (M ) could
contain large areas outside the overlapping subset that are perfectly identical.
Further, objects that are able to slide (for instance a plane or a sphere) could be
allowed to move between different mixed strategies without penalty. These situations cannot be addressed by any algorithm without relying on supplementary
information. However, in practice, they are quite unlikely extreme cases. In the
experimental section we will show that our approach can effectively register a
wide range of surface types.
In Fig. 3 we show a complete example of the evolutionary matching process.
In order to make the example easy to understand we restricted our focus to a
detail of a range scan of the Stanford “dragon”. In this example (and throughout all the experimental section) S is built by including all the strategy pairs
composed by a feature point in the model and the 5 nearest feature points in the
data in terms of Surface Hash (in this example we used an Integral Hash with
3 scales). In Fig. 3(g) we show, on a colored scale from 0 to 1, the payoff matrix of the rigid enforcing function used (which is discussed in the experimental
section). Note that in the diagonal area of the matrix blocks of five strategies
with reciprocal 0 payoff can be found: this is related to the way we built S. In
fact we chose to include for each model point 5 candidates in the data and they
are mutually non compatible as they share the same source point and we are
looking for a one-to-one match. In the top and bottom half of Fig. 3(d) we can
see respectively model and data feature points at the beginning of the matching
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(d) Initial matches

(e) Matches in 1 round
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(f) Matches in 100 rounds
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Fig. 3. Example of a rigid enforcing payoff and of the evolution of the matching process

process. After just one round of replicator dynamics we see that many outliers
have been peeled off from the initial set S, but still some wrong matches are
present. After 100 iterations only a few matches have been retained, but it is
easy to see that they are extremely coherent. Finally, in Fig. 3(h) and Fig. 3(i) we
show the (sorted) population histogram respectively after 1 and 100 iterations.
The first histogram shows that all the strategies are still played by a sizeable
amount of the population, while after 100 iterations most of the consensus is
held by the few surviving matches.

4

Experimental Results

In this section we study the behavior of the proposed surface registration technique with respect to different Surface Hashes and scales. In addition we evaluate
both the performance of the proposed feature descriptor with other matches and
the quality of the alignment obtained by comparison with other pipelines. The
rigidity-enforcing payoff function used throughout the experiments is defined as
π((a1 , b1 ), (a2 , b2 )) =

min(|a1 − a2 |, |b1 − b2 |)
max(|a1 − a2 |, |b1 − b2 |)

(2)

where a1 , a2 , b1 and b2 are respectively the two model (source) and data
(destination) points in the compared mating strategies. The initial set of strategies S was built by including all the pairs composed by a feature point in the
model and the 5 feature points in the data with the nearest descriptor.
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Fig. 4. Comparison of different descriptors using real and synthetic objects.

4.1

Sensitivity to Noise, Occlusion, and Scale of the Descriptor

The performance of different descriptors was tested for various levels of noise and
occlusion applied to two surfaces obtained from real range scans (“armadillo”
and “dragon” from Stanford) and two synthetic surfaces designed to be challenging for coarse registration techniques (“fractal” and “wave”). The noise is
a positional Gaussian perturbation on the point coordinates with its level (σ)
expressed in terms of the percentage of the average edge length, while the occlusion denotes the percentage of data and model surfaces removed. The RMS
Ratio in the charts is the ratio of the root mean square error (RMS) obtained
after registration and the RMS of the ground truth alignment. The Normal and
Integral Hashes were calculated over 3 levels of scale and the “Mixed” Hash
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is simply the juxtaposition of the previous two. In Fig. 4 we see that all the
descriptors obtain good results with real ranges and the registration “breaks”
only with very high levels of noise (on the same order of magnitude of the edge
length). It is interesting to observe that the Mixed Hash always obtains the best
performance, even with high level of noise: This higher robustness is probably
due to the orthogonality between the Normal and Integral Hashes. The behavior
with the “fractal” synthetic surface is quite similar, by contrast all the descriptors seem to perform less well with the “wave” surface. This is due to the lack of
distinctive features on the model itself, which indeed represents a challenge for
any feature based registration technique. The performance obtained with respect
to occlusion is similar: all the descriptors achieve fairly good results and are resilient to high levels of occlusion (note that 40 percent occlusion is applied both
to data and model). Overall the Mixed Hash appears to be consistently more
robust. Since we found that the descriptors calculated over 3 levels of scale break
at a certain level of noise, we were interested in evaluating if their performance
can be improved by increasing their dimension. In Fig. 5 we present the results
obtained with different levels of scale for the Mixed Hash. The graphs show the
average over all the surfaces and the associated RMS. It is interesting to observe
that by reducing the scale level the technique becomes less robust, whereas its
performance increases dramatically when the number of scales increases. With
a scale level of 5 our approach can deal even with surfaces subject to Gaussian
positional noise of σ greater than the edge length. Unfortunately this enhanced
reliability comes with a drawback: by using larger levels of scale the portion of
boundary that cannot be characterized grows. In the right half of Fig. 5 the
shrinking effect is shown for scale levels from 2 to 5.
4.2

Comparisons with other matchers

Our goal in this set of experiments is to study if Surfaces Hashes can be used
successfully with matchers alternative to the Matching Game described in Sec-
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Fig. 6. Comparison of the performance obtained with different matchers

tion 3.2. Specifically, we compared our full pipeline with standard DARCES [17]
and with a DARCES variant that adopts PROSAC instead of plain RANSAC to
take advantage of our descriptors as prior. To this end, we sorted the initial correspondence hypotheses by descriptor similarity and operated a PROSAC-like
selection starting from an initial set of high-ranked matches and enlarging it progressively. In Fig. 6 we show the results of this test. As expected, RANSAC-based
DARCES yields the worst results. Our PROSAC based variant obtains slightly
better average registrations, but, the additional information provided by the descriptors is not distinctive enough to boost this technique to performance levels
of the Matching Game that relies only on the global rigidity constraints.
4.3

System-level Comparisons

Since our alignment approach does not need any initial estimate of the motion
between surfaces, it can be classified as a coarse registration technique. For
this reason we found appropriate to compare it with other widely used coarse
registration methods. To this extent, we chose to use the Spin Images based
approach proposed by Johnson [9] and the MeshDOG/MeshHOG combination
suggested by Zaharescu [11]. The latter was selected because it adopts short
descriptors very similar to the one proposed in this paper. In Fig. 7 we see
that both techniques perform worse than the one based on Surface Hashes, even
at low noise and occlusion levels. Surprisingly MeshDOG/MeshHOG obtains
the worst results, probably because of the combination of a weak descriptor
with a greedy matcher. Finally, we used the coarse registrations obtained with
each approach to initialize a fine registration made with a best-of-breed ICP
variant similar to the one proposed in [18]. Point selection is based on Normal
Space Sampling [19], and point-surface normal shooting is adopted for finding
correspondences, distant mates, candidates with back-facing normals, or matings
established on the boundary of the mesh are rejected. In the leftmost plot of
Fig. 8 we histogram the frequency of RMS ratio intervals obtained after the
coarse registration. The histogram is based on bins of exponentially increasing
size. In the rightmost chart the distribution change after a full round of ICP
refinement can be seen. We can observe that while ICP is able to correct some
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wrong registrations with lower RMS Ratio, our approach still reaches the optimal
alignment with a frequency that is almost double of the one obtained by the
closest competitor. Regarding the computational complexity, it should be noted
that the algorithm is quadratic in the number of strategies and thus the number
of feature correspondences. Nevertheless, the initial interest points selection and
the correspondences filtering by means of the descriptors, allow us to keep the
computational time within a few seconds in all of our experiments.

5

Conclusions

In this paper we introduced a novel surface registration technique that uses
very simple descriptors to create several weak correspondence hypotheses that
are further optimized by a robust game-theoretic matcher. A theoretical result
exposed the correspondence between optimal alignments and evolutionary equilibria, and the approach was validated on a wide range of experiments showing
its greater robustness with respect to noise and occlusion in comparison with
other well-known techniques.
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Abstract—During the last few years a wide range of algorithms and devices have been made available to easily acquire
range images. To this extent, the increasing abundance of depth
data boosts the need for reliable and unsupervised analysis
techniques, spanning from part registration to automated
segmentation. In this context, we focus on the recognition of
known objects in cluttered and incomplete 3D scans. Fitting a
model to a scene is a very important task in many scenarios
such as industrial inspection, scene understanding and even
gaming. For this reason, this problem has been extensively
tackled in literature. Nevertheless, while many descriptor-based
approaches have been proposed, a number of hurdles still
hinder the use of global techniques. In this paper we try to offer
a different perspective on the topic. Specifically, we adopt an
evolutionary selection algorithm in order to extend the scope
of local descriptors to satisfy global pairwise constraints. In
addition, the very same technique is also used to shift from an
initial sparse correspondence to a dense matching. This leads to
a novel pipeline for 3D object recognition, which is validated
with an extensive set of experiments and comparisons with
recent well-known feature-based approaches.
Keywords-Object Recognition; Rigid Alignment; Game Theory; Object in Clutter;

I. I NTRODUCTION
In the recent past, the acquisition of 3D data was only
viable for research labs or professionals that could afford
to invest in expensive and difficult to handle high-end
hardware. However, due to both technological advances and
increased market demand, this scenario has been altered
significantly: Semi-professional range scanners can be found
at the same price level of a standard workstation, widely
available software stacks can be used to obtain reasonable
results even with cheap webcams, and, finally, range imaging
capabilities have been introduced even in very low-end
devices such as game controllers. Given this trend, it is safe
to forecast that range scans will be so easy to acquire that
they will complement or even replace traditional intensity
based imaging in many computer vision applications. The
added benefit of depth information can indeed enhance the
reliability of most inspection and recognition tasks, as well
as providing robust cues for scene understanding or pose
estimation. Many of these activities include fitting a known
model to a scene as a fundamental step. For instance, a setup
for in-line quality control within a production line, could
need to locate the manufactured objects that are meant to be

Figure 1. A typical 3D object recognition scenario. Clutter of the scene
and occlusion due to the geometry of the ranging sensor seriously hinder
the ability of both global and feature-based techniques to spot the model.

measured [1]. Moreover, a range-based SLAM system [2],
can exploit the position of known 3D reference objects
to achieve a more precise and robust robot localization.
Finally, non-rigid fitting could be used to recognize hand
or whole-body gestures in next generation interactive games
or novel man-machine interfaces [3]. The matching problem
in 3D scenes shares many aspects with object recognition
and location in 2D images: The common goal is to find
the relation between a model and its transformed instance
(if any) in the scene. In both cases, transformations could
include uniform and non-uniform scaling, differences in
pose or partial modification of the shape. They also share
common hurdles, such as measurement errors on intensities
or point positions, and indirect changes in the appearance
due to occlusion or the simultaneous presence in the scene
of extraneous objects that can act as distractions. Featurebased approaches, both in 2D and in 3D, adopt descriptors
that are associated to single points respectively on the image
or on the object surface. In principle, each feature can be
matched individually by comparing the descriptors, which
of course decouples the effect of partial occlusion. In the
2D domain, intensity based descriptors such as SIFT [4]
have proven to be very distinctive and be able to perform
very well even with naive matching methods that do not
include any global information [5]. However, the problem
of balancing local and global robustness is more binding
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An overview of the object recognition pipeline presented (see text for description).

with 3D scenes than with images, as no natural scalar field
is available on surfaces and thus feature descriptors tend
to be less distinctive. In practice, global or semi-global
inlier selection techniques are often used to avoid wrong
correspondences. This, while making the whole process
more robust to a moderate number of outliers, could introduce additional weaknesses. For instance, if a RANSAClike inlier selection is applied, occlusion coupled with the
presence of clutter (i.e., unrelated objects in the scene) can
easily lower the probability for the process to find the correct
match. The limited distinctiveness of surface features can
be tackled by introducing scalar quantities computed over
the local surface area. This is the case, for instance, with
values such as mean curvature, Gaussian curvature or shape
index and curvedness, which can be constructed in order
to classify surface patches into types such as pits, peaks
or saddles [6]. Unfortunately, this kind of characterization
has proven to be not very selective for matching purposes,
since it is frequent to obtain similar values in many different
locations. Another approach is to augment the point data
with additional scalar values that can be obtained during
the acquisition process. To this extent, the use of natural
textures coming from the scanned object have shown to
allow good performance since they show high variability
and can be used to compute descriptors similar to those
usually adopted in the 2D domain [7]. Still, textures cannot
be obtained from all the surface digitizing techniques and,
even when available, their usability for descriptor extraction
strongly depends on the appearance of the scanned object. To
overcome the limitations of scalar descriptors, methods that
gather information from the whole neighborhood of each
point to characterize have been introduced. Such methods
can be roughly classified in approaches that define a full
reference frame for each point (for instance, by using PCA)
and techniques that only need a reference axis (usually some
kind of normal direction for the point). When a full reference
frame is available it is possible to build very discriminative
descriptors [8], [9]. Unfortunately, noise and differences
in the mesh could lead to instabilities in the reference
frame, and thus to a brittle descriptor. By converse, methods
that just require a reference axis (and are thus invariant

to the rotation of the frame) trade some descriptiveness
to gain greater robustness. These latter techniques almost
invariably build histograms based on some properties of
points falling in a cylindrical volume centered and aligned
to the reference axis. The most popular histogram-based
approach is certainly Spin Images [10], but many others have
been proposed in literature [11], [12]. Lately, an approach
that aims to retain the advantages of both full reference
frames and histograms has been introduced [13]. Other recent contributions include scale invariant detectors [14], [15]
and tensor-based descriptors [16]. Any of these interest point
descriptors can be used to find correspondences between a
model and a 3D scene that could possibly contain it. Most
of the cited papers, in addition to introducing the descriptor
itself, propose some matching technique. These span from
very naive approaches, such as associating each point in the
model with the point in the scene having the most similar
descriptor, to more advanced techniques such as customized
flavors of PROSAC and specialized keypoint matchers that
exploit locally fitted surfaces for computing depth values to
use as feature components [17].
In this paper we introduce a novel feature-based 3D object
recognition pipeline crafted to deal in a robust manner with
both strong occlusion and clutter. This happens by adopting
a histogram-based local surface descriptor to find a set of
matching candidates among a selection of relevant points
on the model and the scene. Such candidates are then
let to compete in a non-cooperative game where payoffs
are proportional to the degree of Euclidean compatibility
between them. This leads to a smaller set of sparse but
reliable surviving matches which, in turn, will be used as
the seeds for an additional game aimed at the selection of
a denser population. While the use of Game Theory for
matching has already been explored [18], the contribution
of this paper is threefold. It introduces a novel pipeline that
outperforms the state-of-the-art for 3D object recognition
in clutter. Further, it suggests a simple but general rule for
samples selection for the purpose of recognition. Finally, it
defines a new kind of game for building a dense surface
correspondence starting from a sparse set of pivot points,
which can be useful also for other matching techniques.

II. A G AME -T HEORETIC P IPELINE FOR R ECOGNITION
Following [19], we base our matching framework on the
recently introduced Game-Theoretic techniques for inlier selection. The complete pipeline we are proposing is made up
of a preprocessing step and two non-cooperative games (see
Fig. 2). The preprocessing is performed both on the model
and on the scene. This step involves an initial selection of
relevant points on the respective surfaces. The relevance
criteria will be explained in the next section, however, in
this context the general meaning of the culling is to avoid
surface patches that are not significant from a matching
standing point, such as flat areas. All the interest points on
the model are kept while those on the scene are uniformly
subsampled. This makes sense for many reasons. In many
applications the set of models does not change in time, and
thus descriptors must be computed just once. In addition,
as explained in the following sections, the direction of the
matching will be from the scene to the model and having less
source than target points allows the game to proceed faster
without compromising accuracy. Finally, the model tends to
be measured with greater accuracy (either because more time
can be spent on it or because it comes from a CAD model).
A descriptor is computed for all the retained points, and
these are used to build the initial candidates that will be fed
to two matching games. The games are played respectively
to build a coarse initial set of fiducial correspondences and to
make those into dense matches by exploiting neighborhood
relationships.
In general, a matching game [19] can be built by defining just four basic entities: a set of model points M , a
set of data points D, a set of candidate correspondences
S ⊆ M × D and a pairwise compatibility function between
them Π : S × S → R+ . The goal of the gameplay is to
operate a (natural) selection among the elements in the initial
set S. This happens by setting up a non-cooperative game
where the set S represents the available strategies and Π
the payoffs between them. In this game, a real-valued vector
x = (x1 , . . . , x|S| )T that lies in the |S|-dimensional standard
simplex

∆|S| =




x ∈ IR|S| : xi ≥ 0, i = 1 . . . |S|,



|S|
X
i=1



xi = 1


represents the amount of population that plays each strategy
i at a given time. The game starts by setting the initial
population around the barycenter (to be fair with respect
to each strategy). Then, the population can be evolved at
discrete steps by applying the replicator dynamics equation:
xi (t + 1) = xi (t)

(Πx(t))i
x(t)T Πx(t)

(1)

where Π is a matrix that assigns to row i and column j the
payoff (compatibility) between strategies (correspondences)

i and j. Under very weak assumptions it can be shown
that such dynamics must converge (in an infinite time)
to a Nash equilibrium, i.e., a point in the simplex where
the average payoff obtained by the population is a local
maximum constant for each strategy. In addition, the values
of the elements of x are proportional to the degree of
compatibility of each strategy with the equilibrium [19]. In
practice, a much faster convergence to the equilibrium can be
obtained by replacing the iteration in equation (1) with the
adaptive exponential replicator dynamics introduced in [20].
Since we defined the payoff as the compatibility between
candidates, these are all desirable properties from a selection
standpoint. In our context, M and D always correspond to
the retained model and scene points, while S and Π will
be defined differently for the sparse and dense matching
game. Specifically, for the sparse game the construction of
S will be driven by descriptor similarity, whereas positional
information can be used in the segmentation game. Likewise,
the payoff Π will be proportional to the different notions of
compatibility.
A. Feature Detection and Description
For both efficiency and robustness reasons, the proposed
matching technique works on a subset of the model and
scene data. First, a culling of all the vertices is performed. This happens by computing for each point a singlecomponent Integral Hash [21] at a given support scale σ, and
thus retaining only those samples that obtain a negative value
(i.e., that belongs to a concave surface patch). In practice,
this means that we are avoiding flat and convex areas which
we experimented to be less distinctive. By modulating the
value of σ a more or less selective sample selection can
be made (see Fig. 3). All the model relevant points are
kept. By contrast, an optional uniform subsampling can be
performed on the relevant points in the scene. Finally, a
descriptor vector must be computed for each vertex to be
matched. To this extent, any of the descriptors discussed
in the introduction could be used; however, after an initial
round of tests, SHOT [13] was chosen as it obtains the best
performance over the whole pipeline. In the experimental
section both the influence of the relevant point selection and
of the adopted descriptor are studied.
B. Sparse Matching Game
In this matching game the set of candidates S is built
by associating each reference point in the scene with the k
nearest points in the model in terms of the descriptor:
S = {(a, b) ∈ D × M |b ∈ dnk (a)},

(2)

where dnk (a) is the set of the k model vertices with
the nearest descriptor with respect to the descriptor of a.
In practice, this means that each sample in the scene is
considered to be a possible match with samples in the model
that exhibit similar surface characteristics, and we limit the

Figure 3. In order to avoid mismatches and reduce the convergence time it is important to use only relevant points. Model vertices selected with a σ
respectively equal to 8, 5 and 2 times the median model edge are shown from left to right.

number of “attempts” to k. It should be noted that candidates
are built from scene to model. Since we are interested in
finding a correspondence between the model and part of
the surface in the scene, we are looking for a subset of
candidates that enforce the Euclidean rigidity constraint.
Such candidates are likely to lay on the same surface both in
the scene and in the model and thus to be a viable solution.
To this extent, we define this distance measure between pairs
of strategies in S as
δ((a1 , b1 ), (a2 , b2 )) =

min(|a1 − a2 |, |b1 − b2 |)
max(|a1 − a2 |, |b1 − b2 |)

(3)

where a1 , a2 , b1 and b2 are respectively the two model
and scene vertices in the compared strategies. The value
of δ will be 1 if the corresponding source and destination
points are separated by exactly the same Euclidean distance.
By contrast, δ will be small when the two pairs exhibit
very different distances. This kind of check will succeed
with correct pairs and will give false positives only for a
small amount of cases, those preserving the rigid constraint
by chance. However, since our game is seeking for a large
group of candidates with large mutual payoff, such sneaky
outliers will be filtered out with high probability by the other
strategies that participate to the Nash equilibrium. Finally,
we also want to avoid many-to-many matches, since we do
not expect any point in the scene to correspond to more than
one point in the model. This can be done easily by forcing to
0 the compatibility between candidates that share the same
source or destination vertex [19]. Thus, the final payoff for
the sparse matching game that we are defining will be
(
Π=

δ((a1 , b1 ), (a2 , b2 ))
0

if a1 6= a2 and b1 6= b2
otherwise

(4)

Once the candidate set and the payoff matrix are built, the
game is started from the barycenter of the simplex: when
a stable state is reached, all the strategies supported by a
large percentage of the population (above a threshold based
on the most played strategy) are considered non-extinct and
retained as correct matches (see Fig. 4). If the surviving
matches are more than a fixed minimum (set to 8 in our

experiments), then the object is recognized and its pose can
be computed.
C. Dense Matching Game
If the matching game succeeds, then a fiducial set of
correspondences has been found; it would be interesting
to use these matches as a seed for segmenting the surface
belonging to the model from the scene. In most cases,
growing from the fiducial points to the connected part of
the range surface would be enough. However, in cluttered
range images the unintentional merging between surfaces
of different objects is quite frequent, thus a better selection
mechanism could be useful. In order to demonstrate the flexibility of the Game-Theoretic framework we define another
type of game to solve these problems (albeit other more
direct solutions are also possible). We start by using the
initial correspondences to estimate the rigid transformation
between the model and the scene using the closed form
method proposed in [22]. The computed transformation is
then used to register the model within the scene coordinate
system. At this point, if the initial matches are correct, the
model vertex corresponding to each scene point should be
in its neighborhood. For this reason we define the set of
candidates S as
S 0 = {(a, b) ∈ D × M |b ∈ enk (a)}

(5)

where enk (a) is the set of the k nearest model vertices
with respect to the Euclidean distance from a. Note that
since we trust the alignment to be good (even if it is not
perfect) we do not need point descriptors anymore. We want
to enforce the rigidity constraint for this game as well, thus
the compatibility δ defined in the previous game could still
be used. However we would like to apply two modifications
to the payoff function. The first one is the introduction of
an exponent α to the measured compatibility. This is needed
because within this game all the points are very close to
each other and small variations in the position of a point
in the model and its scene correspondence can easily lead
to low compatibility. The second modification is related to
the observation that we are interested in operating a modeldriven segmentation of the scene, thus we are not really

Figure 4. An example of the evolutionary process (with real data). A set of 8 matching candidates is chosen (upper left), a payoff matrix is built to
enforce their respective Euclidean constraints (upper right, note that cells associated to many-to-many matches are set to 0) and the replicator dynamics
are executed (bottom graph). At the start of the process the population is set around the barycenter (at 0 iterations). This means that initially the vector x
represents a quasi-uniform probability distribution. After a few evolutionary iterations the matching candidate B2 (cyan) is extinct. This is to be expected
since it is a clearly wrong correspondence and its payoff with respect to the other strategies is very low (see the payoff matrix). After a few more iterations,
strategy A1 vanishes as well. It should be noted that strategies D4/D5 and E6/E7 are mutually exclusive, since they share the same scene vertex. In fact,
after an initial plateau, the demise of A1 breaks the tie and finally E6 prevails over E7 and D4 over D5. After just 30 iterations the process stabilizes and
only 4 strategies (corresponding to the correct matches) survive.

looking for a one-to-one correspondence between points, but
rather we are trying to match each vertex in the scene to at
least one reasonable vertex in the model to which it belongs.
To this extent, the one-to-one constraint enforced in the
previous game can be relaxed to a many-to-one constraint
and the payoff function can be defined as
(
α
δ((a1 , b1 ), (a2 , b2 ))
if a1 6= a2
0
Π =
(6)
0
otherwise

and limits on the field of view of the sensor) and clutter (due
to the presence of many objects in the scene). All the tests
were performed on a standard desktop PC equipped with a
Core Duo processor clocked at 1.6Ghz. The evolutionary
process makes use of the adaptive exponential replicator
dynamics [20]. The minimum number of matches to assume
the model as recognized in the scene was 8. The value of α
for the segmentation game was 0.2. For the sparse matching
game, the SHOT descriptor [13] was used.

Again, this segmentation game can be played by starting
from the barycenter of the standard simplex and letting the
population evolve by means of appropriate dynamics.

A. Comparison with the State-of-the-art

III. E XPERIMENTAL R ESULTS
In order to evaluate the performance of the proposed
pipeline we performed a wide range of tests and comparisons
with recent techniques. To offer a fair comparison we used
the model/scene dataset adopted in [14], [16], [17]. This
dataset is composed of five high resolution models scanned
from real objects (chef, dino1, dino2, chicken and rhino),
plus about two hundred range scans of these objects under
various conditions of occlusion (due to the overlap of objects

In Fig. 5 we compare our results in terms of recognition rate with recent state-of-the-art algorithms (respectively [14], [16], [17]) and with the well-known 3D Spin
Image matching technique [10], which is often used as a
baseline. Looking at the recognition rate with respect to
model occlusion, the proposed pipeline outperforms even
the most recent techniques. Regarding the evaluation of
the effects of clutter we could compare our algorithm only
to [14], since an implementation for the other approaches
and the data they used were not available. Still, it is apparent
that the Game-Theoretic approach obtains good recognition
with uniform performance. Some examples of critical scenes
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Figure 5. In the top row the recognition rate of our pipeline is compared with state-of-the-art techniques, which are outperformed with respect to both
occlusion and clutter. In the bottom row the contribution of each part of the overall approach is tested separately (see text for details).

where the proposed technique fixes matches missed by the
other methods are shown in Fig. 7. The behavior with respect
to false positives has not been plotted since the proposed
pipeline does not get any throughout the whole dataset. In
the second row of Fig. 5 several combinations of components
of the pipeline are evaluated one at a time in order to
shape their respective contribution. Specifically, we show
the results obtained using the same descriptor [13] with
the classical matcher proposed by Lowe [5] (Lowe-SHOT),
the Game-Theoretic matcher without operating the initial
relevance-based sampling (GT-Uniform), the descriptors and
matching proposed in [21] (Integral-Hashes) and finally the
full proposed pipeline (GT-Relevant). It is apparent that the
proposed pipeline only works with all the components in
place (note that with these latter experiments the sampling
of the plots is more dense).

still, reasonable recognition rates are maintained also with
a moderate amount of noise (with standard deviation equal
to 30% the median edge length).
C. Sparse to Dense Matching
An example of the dense matching game used to segment
the parts of the scene belonging to the model is shown in the
last row of Fig. 7. Segmented points are highlighted both on
the model and on the scene. In this case the naive growing
approach would have failed since in the range scene the
chef’s foot is partially merged with the hind foot boundaries
of dino1.

10 bins
7 bins

B. Resilience to Noise
All the experiments so far have been done using a dense
model and slightly less dense scenes produced with a range
scanner. Although there is not an exact correspondence
between model and scenes, they are still very similar by construction. It would be interesting to study the performance of
the proposed method in presence of positional noise. To do
so, we added Gaussian displacement of varying intensity to
each vertex in the scene. In Fig. 6 the results obtained with
two different SHOT parameterizations are shown. As expected, performance gets lower as the noise level increases;
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Figure 6. Evaluation of the robustness of the proposed pipeline with
respect to increasing positional noise applied to the scene.

Figure 7. In the first and second rows we show an example of models correctly matched in scenes that break the method by Mian et al. (the chicken
in the first row has been missed) and the method by Bariya-Nishino (the chef in the second row has been missed). In the third row we show the results
obtained by playing a segmentation game (right) starting with the matches produced by a sparse game (left).

D. Performance Considerations
We did not systematically evaluate the performance of
the proposed pipeline. In practice, the most demanding step
from a computational point of view is the evolutionary
process. Since this is an iterative process, it is difficult to
give an upper bound for its convergence time. However, the
time required for each iteration is roughly proportional to
the square of the number of strategies, which in turn means
that the overall complexity could reach O(n4 ) with respect
to the number of mesh points. However, since only the initial
subset of strategies is used, the actual complexity is much
lower and can be controlled by the parameter k (described
in section 2). Empirically we always observed convergence
of the process within 50 iterations (tens of seconds).
IV. C ONCLUSIONS AND F UTURE W ORK
We described and empirically evaluated a novel pipeline
for model-based 3D object recognition and segmentation in
cluttered range scans. The pipeline starts with the detection
of distinctive keypoints in the scene, which in turn is
composed of a relevance filter, a subsampling step and

the calculation of a descriptor for each sample kept. Such
keypoints are then pairwise matched with all the relevant
points of the model and a set of candidate pairings is
obtained. Finally, two non-cooperative games are played: a
rigid-matching game and a dense-growing game. The first
one performs the actual recognition step and returns a sparse
set of reliable matches. The second game expands these
matches to segment all the surface patches in the scene
that are compatible with the model. The overall approach
combines a simple but effective relevance sampling schema
with a recent local surface descriptor and with techniques
borrowed from the emerging field of Game-Theoretic inlier
selection. An extensive experimental evaluation shows that
the proposed method outperforms recently proposed stateof-the art techniques on the same dataset. The contribution of the sampling schema is highlighted by testing the
performance of the same pipeline leaving out this step;
moreover, different keypoints descriptors are shown to give
worse results. Finally, resilience to noise and the ability
to obtain dense correspondences are evaluated individually
obtaining encouraging results. The running time of the

matching algorithm is in line with the techniques currently
found in literature. In the immediate future we are aiming at
the extension of the proposed framework to both non-rigid
and scale-invariant object recognition. We believe that such
an extension could take place by introducing in the payoff
function of the selection game a measure taking into account
the geodesic path between the pairs of matching candidates,
rather than attempting to preserve their Euclidean distance.
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Abstract Most Structure from Motion pipelines are based
on the iterative refinement of an initial batch of feature correspondences. Typically this is performed by selecting a set
of match candidates based on their photometric similarity;
an initial estimate of camera intrinsic and extrinsic parameters is then computed by minimizing the reprojection error.
Finally, outliers in the initial correspondences are filtered by
enforcing some global geometric property such as the epipolar constraint. In the literature many different approaches
have been proposed to deal with each of these three steps,
but almost invariably they separate the first inlier selection
step, which is based only on local image properties, from
the enforcement of global geometric consistency. Unfortunately, these two steps are not independent since outliers can
lead to inaccurate parameter estimation or even prevent convergence, leading to the well known sensitivity of all filtering approaches to the number of outliers, especially in the
presence of structured noise, which can arise, for example,
when the images present several repeated patterns. In this
paper we introduce a novel stereo correspondence selection
scheme that casts the problem into a Game-Theoretic framework in order to guide the inlier selection towards a consistent subset of correspondences. This is done by enforcing geometric constraints that do not depend on full knowledge of the motion parameters but rather on some semi-local
property that can be estimated from the local appearance of
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the image features. The practical effectiveness of the proposed approach is confirmed by an extensive set of experiments and comparisons with state-of-the-art techniques.
Keywords Inlier selection · Game-Theory · Structure from
Motion

1 Introduction
The common goal of all Structure from Motion (SfM) techniques is to infer as many 3D clues as possible by analyzing
a set of 2D images. In general the 3D knowledge that can
be obtained by such methods can be classified into two different (but related) classes: scene and camera information.
Scene information is referred to the actual shape of the objects depicted in the images. This often boils down to assigning a plausible location in space to some significant subset
of the acquired 2D points. These newly reconstructed 3D
points are the “structure” part of SfM. By contrast, camera
information includes all the parameters that characterize the
abstract model of the image acquisition process. These can
in turn be classified into intrinsic and extrinsic parameters.
Intrinsic parameters are related to the physical characteristics of the camera itself, such as its focal length and principal point, while the extrinsic parameters define the camera
pose, that is its position and rotation with respect to a conventional origin in the 3D space. Unlike the structure part,
which is physically bound to a particular 3D configuration,
the intrinsic and extrinsic parameters can vary in each shot;
for this reason they are usually referred to as “motion”.
Given the wide range of practical applications that could
take advantage of a 3D reconstruction, it is not surprising
that SfM has been a very active research topic during the
last decades. In fact, many different approaches have been
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Fig. 1 A simplified schema that captures the general steps found in
many SfM approaches. The main loop is usually based on an iterative
refinement of the candidate scene points based of their geometric con-

sistency with respect to the estimated motion. Circles between steps
represent the applied outlier filtering strategies

proposed in literature: some are aimed at solving the most
general scenarios, others specialize to sub-domains, both
in terms of the number of free parameters allowed and in
terms of the assumptions made on some characteristics of
the scene to be inferred. While the most relevant SfM approaches will be discussed with more detail in Sect. 2.3, in
this section we will resort to the simplified general workflow
presented in Fig. 1 in order to introduce the key ideas and
contributions of the proposed approach. To this end, the typical pipeline can be roughly split in two subsequent macro
steps (respectively dubbed as Image based and Structure and
Motion based in Fig. 1). The first step deals with the localization in the source 2D images of salient feature points that
are both distinctive and repeatable. Such points are meant to
be tracked between different images, thus creating multiple
sets of correspondences that will be used in the scene reconstruction step. The use of a reduced set of relevant points
is crucial as their repeatable characterization allows us to
minimize the chance of including wrong correspondences.
Typically, filters are applied to the selection and matching
phase in an attempt to make this phase more robust. In Fig. 1
the extracted features are further culled by using filter f1,
which eliminates points that exhibit very common descriptors or that are not distinctive or stable enough. A second
refinement can be achieved after the matching: most implementations of filter f2 remove correspondences that are not
reliable enough, that is pairs where the second best match
has a very similar score to the first one or that involve too
different descriptors. Once a suitable set of point pairs has
been found among all the images, the second macro step of
the pipeline uses them to perform the actual structure and
motion estimation. This happens by building a reasonable
guess for both the camera parameters and the spatial locations of the correspondences found, and then, almost invariably, by applying a bundle adjustment optimization to refine
them. Also, at this stage, filtering techniques can be adopted
in order to remove outliers from the initial set of matches.
Specifically, a filter that removes pairs that do not agree with
the estimated epipolar constraints can be applied after combining some or all the images into the initial guesses (f3),
or after bundle adjustment optimized the structure and motion estimates (f4). Depending on the result of the filtering
a new initial estimation can be triggered, taking advantage

of the (hopefully) more accurate selection of corresponding
features. This kind of process leads to an iterative refinement that usually stops when the inlier set does not change
or becomes stable enough. While this approach works well
in many scenarios, it inherently contains a limitation that
might drive it to poor results or even prevent it from converging at all: The main criterion for the elimination of erroneous
matches is to exclude points that exhibit a large reprojection
error or adhere poorly to the epipolar constraint after a first
round of scene and pose estimation. Unfortunately this afterthought is based upon an error evaluation that depends on
the initial matches; this leads to a quandary that can only
be solved by avoiding wrong matches from the start. This is
indeed a difficult goal, mainly because the macro step from
which the initial matches are generated is only able to exploit strictly local information, such as the appearance of
a point or of its immediate surroundings. By contrast the
following step would be able to take advantage of global
knowledge, but this cannot be trusted enough to perform an
extremely selective trimming and thus most methods settle
with rather loose thresholds. In order to alleviate this limitation, in this paper we introduce a robust matching technique that allows to operate a very accurate inlier selection
at an early stage of the process and without any need to
rely on preliminary structure and motion estimations. This
is obtained by enforcing properties that are inferable from
image regions at a local or semi-local scale and then by extending their validation to a global scale. Similar approaches
have already been used to obtain better camera pose estimations when dealing with complex multi-component scenes,
where local observations can be handled in a decoupled way,
thus leading to a better resilience to outliers (Fermuller et al.
1999). In this paper the inlier validation happens by casting
the selection process into a Game-Theoretic setting, where
feature-correspondences are allowed to compete with one
another, receiving support from correspondences that satisfy
the same semi-local constraints, and competitive pressure
from the rest. The surviving correspondences form a small
cohesive set of mutually compatible correspondences, satisfying the semi-local constraint globally. Of course many
alternative selection techniques exist and can be adopted
to perform the inlier set optimization, nevertheless the proposed Game-Theoretic approach offers the unique advan-
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tage of a strong tendency to limit false negatives rather than
concentrating on low false positives as most matching techniques in the literature. This property allows for a strong
resilience to the large number of outliers normally encountered in general SfM scenarios. Further, the approach is
quit3e general; in fact, in Sect. 3 we will show how the
definition of different payoff functions between strategies
leads to optimizers with task-specific goals. Finally, in order to assess the advantage provided by our approach, in the
experimental section we compare our technique with a reference implementation of the structure-from-motion system
presented in Snavely et al. (2006, 2008).

2 Background
Before discussing our robust matching approach we will
briefly review the most significant related contributions
available in literature and introduce some basic notions
about the geometry of the SfM process.
2.1 Features Extraction and Matching
The selection of 2D point correspondences is arguably the
most critical step in image based multi-view reconstruction
and, differently from techniques augmented by structured
light or known markers, there is no guarantee that pixel
patches exhibiting strong photo consistency are actually located on the projection of the same physical point. Further,
even when correspondences are correctly assigned, the interest point detectors themselves introduce displacement errors that can be as large as several pixels. Such errors can
easily lead to sub-optimal parameter estimation or, in the
worst cases, to the inability of the optimization algorithm
to obtain a feasible solution. For this reasons, reconstruction approaches adopt several specially crafted expedients
to avoid the inclusion of outliers as much as possible. In
the first place correspondences are not searched throughout
the whole image plane, but only points that are both repeatable and well characterized are considered. This selection is
carried out by means of interest point detectors and feature
descriptors. Salient points are localized with sub-pixel accuracy by general detectors, such as Harris Operator (Harris
and Stephens 1988) and Difference of Gaussians (Marr and
Hildreth 1980), or by using techniques that are able to locate affine invariant regions, such as Maximally Stable Extremal Regions (MSER) (Matas et al. 2004) and HessianAffine (Mikolajczyk and Schmid 2002). The affine invariance property is desirable since the change in appearance
of a scene region after a small camera motion can be locally approximated with an affine transformation. Once interesting points are found, they must be matched to form
the candidate pairs to be fed to the subsequent parameter

optimization steps. Most of the currently used techniques
for point matching are based on the computation of some
affine invariant feature descriptor. Specifically, to each point
is assigned a feature vector with tens to hundreds of dimensions, plus a scale and a rotation value. Among the most
used feature descriptor algorithms are the Scale-Invariant
Feature Transform (SIFT) (Lowe 1999, 2003), Speeded Up
Robust Features (SURF) (Herbert and Gool 2006), Gradient Location and Orientation Histogram (GLOH) (Mikolajczyk and Schmid 2005) and more recently the Local Energy based Shape Histogram (LESH) (Sarfraz and Hellwich
2008), the SIFT algorithm being the first of the lot and arguably the most widely adopted. The complete SIFT technique, introduced and patented by Lowe, describes in detail both the detection step and the computation of repeatable descriptors to be associated with the found keypoints.
Specifically, the localization of potentially relevant features
happens by first applying to the image a Gaussian filter at
different scales and then by selecting points that are maxima or minima of the Difference of Gaussians (DoG) that
occur at multiple scales. This is done by comparing each
pixel in the DoG images to its eight neighbors at the same
scale and nine corresponding neighboring pixels in each of
the neighboring scales. Subsequently the found candidates
are interpolated to nearby data in order to ensure an accurate and repeatable position and thus they are filtered by
discarding points that exhibit a low contrast or that are located along an edge (which could hinder the precision of
the localization). Finally, an orientation based on the local image gradient is assigned to each one of the surviving points. The computation of the descriptor vector is then
performed on the image closest in scale to the keypoint’s
scale and rotates accordingly to the keypoint’s orientation.
To this end, a set of histograms are computed based on the
magnitude and orientation values picked from the neighborhood of the feature. The magnitudes are further weighted
by a Gaussian function with σ equal to half the width of
the descriptor window. The histograms are then packed in a
vector which is typically long 128 or 256 elements and that
is normalized to unit length in order to enhance invariance
to changes in illumination. Given the great success of the
SIFT detector/descriptor, several enhancements and specializations were introduced since the original paper by Lowe;
for instance, PCA-SIFT (Ke and Sukthankar 2004) applies
PCA to the normalized gradient patch to gain more distinctiveness, PHOW (Bosch et al. 2007) makes the descriptor
denser and allows to use color information, ASIFT (Morel
and Yu 2009) extends the method to cover the tilt of the
camera in addition to scale, skew and rotation. In all these
techniques, the descriptor vector is robust with respect to
affine transformations: i.e., similar image regions exhibit descriptor vectors with small mutual Euclidean distance. This
property is used to match each point with the candidate with
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Fig. 2 Example of SIFT features extracted and matched using the
VLFeat package. Each feature in the first image has been matched
with the feature in the second image that exhibits the most similar

descriptor. Note that, while most of the correspondences are correct,
many mismatches are still present

the nearest descriptor vector. However, if the descriptor is
not distinctive enough this approach is prone to select many
outliers. A common optimization involves the definition of
a maximum threshold over the distance ratio between the
first and the second nearest neighbors. In addition, points
that are matched multiple times are deemed as ambiguous
and discarded (i.e., one-to-one matching is enforced). Despite any effort made in this direction, any filter that operates at a local level is fated to fail when the matched regions
are very similar or identical, a situation that is not uncommon as it happens every time an object is repeated multiple
times in the scene or there is a repeated texture. In Fig. 2 we
show two examples of SIFT features extracted and matched
by using the VLFeat (Vedaldi and Fulkerson 2008) Matlab
toolkit. In the first example almost all the correspondences
are correct, still some clear mismatches are visible both between the plates of the saurus (which are similar in shape)
and on the black background (which indeed contains some
amount of noise). In the second example several identical
screws are matched and, as expected, features coming from
different objects are confused and almost all the correspondences are wrong. It should be noted that such mismatches
are not a fault of the descriptor itself as it performs exactly
its duty by assigning similar description vectors to features
that are almost identical from a photometric standpoint. In
fact, this particular example is specially crafted to break traditional matchers that rely on local properties. In the experimental section, we will show how introducing some level
of global awareness in the process allows to deal well also
with these cases that are indeed very common in the highly
repetitive world of human-made objects and urban environments.

from the pinole model, however it is easy to fit polynomial
models to them and compensate for their effect (Tsai 1987;
Weng et al. 1992). The most important parameters of this
model are the pose of the camera with respect to the world
(represented by a rotation matrix R and a translation vector T ), the distance of the projection center from the image plane (the focal length f in Fig. 3), and the coordinates
on the image plane of the intersection between the optical
axis and the plane itself (the principal point c = (cx , cy )T in
Fig. 3). The projection of a world point m on the image plane
happens in two steps. The first step is a rigid body transformation from the world coordinate system to the camera
system. This can be easily expressed (using homogeneous
coordinates) as:

2.2 Camera Model and Epipolar Geometry
The pinhole projection (Fig. 3) is the most common camera
model used in reconstruction frameworks. Its wide adoption is due to its ability to approximate well the behaviour
of many real cameras. In practical scenarios radial and tangential lens distortions are the main sources of divergence
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The second step is the projection of the point in camera coordinates on the image planes, which happens by applying a
camera calibration matrix K containing the intrinsic parameters of the model. The most general version of the calibration matrix allows for a different vertical (fy ) and horizontal
(fx ) focal length to accommodate for non-square pixels, and
for a skewness factor (s) to account for non-rectangular pixels:
⎤
⎡
f x s cx
K = ⎣ 0 fy cy ⎦ .
0
0 1
In practice, for most real cameras, pixels can be approximated by perfect squares, thus we can resort to the basic
model of Fig. 3 and assume s = 0 and fx = fy = f . Usually
the camera pose and calibration matrices are combined into
a single 3 × 4 projection matrix P = K[R T]. This projection
matrix can be directly applied to a point in (homogeneous)
world coordinates to obtain its corresponding 2D point on
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Fig. 3 Illustration scheme of
the pinhole camera model (a)
and of the epipolar geometry
(b). See text for details

the image plane:
m = Pm = K[R T]m.
When a point is observed by two cameras its projections
on the respective image planes are not independent. In fact,
given the projection m1 of point m in the first camera, its
projection m2 on the second image plane must lie on the
projection l2 of the line that connects m1 to m (see Fig. 3).
This line is called the epipolar line and can be found for each
point m1 in the first image plane by intersecting the plane defined by o1 , o2 and m1 (the epipolar plane) with the second
image plane. The epipolar constraint can be enforced exactly
only if the position of m1 and m2 and the camera parameters are known without error. In practice, however, there will
always be some distance between a projected point and the
epipolar line it should belong to. This discrepancy is a useful
measure for verification tasks such as the detection of outliers among alleged matching image points, or the evaluation
of the quality of estimated camera parameters. The epipolar constraint can be expressed algebraically in a straightforward manner. If we know the rotation matrix and translation
vector that move one camera reference system to the other
we have that:
⎤
⎡
0
−tz ty
xT1 Ex2 = xT1 ⎣ tz
0 −tx ⎦ Rx2 = 0,
−ty tx
0
where the essential matrix E is the product between the
cross product matrix of the translation vector T and the rotation matrix R, and x1 and x2 are points expressed in the reference systems of the first and second camera respectively,
belonging to the same epipolar plane. If the calibration matrices of both cameras are known, this constraint can also be
expressed in terms of image points by applying the inverse
of the two calibration matrices to the image points:
−1 T
−1T
T
T
(K−1
EK−1
1 m1 ) E(K2 m2 ) = m1 (K1
2 )m2 = 0,

where F = K1−1T EK−1
2 is called the fundamental matrix. It
is clear that if intrinsic camera parameters are known the

epipolar constraint can be verified on image points by using
just the essential matrix, which has only five degrees of freedom; otherwise it is necessary to resort to the use of the fundamental matrix, which has seven degrees of freedom. Many
algorithms are known to estimate both E or F from image point correspondences (Hartley 1995; Zhang et al. 1995;
Torr and Zisserman 1998).
2.3 Structure from Motion
Structure from Motion (SfM) has been a core Computer
Vision topic for a long time and a large number of different problem formulations and algorithms have been introduced over the last few decades (Aggarwal and Duda 1975;
Weng et al. 1993; Zhang 1995). The distinctive traits of
many SfM techniques recently proposed in literature are
usually to be found in the approach used for the initial estimate and in the refinement technique adopted. In general
this refinement happens by iteratively applying a bundle adjustment algorithm (Triggs et al. 2000) to an initial set of
correspondences, 3D points and motion hypotheses. This
optimization is almost invariably carried out by means of the
Levenberg-Marquardt algorithm (Levenberg 1944), which is
very sensitive to the presence of outliers in the input data.
For this reason any possible care should be taken in order
to supply the optimizer with good hypotheses or at least a
minimal number of outliers. When a reasonable subset of
all the points is visible in all the images global methods
can be used to obtain such initial hypothesis. This approach,
commonly called factorization, was initially proposed only
for simplified camera models that are not able to fully
capture the pinhole projection (Tomasi and Kanade 1992;
Weinshall and Tomasi 1995). More recently, similar approaches have been presented also for perspective cameras (Sturm and Triggs 1996; Heyden et al. 1999), however their need for having each point visible in each camera severely reduces their usability in practical scenarios
where occlusion is usually abundant. For this reason incremental methods, which allow to add one or a few images at
a time, are by far more popular in SfM applications. Usually such methods start from a reliable image pair (for in-
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stance the pair with the higher number of good correspondences), then an initial reconstruction is obtained by triangulation and finally extended sequentially. The extension can
happen by virtue of common 2D points between a new camera and one or more images already in the batch. If internal camera parameters are known (at least roughly) rotation and translation direction can be extracted from the essential matrix and translation magnitude can be found using the projection in the new image of an already reconstructed 3D point. In the more general case intrinsic parameters are not known and the new camera can be added
by exploiting the correspondences between its 2D features
and previously triangulated 3D points to estimate the projection matrix (Beardsley et al. 1997; Pollefeys et al. 1999).
Finally, it is possible to merge partial reconstructions by
using corresponding 3D points (Fitzgibbon and Zisserman
1998). Many modern approaches iterate this process by including and excluding point correspondences or entire images by validating them with respect to the currently estimated structure and camera poses (Brown and Lowe 2005;
Vergauwen and Van Gool 2006; Snavely et al. 2008).

a cohesive set with high mutual support. Within this formulation, the solutions of the matching problem correspond
to evolutionary stable states (ESS’s), a robust populationbased generalization of the notion of a Nash equilibrium.
In a sense, this matching process can be seen as a contextual voting system, where each time the game is repeated
the previous selections of the other players affect the future
vote of each player in an attempt to reach consensus. This
way the evolving context brings global information into the
selection process. Since the evolutionary process is driven
entirely by the payoff between strategies, it is clear that by
adopting an appropriate compatibility function it is possible
to suit the framework to achieve different goals. In this paper we will introduce two payoff functions to address our
multi-view point matching problem. In Sect. 3.2 we will define a compatibility among pairs of correspondences that is
proportional to the similarity of the affine transformation inferred from each match; this is done to exploit the expected
local spatial and scale coherence among image patches. In
Sect. 3.3 we will propose a refinement step that filters out
groups of matches by letting them play an evolutionary
game where the payoff is bound to their mutual ability to
comply with the epipolar constraint.

3 Non-cooperative Games for Inlier Selection
3.1 Game-Theoretic Selection
The selection of matching points based on the feature descriptors is only able to exploit local information. This limitation conflicts with the richness of information that is embedded in the scene structure. For instance, under the assumption of rigidity and small camera motion, intuition suggests that features that are close in one view cannot be too
far apart in the other one. Further, if a pair of features exhibit
a certain difference of angles or ratio of scales, this relation
should be maintained among their respective matches. Our
basic idea is to formalize this intuitive notion of consistency
between pairs of feature matches into a real-valued compatibility function and to find a large set of matches that express
a high level of mutual compatibility. Of course, the ability
to define a meaningful pairwise compatibility function and
a reliable technique for finding a consistent set is at the basis of the effectiveness of the approach. Following (Torsello
et al. 2006; Albarelli et al. 2009), we model the matching
process in a Game-Theoretic framework, where two players select a pair of matching points from two images. Each
player then receives a payoff proportional to how compatible his match is with respect to the other player’s choice.
Clearly, it is in each player’s interest to pick matches that are
compatible with those the other players are likely to choose.
In general, as the game is repeated, players will adapt their
behavior to prefer matchings that yield larger payoffs, driving all inconsistent hypotheses to extinction, and settling for
an equilibrium where the pool of matches from which the
players are still actively selecting their associations forms

Originated in the early 40’s, Game Theory was an attempt
to formalize a system characterized by the actions of entities
with competing objectives, which is thus hard to characterize with a single objective function (Weibull 1995). According to this view, the emphasis shifts from the search of a local optimum to the definition of equilibria between opposing
forces, providing an abstract theoretically-founded framework to model complex interactions. In this setting multiple
players have at their disposal a set of strategies and their goal
is to maximize a payoff that depends also on the strategies
adopted by other players.
Here we will concentrate on symmetric two player
games, i.e., games between two players that have the same
set of available strategies and that receive the same payoff when playing against the same strategy. More formally,
let O = {1, . . . , n} be the set of available strategies (pure
strategies in the language of Game-Theory), and C = (cij )
be a matrix specifying the payoffs, then an individual playing strategy i against someone playing strategy j will receive payoff cij . A mixed strategy is a randomization of
the available strategies, i.e., a probability distribution x =
(x1 , . . . , xn )T over the set O. Clearly, mixed strategies are
constrained to lie in the n-dimensional standard simplex
n

n = x ∈ Rn : xi ≥ 0 for all i ∈ 1, . . . , n,

xi = 1 .
i=1
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The support of a mixed strategy x ∈ , denoted by σ (x), is
defined as the set of elements chosen with non-zero probability: σ (x) = {i ∈ O|xi > 0}. The expected payoff received by a player choosing element i when playing against
a player adopting a mixed strategy x is (Cx)i = j cij xj ,
hence the expected payoff received by adopting the mixed
strategy y against x is yT Cx. The best replies against mixed
strategy x is the set of mixed strategies


β(x) = y ∈ |yT Cx = max(zT Cx) .
z

The best reply is not necessarily unique. Indeed, except in
the extreme case in which there is a unique best reply that is
a pure strategy, the number of best replies is always infinite.
A central notion of Game-Theory is that of a Nash equilibrium. A strategy x is said to be a Nash equilibrium if it is the
best reply to itself, i.e., ∀y ∈ , xT Cx ≥ yT Cx. This implies
that ∀i ∈ σ (x) we have (Cx)i = xT Cx; that is, the payoff of
every strategy in the support of x is constant. The idea underpinning the concept of Nash equilibrium is that a rational
player will consider a strategy viable only if no player has
an incentive to deviate from it.
We undertake an evolutionary approach to the computation of Nash equilibria. Evolutionary Game-Theory originated in the early 70’s as an attempt to apply the principles
and tools of Game-Theory to biological contexts. It considers an idealized scenario where pairs of individuals are repeatedly drawn at random from a large population to perform a two-player game. In contrast to traditional GameTheoretic models, players are not supposed to behave rationally, but rather act according to a pre-programmed behavior, or mixed strategy. Further, it is supposed that some
selection process operates over time on the distribution of
behaviors favoring players that receive higher payoffs.
In this dynamic setting, the concept of stability, or resistance to invasion by new strategies, becomes central. A strategy x is said to be an evolutionary stable strategy (ESS) if it
is a Nash equilibrium and
∀y ∈  xT Cx = yT Cx

=⇒

xT Cy > yT Cy.

(1)

This condition guarantees that any deviation from the stable
strategies does not pay.
The search for a stable state is performed by simulating
the evolution of a natural selection process. Under very loose
conditions, any dynamics that respect the payoffs is guaranteed to converge to Nash equilibria (Weibull 1995) and
(hopefully) to ESS’s; for this reason, the choice of an actual
selection process is not crucial and can be driven mostly by
considerations of efficiency and simplicity. We chose to use
the replicator dynamics (Taylor and Jonker 1978), a wellknown formalization of the selection process governed by

the following equation
xi (t + 1) = xi (t)

(Cx(t))i
x(t)T Cx(t)

(2)

where xi is the i-th element of the population and C the
payoff matrix.
A point x is said to be a stationary (or equilibrium) point
of our dynamical system, if ẋi = 0, for all i = 1, . . . , n.
A stationary point x is said to be asymptotically stable if
any trajectory starting sufficiently close to x converges to x.
It can be shown (Weibull 1995) that a point x ∈  is the
limit of a trajectory of the replicator dynamics starting from
the interior of  if and only if it is a Nash equilibrium. Further, if point x ∈  is an ESS, then it is asymptotically stable
for the replicator dynamics.
In our approach, we let matches compete with one another, each obtaining support from compatible associations
and competitive pressure from all the others. The selection process is simulated by running the recurrence (2) and,
at equilibrium, only pairings that are mutually compatible
should survive and are then taken to be inliers.
3.2 Affine Preserving Matching Game
Central to this framework is the definition of a matching
game, or, specifically, the definition of the strategies available to the players and of the payoffs related to these strategies. Given a set M (model) of feature points in a source image and a set D (data) of features in a target image, we call a
matching strategy any pair (a1 , a2 ) with a1 ∈ M and a2 ∈ D.
We call the set of all the matching strategies S ⊆ M × D.
The total number of matching strategies in S can, in theory,
be as large as the Cartesian product of the sets of features
detected in the images. Since most interest point detectors
extract thousands of features from an image, a suitable selection should be made in order to keep its size limited. To
this end we can exploit unary information such as the distance between descriptors or the photo-consistency of local
image patches to select only feasible pairs. Specifically, for
each source feature we can generate k matching strategies
that connect it to the k nearest destination features in terms
of descriptor distance. Since our Game-Theoretic approach
operates inlier selection regardless of the descriptor, we do
not need to set any threshold with respect to the absolute
descriptor distance or the distinctiveness between the first
and the second nearest point. In this sense, the only constraint that we need to impose over k is that it should be
large enough that we can expect the correct correspondence
to be among the candidates for a significant proportion of
the source features. In our preliminary work (Albarelli et al.
2010) we already analyzed the influence of k over the quality of the matches obtained and we found that a very small
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error expressed in pixels. Specifically, given two matching
strategies (a1 , a2 ) and (b1 , b2 ) and their respective associated similarities T (a1 , a2 ) and T (b1 , b2 ), we calculate virtual points a2 and b2 by applying the other strategy transformation to the source features a1 and b1 (see Fig. 4). More
formally,
a2 = T (b1 , b2 )a1 ,
b2 = T (a1 , a2 )b1 .
Fig. 4 The payoff between two matching strategies is inversely proportional to the maximum reprojection error obtained by applying the
affine transformation estimated by a match to the other

amount of candidates (typically 3 or 4) are enough to guarantee a satisfactory performance, however, in the presence
of highly repeating patterns, a larger value might be needed.
By reducing the number of correspondences per source feature to a constant value, we limit the growth of the number
of strategies to be linear with the number of (source) features
to be matched.
Once S has been selected, our goal becomes to extract
from it a large subset of correspondences that includes only
correctly matched features: that is, strategies that associate
a physical point in the source image with the same physical
point (if visible) in the destination image. To this end, it is
necessary to define a payoff function  : S × S → R+ that
exploits some pairwise information available at this early
stage (i.e. before estimating camera and scene parameters)
and that can be used to impose consistency globally. Since
location, scale, and rotation are associated to each feature,
we can associate to each correspondence (a, b) between feature a in the source image and feature b in the target image
a similarity transform T (a, b) that maps the neighborhood
of a into the neighborhood of b, transforming the location,
orientation, and scale measured in the source image into the
location, orientation, and scale observed in the target image.
Under small motion assumptions, we can expect these similarity transformations to be very similar locally. Thus, imposing the conservation of the similarity transform, we aim
to extract clusters of feature matches that belong to the same
region of the object and that tend to lie at the same level of
depth. While this could seem to be an unsound assumption
for general camera motion, in the experimental section we
will show that it holds well with the typical disparity found
in standard multiple view and stereo data sets. Further, it
should be noted that with large camera motion, most, if not
all, commonly used feature detectors fail, thus any inlier selection attempt becomes meaningless.
In order to define the payoff function  we need a way
to measure the distance between similarity transforms. In order to avoid the problem of mixing incommensurable quantities, we compute the distance in terms of the reprojection

Given virtual points a2 and b2 , we can measure the similarity
between (a1 , a2 ) and (b1 , b2 ) as:




sim((a1 , a2 ), (b1 , b2 )) = e−λ max(|a2 −a2 |,|b2 −b2 |)

(3)

where λ is a selectivity parameter: If λ is small, then the
similarity function (and thus the matching) is more tolerant
with respect to deviation in the similarity transformations,
becoming more selective as λ grows. Since each source feature can correspond with at most one destination point, it is
desirable to avoid any kind of multiple match. It is easy to
show that a pair of strategies with zero mutual payoff cannot
belong to the support of an ESS (see Albarelli et al. 2009),
thus any payoff function  can be easily adapted to enforce
one-to-one matching by defining:

((a1 , a2 ), (b1 , b2 )) =

⎧
⎪
⎨sim((a1 , a2 ), (b1 , b2 )),
⎪
⎩
0

a1 = b1 ,
a2 = b2 ,
else.
(4)

We define payoff (4) a similarity enforcing payoff function
and we call an affine matching game any symmetric two
player game that involves a matching strategies set S and
a similarity enforcing payoff function .
The main idea of the proposed approach is that by playing a matching game driven by a similarity enforcing payoff function such as (4), the strategies (i.e. correspondence
candidates) that share a similar locally affine transformation are advantaged from an evolutionary point of view and
shall emerge in the surviving population. In Fig. 5 we illustrate a simplified example of this process. Once the population has reached a local maximum, all the non-extinct mating strategies can be considered valid, however, technically
strategies become truly extinct only after an infinite number
of iterations. Since we halt the evolution when the population ceases to change significantly, it is necessary to introduce some criteria to distinguish correct from non-correct
matches. To avoid a hard threshold we chose to keep as
valid all the played strategies whose population size exceeds
a percentage of the most popular strategy. We call this percentage quality threshold (q). This criterion further limits
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Fig. 5 An example of the affine-based evolutionary process. Four feature points are extracted from two images and a total of six matching strategies are selected as initial hypotheses. The matrix  shows
the compatibilities between pairs of matching strategies according
to a one-to-one similarity-enforcing payoff function. Each matching
strategy got zero payoff with itself and with strategies that share
the same source or destination point (i.e., ((b1 , b2 ), (c1 , b2 )) = 0).
Strategies that are coherent with respect to a similarity transformation exhibit high payoff values (i.e., ((a1 , a2 ), (b1 , b2 )) = 1 and
π((a1 , a2 ), (d1 , d2 )) = 0.9)), while less compatible pairs get lower

scores (i.e., π((a1 , a2 ), (c1 , c2 )) = 0.1). Initially (at T = 0) the population is set to the barycenter of the simplex and slightly perturbed.
After just one iteration, (c1 , b2 ) and (c1 , c2 ) have lost a significant
amount of support, while (d1 , c2 ) and (d1 , d2 ) are still played by a sizable amount of population. After ten iterations (T = 10) (d1 , d2 ) has
finally prevailed over (d1 , c2 ) (note that the two are mutually exclusive). Note that in the final population ((a1 , a2 ), (b1 , b2 )) have a larger
support than (d1 , d2 ) since they are a little more coherent with respect
to similarity

the number of selected strategies, but increases their consistency, since the population proportion is linked to the coherence of the strategy with the other surviving strategies. Each
evolution process selects only a single group of matching
strategies that are mutually coherent with respect to a local similarity transformation. This means that if we want to
cover a large portion of the image we need to iterate the process many times, pruning the previously selected matches
at each new iteration. Note that by imposing a minimal size
for a group to be deemed as valid, the odds of recognizing
structured outliers as false positives get lower. In fact, the
probability of a large group to be coherent with respect to
local affinity by chance is reduced as the minimal group size
increases. Of course the usual trade-off between the desired
precision and recall parameters must be taken into account
when setting this kind of threshold.

chance we propose a different game setup that allows for
a further refinement. In this game the strategies set S corresponds to the set of paired feature groups extracted from
the affine matching game and the payoff between them is related to the features’ agreement to a common epipolar geometry. More specifically, given two pairs of matching groups
a ⊆ M × D and b ⊆ M × D, each one made up of model
and data features, we estimate the epipolar geometry from
a ∪ b and define the payoff among them as:

3.3 Refinement by Epipolar Constraint Enforcement
The game formulation we just introduced shifts the matching problem to a more global scope by producing a set
of correspondences between groups of features. While the
affine camera model extracts very coherent groups, making
such macro features more robust and descriptive than single
points, in principle there is nothing that prevents the system to still produce wrong or weak matches. To reduce this

(a, b) = e−λ

(s,t)∈a∪b d(t,l(s))

(5)

where l(p) is a function that gives the epipolar line in the
data image from the feature point p in the model image, according to the estimated epipolar geometry, and d(p, l) calculates the distance between point p and the epipolar line l.
It is clear that this distance is small (and thus the payoff is
big) if the two groups share a common projective interpretation and large otherwise. Of course, different pairs of groups
can agree on different epipolar geometry, but the transitive
closure induced by the selection process ensures that the
strategies in the surviving population will agree on the same
(or very similar) projective transformation (see Fig. 6 for a
complete example of this process). Regarding the estimation of the epipolar geometry, it can be done in two different
ways: if we have at least the intrinsic calibration of the camera we can estimate the essential matrix, by contrast, if we
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Fig. 6 An example of the selection of groups of features that agree
with respect to a common epipolar geometry. Six matching groups are
selected by the affine matching step (labelled from a to f in the figure). Each pair of feature sets is modeled as a matching strategy and
the payoff among them is reported in matrix . Note that groups b,
c and d are correctly matched and thus exhibit a high mutual payoff.
By contrast, group a (which is consistent both in terms of photometric and affine properties), e and f are clearly mismatched with respect

to the overall scene geometry, which in turn leads to a large error on
the epipolar check and thus to a low score in the payoff matrix. At
the beginning of the evolutionary process each strategy obtains a fair
amount of players (T = 0). As expected, after just one iteration of the
replicator dynamics the most consistent strategies (b, c and d) obtain a
clear advantage. Finally, after ten iterations (T = 10) the other groups
have no more support in the population and only the correct matches
survived

do not have any hint about the camera geometry, we must
resort to a more relaxed set of constraints and use the fundamental matrix instead. In the experimental section we will
test both scenarios.

the affine matching game without the further refinement provided by the enforcement of the epipolar geometry. In this
case the iterative extraction and elimination of the groups
is image-based, i.e., after a group of matches is selected,
all the matches that have sources or targets close to the
source and target points of the extracted correspondences
are eliminated, and then the evolutionary process is reiterated on the reduced set of strategies. The process is stopped
when an extracted group is smaller than a given threshold or
has average payoff smaller than a given threshold. This approach is the same described in Albarelli et al. (2010). The
second and third approaches, referred to as Calibrated Projective Game-Theoretic approach (CPGT) and Uncalibrated
Projective Game-Theoretic approach (UPGT) respectively,
make use of the epipolar refinement. CPGT assumes that
the camera intrinsic parameters are (approximately) known
and estimate the epipolar geometry through the essential
matrix, while UPGT uses the fundamental matrix. In both
these approaches the iterative extraction and elimination of
the groups is strategy-based, i.e., after a group of matches
is selected only those matches are eliminated from the strategy set, thus allowing for the same features to appear in several groups, while the stopping criterion here is the same
as that of AGT. In our experiments the intrinsic parameters
for CPGT have been estimated from the images EXIF information. The three approaches are compared against the default feature matcher in the Bundler suite (BKM). This is a

4 Experimental Results
We performed an extensive set of tests in order to validate the proposed techniques and to explore their limits.
Both quantitative and qualitative results are shown and performances are compared with those achieved by a standard baseline method, i.e. the default feature matcher in the
Bundler suite (Snavely et al. 2008).
4.1 General Setup and Data Sets
All the following experiments have been made by applying
a common basic pattern: first a set of features is extracted
from the images by using the SIFT keypoint detector made
freely available in Lowe (2003), then these interest points
are paired using the matcher we want to test, finally scene
and camera parameters are estimated by using the final portion of Bundler pipeline (i.e. the part of the suite that applies Levenberg-Marquardt optimization to a set of proposed
matches). We evaluate three different approaches: The first,
referred to as Affine Game-Theoretic approach (AGT), uses
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Fig. 7 Analysis of the performance of the Affine Game-Theoretic approach with respect to variation of the parameters of the algorithm

reasonable choice for several reasons: BKM is optimized to
work with SIFT descriptors and, obviously, with the Bundler
suite; in addition it is very popular in literature since Bundler
itself has been used as the default matcher in many of the recent papers about SfM and dense stereo reconstruction. For
each test we evaluated two quality measures: the average
reprojection error (expressed in pixels) and the differences
in radians between the ground-truth and the estimated rotation angle (α). The first measure aims to capture the cumulative error made in the reconstruction of the structure
and the estimation of the motion, while the second measure
aims to decouple the error on the camera orientation from
the one related to the scene reconstruction. This is possible since we used images pairs coming from a calibrated
camera head or image sets with an available ground-truth.
Specifically we used a pair of cameras previously calibrated
through a standard procedure and took stereo pictures of 20
different, isolated objects; in addition we also included in the
data set the shots coming from the “DinoRing” and “TempleRing” sequences from the Middlebury Multi-View Stereo
dataset (Seitz et al. 2006). We conducted two main sets of
experiments. The goal of the first set is to analyze the impact
of the parameters, namely λ and quality threshold (q), over
the accuracy of the results. Since AGT and CPGT/UPGT
have different payoff functions and the selectivity λ is not directly comparable we investigate its influence separately. In
addition, all the experiments regarding the refinement meth-

ods are made using very relaxed parameters for the AGT
step. This is due to the fact that we are willing to accept
a slightly higher number of outliers in the first step in exchange for a higher number of candidate groups, in the hope
that the refinement process is able to eliminate the spurious
groups, but still resulting in a larger number of good correspondences from which to perform parameter estimation. In
the second batch of experiments we compare our techniques
with the default Bundler matcher. In these experiments the
parameters are set to the optimal values estimated previously. We provide both quantitative and qualitative results:
the quantitative analysis is based on the errors in reprojection and motion estimation, while the qualitative results are
based on a dense reconstruction obtained using the recovered parameters as an input to the PMVS suite (Furukawa
and Ponce 2010).
4.2 Influence of Parameters
The AGT method depends on two explicit parameters: the
sensitivity parameter λ, which modulates the steepness of
the payoff function (4), and q, i.e. the percentage of population density with respect to the most represented strategy
that one match must obtain to be considered not-extinct. As
stated in Sect. 3.2, λ controls the selectivity of the selection process, while q allows to further filter the extracted
group based on its cohesiveness. Higher values will lead
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Fig. 8 Analysis of the
performance of the Calibrated
and Uncalibrated Projective
Game-Theoretic approaches
with respect to variation of the
parameters of the algorithm

to a more selective culling, while lower values will allow
more strategies to pass the screening. Figure 7 reports the
results of these experiments averaged over the full set of 20
stereo pairs taken with a previously calibrated camera pair.
The first row shows the effect of the selectivity parameter λ.
This is evaluated for three different q levels, from 0.3 to 0.7.
As expected, both low and high values lead to larger errors,
mainly with respect to the estimation of the angle between
the two cameras. This is probably due to a too tight and a too
relaxed enforcement of local coherence respectively. It could
be argued that the estimation of the optimal λ can be tricky

in practical situations; however, we must note that, with a
reasonable high q, it takes a very large sensitivity parameter to obtain a worse performance than that obtained with
the default Bundler matcher. Regarding the quality threshold, we can see in the second row of Fig. 7 that the best
results are achieved by setting a high level of quality: this is
clearly due to the fact that, in practice, the replicator dynamics have converged to a stable ESS and thus most of the nonzero strategies are indeed inliers and are mostly subject only
to the (small) feature localization error, thus exhibiting an
equally high density. In Fig. 8 we show the results obtained
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Fig. 9 Distribution of the
reprojection error in one
multiple view (top) and one
stereo pair (bottom) example

by trying different parameters with CPGT and UPGT. As
previously stated, these experiments were made by performing an affine matching step with relaxed parameters: namely
a λ value of 0.09 and a q of 0.6. The overall behavior with
respect to these parameters is similar to what observed with
AGT: very low and very high values for λ lead to less satisfactory results (whereas in general better than those obtained
with the Bundler key matcher), and high q seems to guarantee good estimates. Overall it seems that CPGT always gives
better results than UPGT. We will analyze this behavior with
more detail in the next section.
4.3 Comparisons Between Approaches
To further explore the differences among the proposed techniques and the Bundler matcher, we executed two sets of experiments. The first set applies the approaches to unordered
images coming from the DinoRing and TempleRing sequences from the Middlebury Multi-View Stereo dataset for
these models, the camera extrinsic parameters are provided
and used as a ground-truth. The rationale for using these
sets (in opposite to simple stereo pairs) is to allow Bundler
to optimize the parameters and correspondences over the
complete sequence. The second set is composed of two calibrated stereo scenes selected from the previously acquired
collection of 20 items, specifically a statue of Ganesha and
a handful of screws placed on a table. For all the sets of
experiments we evaluated both the rotation error of all the
cameras and the reprojection error of the detected feature
points. In the Middlebury sets the results are presented as
averages. The Dino model is a difficult case in general, as
it provides very few distinctive features; the upper part of

Fig. 10 shows the correspondences produced by AGT (left
column) in comparison with BKM (right column). The parameters were set to the optimal values estimated in the previous experiments (λ = 0.06 and q = 0.8). This resulted in
the detection of many correct matches organized in groups,
each corresponding to a different depth level, and visualized
with a unique color in the figure. As can be seen, the different depth levels are properly estimated; this is particularly
evident throughout the arched back going from the tail (in
foreground) to the head of the model (in background), where
clustered sets of feature points follow one after the other.
Furthermore, these sets of interest points maintain the right
correspondences within the pair of images. The Bundler
matcher on the other hand, while still achieving good results in the whole process, also outputs erroneous correspondences (marked in the figure). In the lower part of Fig. 10
we can see the results obtained with CPGT and UPGT with
λ = 0.3 and q = 0.7 after an affine matching step performed
with λ = 0.09 and q = 0.9. We can observe that CPGT gives
a significant boost to all the statistics. By contrast UPGT
performed worse than AGT (albeit still better than BKM).
This is probably due to the higher number of degrees of freedom in the estimation of the fundamental matrix and, thus,
to the reduced ability to discriminate incompatible groups.
In fact, we can see that the size of the groups obtained with
AGT is generally rather small (from 4 to about 10 points),
and it is easy to justify such a small number of correspondences under a common fundamental matrix. The quality of
reconstruction following the application of all methods can
be compared visually by looking at the distribution of the reprojection error in the top row of Fig. 9. While most reprojections fall within 1–3 pixels for the Game-Theoretic ap-
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Fig. 10 (Color online) Results obtained with two multiple view data sets
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Fig. 11 (Color online) Results obtained with two stereo view data sets

Int J Comput Vis

Fig. 12 Comparisons of the point clouds produced by PMVS using
the motion estimated with different matching methods. Respectively
the Bundler default keymatcher (BKM), the Affine Game-Theoretic

technique (AGT) and the calibrated and uncalibrated projective techniques (CPGT and UPGT)

proaches, the Bundler matcher exhibits a long-tailed trend,
with reprojection errors reaching 20 pixels. Unlike the Dino
model, the Temple model is quite rich of features: for visualization purposes we only show a subset of the detected
matches for all the techniques. While the effectiveness of our
approaches is not negatively impacted by the model characteristics, several mismatches are extracted by BKM. In particular, the symmetric parts of the object (mainly the pillars)
result in very similar features and this causes the matcher
to establish one-to-many correspondences over them. In the
calibrated stereo scenario, the Ganesha images are rich of
distinctive features and pose no particular difficulty to any
of the methods. The Bundler matcher provides very good
results, with only one evident false match out of a total of
200 matches (see Fig. 11). The resulting bundle adjustment
is quite accurate, giving very small rotation errors and reprojection distances. Nevertheless, our methods perform con-

siderably better: reprojection errors dramatically decrease,
with around 98 percent of the feature points falling below
one pixel of reprojection error for AGT and 99 percent for
CPGT. Unfortunately UPGT is unable to refine the results
obtained with AGT, but still achieves smaller errors than
BKM. The second calibrated stereo scene, “Screws stereo”,
is an emblematic case and provides some meaningful insight. The images depict a dozen screws standing on a table, placed by hand at different depth levels. This configuration, together with the abundance of features, should provide enough information for the algorithms to extract significant matches. However, the scene is a difficult one due
to the very nature of the objects depicted, which are all
identical and highly symmetric, resulting in several features
with very similar descriptors and a difficulty in extracting
good matches based only on photometric information. Indeed, several false matches are established by the Bundler
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matcher (see the last column of Fig. 11). Still, BKM results
in a reasonable estimation of the rigid transformation linking
the two cameras, as erroneous pairings are removed a posteriori during the subsequent phases of bundle adjustment.
By contrast, the AGT approach outputs large and accurate
sets of matches, roughly one per object, and even difficult
cases, such as the left-right parallactic swaps taking place
at the borders are correctly dealt with. It is interesting to
note that in this case the boost given by CPGT is even more
significant than in the previous experiments, with a lower
average reprojection error and an overall better error distribution. Unlike with the previous cases, this happens by
reducing the number of total matches rather than increasing it, as the refinement process eliminates correspondences
that are not globally consistent. In addition this time even
UPGT gives better results than AGT: a histogram of the reprojection errors for this object is shown in Fig. 9. Finally,
a qualitative analysis of the different approaches is shown
in Fig. 12, where the estimated parameters and correspondences are fed to the PMVS dense multiview stereo reconstruction tool. The first and the second rows show the Dino
and Screws scenes from a frontal view, while the other two
show a top view of the same scenes. AGT and CPGT give
the best results for Dino with CPGT providing a more correct representation of the hollow area between the neck and
the first leg of the figurine and a smaller number of spurious points. With the screws scene CPGT allows by far the
more consistent reconstruction, while BKM is substantially
unable to offer to PMVS a satisfactory pose estimation.
4.4 Complexity and Running Time
With respect to complexity all the Game-Theoretic approaches are dominated by the steps of the replicator dynamics. Each step is quadratic in the number of strategies,
but there is no guarantee about the total number of steps
that are needed to reach an ESS. We chose to stop the iterations when the variation of the population was below a
minimum threshold. Execution times for the matching steps
of our technique are plotted in Fig. 13; the scatter plot shows
a weak quadratic growth of convergence time as the number
of matching strategies increases with a very small constant
in the quadratic term, resulting in computation times below
half a second even with a large number of strategies.

5 Conclusions
In this paper we introduced a novel Game-Theoretic technique that performs an accurate feature matching as a preliminary step for multi-view 3D reconstruction using Structure from Motion techniques. Unlike other approaches, we
do not rely on a first estimation of scene and camera parameters in order to obtain a robust inlier selection, but rather,

Fig. 13 Plot of the convergence time of the replicator dynamics with
respect to the number of matching strategies

we enforce geometric constraints based only on semi-local
properties that can be estimated from the images. In particular, we define two selection games, one that selects local groups of compatible correspondences, enforcing a weak
affine camera model, and a second consolidation game that
filters out groups of matches by considering their compliance with the epipolar constraint. Experimental comparisons
with a widely used technique show the ability of our approach to obtain a tighter inlier selection and thus a more
accurate estimation of the scene parameters.
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Abstract. Graph transduction is a popular class of semi-supervised learning techniques, which aims to estimate a classification function defined over a graph of
labeled and unlabeled data points. The general idea is to propagate the provided
label information to unlabeled nodes in a consistent way. In contrast to the traditional view, in which the process of label propagation is defined as a graph
Laplacian regularization, here we propose a radically different perspective that is
based on game-theoretic notions. Within our framework, the transduction problem is formulated in terms of a non-cooperative multi-player game where any
equilibrium of the proposed game corresponds to a consistent labeling of the
data. An attractive feature of our formulation is that it is inherently a multi-class
approach and imposes no constraint whatsoever on the structure of the pairwise
similarity matrix, being able to naturally deal with asymmetric and negative similarities alike. We evaluated our approach on some real-world problems involving
symmetric or asymmetric similarities and obtained competitive results against
state-of-the-art algorithms.

1 Introduction
In the machine learning community, semi-supervised learning (SSL) has gained
considerable popularity over the last decade [3,19] and within the existing paradigms,
graph-based approaches to SSL, namely the graph transduction methods, constitute an
important class. These approaches model the geometry of the data as a graph with nodes
corresponding to the labeled and unlabeled points and edges being weighted by the similarity between points, and try to estimate the labels of unlabeled points by propagating
the coarse information available at the labeled nodes to the unlabeled ones. Performing
this propagation in a consistent way relies on a common a priori assumption, known
as the “cluster assumption” [17,3], which states that (1) points which are close to each
other are expected to have the same label, and (2) points in the same cluster (or on the
same manifold) are expected to have the same label. Building on this assumption, traditional graph-based approaches formalize graph transduction as a regularized function
estimation problem on an undirected graph [9,20,17].
In this paper, we present a novel framework for graph transduction, which is derived
from a game-theoretic formulation of the competition between the multi-population of
hypotheses of class membership. Specifically, we cast the problem of graph transduction as a multi-player non-cooperative game where the players are the data points that
X. Jiang, M. Ferrer, and A. Torsello (Eds.): GbRPR 2011, LNCS 6658, pp. 195–204, 2011.
c Springer-Verlag Berlin Heidelberg 2011
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play a classification game over and over until an equilibrium is reached in their respective strategies. In this game, the strategies played by the labeled points are already
decided at the outset, as each of them knows which class it belongs to. On the other
hand, the strategies available to unlabeled points are the whole set of hypotheses of being a member of one of the provided classes. The players compete with each other by
selecting their own strategies, each choice obtains support from the compatible ones and
competitive pressure from all the others. In the long run, the competition will reduce
the population of strategies which assume the hypotheses that do not receive strong
support from the rest, while it will allow populations with strong support to flourish. In
this study, this evolutionary dynamics is modeled by a classic formalization of natural
selection process used in the evolutionary game theory [16], commonly referred to as
the replicator dynamics. It is worth-mentioning that our formulation is intrinsically a
multi-class approach and does not impose any constraint on the value of the payoffs
(similarities); in particular, payoffs do not have to be nonnegative or symmetric.
The remainder of this paper is structured as follows. In Section 2, we review basic notions from non-cooperative game theory. In Section 3, we formulate graph transduction
in terms of a non-cooperative multi-player game. In Section 4, we present our experimental results on a number of real-world classification problems. Finally, in Section 5,
we conclude the paper with a summary and directions for future work.

2 Non-cooperative Games and Nash Equilibria
Following the notations used in [16], a game with many players can be expressed in
normal form as a triple G = (I, S, π), where I = {1, . . . , n}, with n ≥ 2, is the set
of players, S = ×i∈I Si is the joint strategy space defined as the Cartesian product of
the individual pure strategy sets Si = {1, . . . , mi }, and π : S → Rn is the combined
payoff function which assigns a real valued payoff πi (s) ∈ R to each pure strategy
profile s ∈ S and player i ∈ I.
A mixed strategy of player i ∈ I is a probability distribution over its pure strategy
set Si , which can be described as the vector xi = (xi1 , . . . , ximi )T such that each component xih denotes the probability that the player chooses to play its hth pure strategy
among all the available strategies. Mixed strategies for each player i ∈ I are constrained to lie in the
simplex of the mi -dimensional Euclidean space Rmi ,
standard
mi
mi
Δi = {xi ∈ R : h=1 xih = 1, and xih ≥ 0 for all h}. Accordingly, a mixed strategy profile x = (x1 , . . . , xn ) is defined as a vector of mixed strategies, each xi ∈ Δi
representing the mixed strategy assigned to player i ∈ I, and each mixed strategy profile lives in the mixed strategy space of the game, given by the Cartesian product
Θ = ×i∈I Δi .
For the sake of simplicity, let z = (xi , y−i ) ∈ Θ denote the strategy profile where
player i plays strategy xi ∈ Δi whereas other players j ∈ I \ {i} play based on the
strategy profile y ∈ Θ, that is to say, zi = xi and zj = yj for all j = i. The expected
value of the payoff that player i obtains can be determined by a weighted sum for any
i, j ∈ I as
mj




x(s)πi (s) =
ui ekj , x−j xjk
(1)
ui (x) =
s∈S

k=1
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where ui ekj , x−j denotes the payoff that player i receives when player j adopts its
k th pure strategy, and ekj ∈ Δj stands for the extreme mixed strategy corresponding the
vector of length mj whose components are all zero except the k th one which is equal
to one.
The mixed best replies for player i against a mixed strategy y ∈ Θ, denoted by βi (y),
is the set of mixed strategies which is constructed in such a way that no other mixed
strategy other than the ones included in this set gives a higher payoff to player i against
strategy y, defined as the set βi (y) = {xi ∈ Δi : ui (xi , y−i ) ≥ ui (zi , y−i ) ∀zi ∈ Δi }.
Subsequently, the combined mixed best replies is defined as the Cartesian product of
best replies of all the players β(y) = ×i∈I βi (y) ⊂ Θ.
Definition 1. A mixed strategy x∗ = (x∗1 , . . . , x∗n ) is said to be a Nash equilibrium if it
is the best reply to itself, x∗ ∈ β(x∗ ), that is
ui (x∗i , x∗−i ) ≥ ui (xi , x∗−i )

(2)

for all i ∈ I, xi ∈ Δi , and xi = x∗i . Furthermore, a Nash equilibrium x∗ is called
strict if each x∗i is the unique best reply to x∗ , β(x∗ ) = {x∗ }
Nash equilibrium constitutes the key concept of game theory. It is proven by Nash
that any non-cooperative game with finite set of strategies has at least one mixed Nash
equilibrium [11]. The algorithmic issue of computing a Nash equilibria for the proposed
transduction game will be discussed later in Section 3.2.

3 Graph Transduction Game (GTG)
Consider the following graph transduction game. Assume each player i ∈ I participating in the game corresponds to a particular point in a data set X = {x1 , . . . , xn } and
can choose a strategy among the set of strategies Si = {1, . . . , c}, each expressing a
certain hypothesis about its membership to a class and |Si | being the total number of
classes. Hence, the mixed strategy profile of each player i ∈ I lies in the c-dimensional
simplex Δi . By problem definition, we can categorize the players of the game into two
disjoint groups: those which already have the knowledge of their membership, which
we call determined players and denote them with the symbol ID , and those which don’t
have any idea about this in the beginning of the game, which are hence called undetermined players and correspondingly denoted with IU .
The so-called determined players of the game can further be distinguished based on
the strategies they follow without hesitation, coming from their membership information. In formal terms, ID = {ID|1 , . . . , ID|c }, where each disjoint subset ID|k stands
for the set of players always playing their k th pure strategies. It thus follows from this
statement that each player i ∈ ID|k plays its extreme mixed strategy eki ∈ Δi . In other
words, xi is constrained to belong to the minimal face of the simplex Δi spanned by
{eki }. In this regard, it can be argued that the determined players do not play the game
to maximize their payoffs since they have already chosen their strategies. In fact, the
transduction game can be easily reduced to a game with only undetermined players IU
where the definite strategies of determined players ID act as bias over the choices of
undetermined players.
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It should be noted that any instance of the proposed transduction game will always have a Nash equilibrium in mixed strategies [11]. Recall that, for the players,
such an equilibrium corresponds to a steady state such that each player plays a strategy that could yield the highest payoff when the strategies of the remaining players
are kept fixed, and it provides us a globally consistent labeling of the data set. Once
an equilibrium is reached, the label of a data point (player) i is simply given by the
strategy with the highest probability in the equilibrium mixed strategy of player i as
yi = arg maxh≤c xih .
3.1 Defining Payoff Functions
A crucial step in formulating transduction as a non-cooperative game is how the payoff function of the game is specified. Here, we make a simplification and assume that
the payoffs associated to each player are additively separable, and this makes the proposed game a member of a special subclass of multi-player games, known as polymatrix
games [8,7]. Formally speaking, for a pure strategy profile s = (s1 , . . . , sn ) ∈ S, the
payoff function of every player i ∈ I is in the form:
πi (s) =

n


Aij (si , sj )

(3)

j=1

where Aij ∈ Rc×c is the partial payoff matrix between players i and j. It follows that,
in terms of
= (x1 , . . . , xn ), the payoffs are computed as
an mixed strategy profile x 
n
ui (ehi ) = j=1 (Aij xj )h and ui (x) = j=1 xTi Aij xj .
In an instance of the transduction game, since each determined player is restricted to
play a definite strategy of its own, all of these fixed choices can be reflected directly in
the payoff function of a undetermined player i ∈ IU as follows:
ui (ehi ) =



(Aij xj )h +

j∈IU

ui (x) =


j∈IU

c



Aij (h, k)

(4)

xTi (Aij )k

(5)

k=1 j∈ID|k

xTi Aij xj +

c


k=1 j∈ID|k

Now, we are left with specifying the partial payoff matrices between each pair of
players. Let the geometry of the data be modeled with a weighted graph G = (X , E, w)
in which X is the set of nodes representing both labeled and unlabeled points, and
w : E → R is a weight function assigning a similarity value to each edge e ∈ E. Representing the graph with its weighted adjacency matrix W = (wij ), we set the partial
payoff matrix between two players i and j as Aij = Ic × wij where Ic is the identity
matrix of size c1 . Note that when partial payoff matrices are represented in block form
as A = (Aij ), the matrix A is given by the Kronecker product A = Ic ⊗ W . Our experiments demonstrate that in specifying the payoffs, it is preferable to use the normalized
1

The rationale for specifying partial payoffs in this way depends on the analysis of graph transduction on a unweighted undirected graph. Due to the page limit, the details will be reported
in a longer version.
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 = D−1/2 W D−1/2 where D = (dii ) is the diagonal degree
similarity data matrix W

matrix of W with its elements given by dii = j wij .
3.2 Computing Nash Equilibria
In the recent years, there has been a growing interest in the computational aspects of
Nash equilibria. The general problem of computing a Nash equilibrium is shown to
belong to the complexity class PPAD-complete, a newly defined subclass of NP [4].
Nevertheless, there are many refinements and extensions of Nash equilibria which can
be computed efficiently and moreover, the former result does not apply to certain classes
of games. Here, we restrict ourselves to the well-established evolutionary approach [16],
initiated by J. Maynard Smith [10]. This dynamic interpretation of the concept imagines
that the game is played repeatedly, generation after generation, during which a selection
process acts on the multi-population of strategies, thereby resulting in the evolution of
the fittest strategies. The selection dynamics is commonly modeled by the following set
of ordinary differential equations:
ẋih = gih (x)xih

(6)

where a dot signifies derivative with respect to time, and g(x) = (g1 (x), . . . , gn (x)) is
the growth rate function with open domain containing Θ = ×i∈I Δi , each component
gi (x) being a vector-valued growth rate function for player i. Hence, gih specifies the
growth rate at which player i’s pure strategy h replicates. It is generally required that
the function g be regular [16], i.e. (1) g is Lipschitz continuous and (2) gi (x) · xi = 0
for all x ∈ Θ and players i ∈ I. While the first condition guarantees that the system (6)
has a unique solution through every initial state, the condition gi (x) · xi = 0 ensures
that the simplex Δi is invariant under (6).
The class of regular selection dynamics includes a wide subclass known as payoff
monotonic dynamics, in which the ratio of strategies with a higher payoff increase at a
higher rate. Formally, a regular selection dynamics (6) is said to be payoff monotonic if




ui ehi , x−i > ui eki , x−i ⇔ gih (x) > gik (x)
(7)
for all x ∈ Θ, i ∈ I and pure strategies h, k ∈ Si .
A particular subclass of payoff monotonic dynamics, which is used to model the
evolution of behavior by imitation processes, is given by

 




(8)
ẋih = xih
xil φi ui ehi − eli , x−i − φi ui eli − ehi , x−i
l∈Si

where φi (ui ) is a strictly increasing function of ui . When φi is taken as the identity
function, i.e. φi (ui ) = ui , we obtain the multi-population version of the replicator
dynamics:


(9)
ẋih = xih ui (ehi , x−i ) − ui (x)
The following theorem states that the fixed points of (9) are Nash equilibria.
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Theorem 1. A point x ∈ Θ is the limit of a trajectory of (9) starting from the interior
of Θ if and only if x is a Nash equilibrium. Further, if point x ∈ Θ is a strict Nash
equilibrium then it is asymptotically stable, additionally implying that the trajectories
starting from all nearby states converge to x.
Proof. See [16].
In the experiments, we utilized the following discrete-time counterpart of (9), where we
initialize the mixed strategies of each undetermined player to uniform probabilities, i.e.
the barycenter of the simplex Δi .
xih (t + 1) = xih (t)

ui (ehi )
ui (x(t))

(10)

The discrete-time replicator dynamics (10) has the same properties as the continuous
version (See [12] for a detailed analysis). The computational complexity of finding a
Nash equilibrium of a transduction game using (10) can be given by O(kcn2 ), where
n is the number of players (data points), c is the number of pure strategies (classes)
and k is the number of iterations needed to converge. In theory, it is difficult to predict
the number of required iterations, but experimentally, we noticed that it typically grows
linearly on the number of data points2 . We note that the complexity of popular graph
transduction methods such as [20,17] is also close to O(n3 ).

4 Experimental Results
Our experimental evaluation is divided into two groups based on the structure of similarities that arise in the problems. Basically, we test our approach on some real-world
problems involving symmetric or asymmetric similarities. It is noteworthy to mention
that the standard methods are restricted to work with symmetric and non-negative similarities but our game-theoretic interpretation imposes no constraint whatsoever, being
able to naturally deal with asymmetric and negative similarities alike.
4.1 Experiments with Symmetric Similarities
We conducted experiments on three well-known data sets: USPS3, YaleB [5] and 20news4 . USPS contains images of hand-written digits 0-9 down-sampled to 16 × 16
pixels and it has 7291 training and 2007 test examples. As used in [17], we only selected the digits 1 to 4 from the training and test sets, which gave us a total of 3874
data points. YaleB is composed of face images of 10 subjects captured under varying
poses and illumination conditions. As in [2], we down-sampled each image to 30 × 40
2

3
4

We observed that the dynamics always converged to a fixed point in our experiments with
symmetric and asymmetric similarities. It should be added that in the asymmetric case, the
convergence is in fact not guaranteed since there is no Lyapunov function for the dynamics.
Still, by Theorem 1, if the dynamics converges to a fixed point, it will definitely be a Nash
equilibrium.
http://www-stat.stanford.edu/˜tibs/ElemStatLearn/
http://people.csail.mit.edu/jrennie/20newsgroups/
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pixels and considered a subset of 1755 images which corresponds to the individuals 2, 5
and 8. 20-news is the text classification data set used in [17], which contains 3970 newsgroup articles selected from the 20-newsgroups data set, all belonging to the topic rec
which is composed of the subjects autos, motorcycles, sport.baseball and
sport.hockey. As described in [17], each article is represented in 8014-dimensional
space based on the TFIDF representation scheme.
For USPS and YaleB, we treated each image pixel as a single feature, thus each
example was represented in 256-, and 1200-dimensional space, respectively. We computed the similarity between two examples xi and xj using the Gaussian kernel as
d(x ,x )2

i
j
) where d(xi , xj ) is the distance between xi and xj and σ is the
wij = exp(− 2σ
2
kernel width parameter. Among several choices for the distance measure d(·), we evaluated the Euclidean distance xi − xj for USPS and YaleB, and the cosine distance
x ,x 
d(xi , xj ) = 1 − xiixjj  for 20-news.
In the experiments, we compared our approach, which we denote as GTG, against
four well-known graph-based SSL algorithms, namely the Spectral Graph Transducer
(SGT) [9]5 , the Gaussian fields and harmonic functions based method (GFHF) [20]6 ,
the local and global consistency method (LGC) [17]7 and Laplacian Regularized Least
Squares (LapRLS) [1]8 . A crucial factor in the success of graph-based algorithms is
the construction of the input graph as it represents the data manifold. To be fair in
our evaluation, for all the methods, we used a fixed set of kernel widths and generated 9 different candidate 20-NN graphs by setting wij = 0 if xj is not amongst
the 20-nearest neighbors of xi . In particular, the kernel width σ ranges over the set
linspace(0.1r, r, 5) ∪ linspace(r, 10r, 5)) with r being the average distance from each
example to its 20th nearest neighbor and linspace(a, b, n) denoting the set of n linearly
spaced numbers between and including a and b.
In Fig. 1, we show the test errors of all methods averaged over 100 trials with different sizes of labeled data where we randomly select labeled samples so that each set
contains at least one sample from each class. As it can be seen, LapRLS method gives
the best results for the relatively small data set YaleB. However, for the other two, its
performance is poor. In general, the proposed GTG algorithm is either the best or the
second best algorithm; while its success is almost identical to that of the LGC method
in USPS and Yale-B, it gives superior results for 20-news.

4.2 Experiments with Asymmetric Similarities
We carried out experiments on three document data sets – Cora, Citeseer [14]9 , and WebKB10 . Cora contains 2708 machine learning publications classified into seven classes,
and there are 5429 citations between the publications. Citeseer consists of 3312
5

6
7
8

9
10

We select the optimal value of the parameter c with the best mean performance from the set
{400, 800, 1600, 3200, 6400, 12800}.
In obtaining the hard labels, we employ the class mass normalization step suggested in [20].
As in [17], we set the parameter α as 0.99.
We select the optimal values of the extrinsic and intrinsic regularization parameters γA and γI
from the set {10−6 , 10−4 , 10−2 , 1} for the best mean performance.
Both data sets are available at http://www.cs.umd.edu/projects/linqs/projects/lbc/
Available at http://www.nec-labs.com/˜zsh/files/link-fact-data.zip
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Fig. 1. Performance comparisons on classification problems with symmetric similarities

scientific publications, each of which belongs to one of six classes, and there are a
total of 4732 links. WebKB contains webpages collected from computer science departments of four universities (Cornell, Texas, Washington and Wisconsin), and each
classified into seven categories. Following the setup in [18], here we concentrate on
classifying student pages from the others. Each subset respectively contains 827, 814,
1166 and 1210 webpages and 1626, 1480, 2218 and 3200 links. In our experiments, as
in [18], we only considered the citation structure, even though one can also assign some
weights by utilizing the textual content of the documents. Specifically, we worked on
the link matrix W = (wij ), where wij = 1 if document i cites document j and wij = 0
otherwise.
Unlike our approach, the standard methods mentioned before, namely SGT, GFHF,
LGC and LapRLS, are subject to symmetric similarities. Hence, in this context, they
can be applied only after rendering the similarities symmetric but this could result in
loss of relevant information in some cases. In our evaluation, we restrict ourselves to
the graph-based methods which can directly deal with asymmetric similarities. Specifically, we compared our game-theoretic approach against our implementation of the
method in [18], denoted here with LLUD. We note that LLUD is based on the notion
of random walks on directed graphs and it reduces to LGC in the case of symmetric
similarities. However, it assumes the input similarity graph to be strongly connected,
so in [18] the authors consider the teleporting random walk (trw) transition matrix as
input, which is given by P η = ηP + (1 − η)P u where P = D−1 W and P u is the
uniform transition matrix. For asymmetric similarity data, we also define the payoffs in
terms of this transition matrix and denote this version with GTGtrw. In the experiments,
we fixed η = 0.99 for both LLUD and GTGtrw. To provide a baseline, we also report
the results of our approach that works on the symmetrized similarity matrices, denoted
with GTGsym. For that case, we used the transformation W = 0.5 × (W + W T ) for
SCOP, and the symmetrized link matrix W = (wij ) for the others, where wij = 1 if
either document i cites document j or vice versa, and wij = 0 otherwise.
The test errors averaged over 100 trials are shown in Fig. 2. Notice that the performances of GTGtrw and LLUD are quite similar on the classification problems in
WebKB data sets. On the other hand, GTGtrw is superior in the multi-class problems
of Cora and Citeseer. We should add that symmetrization sometimes can provide good
results. In Cora and Citeseer, GTGsym performs better than the other two methods.

Graph Transduction as a Non-cooperative Game

0.7

GTGtrw
GTGsym
LLUD

0.6
0.55
0.5
0.45

0.7

0.65

0.4
0.35
0.3

0.2
10

20
30
number of labeled points

40

0.55
6

50

10

20
30
number of labeled points

(a) Cora

40

50

2

4

6

(b) Citeseer

0.65

0.4
0.35
0.3

18

20

GTGtrw
GTGsym
LLUD

0.7
classification error rate

classification error rate

0.5

16

0.8
GTGtrw
GTGsym
LLUD

0.7

0.45

8
10
12
14
number of labeled points

(c) Cornell

0.8

GTGtrw
GTGsym
LLUD

0.6
0.55
classification error rate

0.5
0.45

0.25

0.6
0.4
0.35
7

GTGtrw
GTGsym
LLUD

0.6
0.55
classification error rate

0.75
classification error rate

classification error rate

0.65

0.8
GTGtrw
GTGsym
LLUD

0.65

203

0.6
0.5
0.4
0.3

0.6
0.5
0.4
0.3

0.25

0.2

0.2
2

4

6

8
10
12
14
number of labeled points

(d) Texas

16

18

20

0.1
2

0.2

4

6

8
10
12
14
number of labeled points

(e) Washington

16

18

20

0.1
2

4

6

8
10
12
14
number of labeled points

16

18

20

(f) Wisconsin

Fig. 2. Performance comparisons on classification problems with asymmetric similarities

5 Summary and Discussion
In this paper, we provided a game-theoretic interpretation to graph transduction. In the
suggested approach, the problem of transduction is formulated in terms of a multiplayer non-cooperative game where any equilibrium of the game coincides with the
notion of a consistent labeling of the data. As compared to existing approaches, the
main advantage of the proposed framework is that there is no restriction on the pairwise relationships among data points; similarities and thus the payoffs can be negative
or asymmetric. The experimental results show that the our approach is not only more
general but also competitive with standard approaches. In the future, we plan to continue exploring the generality of our approach when both similarity and dissimilarity
relations exist in data [15,6]. Another possible future direction is to focus on improving
the efficiency. In our current implementation, we use the standard replicator dynamics to reach an equilibrium but we can study other selection dynamics that are much
faster [13].
Acknowledgments
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Abstract
In this work we introduce a novel solution to the semantic image labelling problem,
i.e. the task of assigning semantic object class labels to individual pixels in a test image. Conventional methods are typically relying on random fields for modelling interactions between neighboring pixels and obtaining smooth labelling results using unary and
pairwise cost functions. Instead, we consider the labelling problem as a puzzle game,
where the final labelling is obtained by assembling discriminatively learned candidate
sets of label puzzle pieces, each representing a topological and semantically plausible
label configuration. The puzzle game is set up by means of a modified random forest
classifier, designed to learn the local, topological label-structure and hence the local context associated to the training data. To solve the puzzle game we propose an iterative
optimization technique that maximizes an agreement function by alternatingly seeking
for the best label puzzle piece per pixel and the resulting semantic labelling per image.
We provide both, theoretical properties of our puzzle solver algorithm as well as experimental results on the challenging MSRC and CamVid databases. In a direct comparison
with a conditional random field we obtain superior results, indicating the practicability
of our proposed method.

1

Introduction

The field of semantic image labelling has received great attention and evolved in a remarkable manner during the past couple of years. Given an input image, it aims for the proper
assignment of a-priori learned class labels to each pixel in a test image1 . For instance, a
typical street scene might result in coherently labelled regions of road, car, bicyclist and so
on. In order to obtain labellings reflecting the natural statistics of a scene, state-of-the-art
approaches [13, 18, 19] combine multiple, complementary cues at different levels within
c 2011. The copyright of this document resides with its authors.
It may be distributed unchanged freely in print or electronic forms.
1 For brevity reasons we use the terms image labelling or solely labelling interchangeably instead of semantic
image labelling throughout the paper.
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random field models [20]. These include low-level cues which are mostly computed on a
per-pixel basis and incorporate local color or texture statistics. Mid-level cues operate on regions or superpixels to provide shape, continuity or symmetry information. Motivated from
perceptual psychology [2, 3], high-level cues introduce global image statistics and information about inter-object or contextual relations, seeking for proper scene configurations at the
image level.
Many researchers are following the idea of Shotton et al. [31], putting special emphasis
on the generation of good unary potentials to be used in conjunction with a conditional random field (CRF) model. Indeed, unary potentials have a significant influence on the success
of a labelling algorithm. For instance, [31] uses an adapted version of joint boosting [35]
to train unary classifiers integrating textons [23] and shape filters. Similarly, [33] uses a
boosting approach to combine an extended set of different feature cues. Recently, several
methods [7, 15, 29, 32, 36] used random forests [1, 6, 12] for obtaining properly learned
combinations of local features like color, intensity derivatives, covariance features [26], textons, HOG features [10] or motion and 3D structure features [7].
To render the inference process more efficient and include segmentation information,
many works [21, 28] consider mid-level or super-pixel representations rather than individual
pixels. In such a way, the labelling problem is defined over regions, mostly obtained by
Mean Shift [9], graph-based approaches [11] or Normalized Cut [30]. To cope with suboptimal segmentations not following the desired object boundaries, [17, 25] combine multiple
segmentations or reshape superpixels to recover from errors as presented in [14]. Recently,
some researchers [18, 19, 27, 34] also started to incorporate high-level information, e.g.
contextual (semantic) or object detector information, into CRFs. This yields a considerable
improvement of the overall labelling results, since contradicting labellings can be resolved
by means of global or co-occurrence statistics. In other words, such information helps to
improve the labelling of adjacent regions being partially labelled by non-compatible object
class configurations.
The label space characterizing an image labelling problem instance does indeed exhibit
an inherently topological structure which renders the class labels explicitly interdependent.
Many approaches to labelling, however, are not exploiting this information properly, as they
rely on classifiers trained on a set of labeled images, which associate pixels only with single,
atomic class labels acting as arbitrary identifiers without any dependencies among them (e.g.
[7, 15]). In this way, the structured label space information in the training images remains
largely unexploited. As a consequence, labellings obtained at a low-level are quite noisy and
exhibit configurations of labels which never appeared in the training images. To alleviate
this effect, the atomic labels obtained by the base classifiers are combined in a more or less
sophisticated way, e.g. by means of a CRF. However, the rules guiding this label relaxation
process are typically imposed in a top-down fashion rather than being learnt from training
data. At a high-level, some efforts have been put on capturing topological relationships
between labels, e.g. by collecting co-occurrence statistics of categories in images. However,
the integration of this information in the labelling approaches leads typically to simplistic,
but expensive, high-order energy terms in CRFs, or to a-posteriori re-elaboration of low- or
mid-level labelling solutions.
Contributions. In this paper we propose a novel method to include local, contextual information into the low-level classification process. Instead of integrating a series of complementary cues within a random field model, we formulate the image labelling problem as the
task of assembling topological label information in a coherent way. Intuitively, our approach
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can be explained as a puzzle game where the puzzle pieces are represented by structured object class labels. These structured labels are directly obtained and learned from the ground
truth training data and always exhibit a semantically meaningful label configuration. In such
a way, the set of possible label puzzle pieces only shows plausible label configurations such
as a cow standing on grass but not on water. In concrete terms, the labelling of an image is
obtained as a result of a two-stage process. First, the label puzzle game is set up by assigning a set of plausible puzzle pieces to each pixel in the test image, using a modified random
forest classifier. Afterwards, we search for a solution of the label puzzle, which consists
of both, a per-pixel class label and puzzle piece selection, maximizing a measure of overall
agreement. This optimization problem is addressed by means of a heuristic, which alternates
between optimizing the image labelling and the per-pixel puzzle piece selection. As a result,
we obtain a joint labelling based on the selection of plausible, local label configurations,
respecting the local contextual information of neighboring pixels.
Paper organization. In Section 2 we describe our image labelling puzzle approach, and
provide related definitions and notations. In Section 3 we describe how to set up a label
puzzle game by means of a modified random forest classifier, which discriminatively learns
structured labels from the training data. In Section 4 we introduce an algorithm to solve the
label puzzle game, show its theoretical properties and analyse its complexity. Finally, we
provide experimental results and concluding remarks in Sections 5 and 6, respectively.

2

The Label Puzzle Game

In this section we propose our novel idea, which considers image labelling as the task of
assembling a kind of puzzle, where the pieces are label configurations (e.g. in our experiments they are square patches of labels) gathered from the training images during a learning
and classification process. Please note that this is in contrast to a common tiling or jigsaw
puzzle [8, 37], where the pieces form a partition of the target image in the image domain. Instead, we associate each pixel with a possibly different set of label puzzle pieces in the label
domain from which only one must be selected. Additionally, pieces belonging to different
pixels may overlap. Given a test image, the goal is to simultaneously assemble the related
puzzle and assign labels to pixels in a way such that the agreement of the selected pieces
with the underlying labelling is maximized.
Notations and definitions. An image is a function f : D → Rd mapping pixels in D ⊆ Z2 to
d-dimensional feature vectors, encoding different local cues of the image (e.g. color, gradient
features, filter banks). A labelling for an image is a function ` : D → Y mapping pixels to
labels in Y = {1, . . . , k}. A (label) puzzle piece is a (local) label configuration, i.e. a function
p : Z2 → Y ∪ {⊥} mapping two-dimensional points to labels or to void (⊥), a special symbol
indicating the absence of a label. The set of images, labellings and puzzle pieces (i.e. label
configurations) are denoted by I , L and P, respectively. A puzzle configuration is a
function z : D → P associating each pixel in D with a puzzle piece in P. The set of puzzle
configurations is denoted by Z . Note that, for notational convenience, we will write in the
sequel zi, j ∈ P instead of z(i, j) and we will denote with zi, j (u, v) the label in position (u, v)
in puzzle piece zi, j .
The agreement of a puzzle piece p ∈ P located in (i, j) ∈ D with a labelling ` ∈ L is
defined as the number of corresponding pixels sharing the same label, i.e.
φ (i, j) (p, `) =

∑
(u,v)∈D

[p(u − i, v − j) = `(u, v)] ,

(1)
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where [P] are the Iverson brackets yielding 1 if proposition P is true, 0 otherwise. Given a
puzzle configuration z ∈ Z and a labelling ` ∈ L , the total agreement Φ(z, `) of the image
labelling puzzle is the sum of the agreements of each puzzle piece in z with the labelling `,
i.e.
(2)
Φ (z, `) = ∑ φ (i, j) (zi, j , `) .
(i, j)∈D

The label puzzle game. A label puzzle game for an image f ∈ I is a function π f mapping
each pixel (i, j) ∈ D to a non-empty set of puzzle pieces π f (i, j) ⊆ P. This function restricts
the possible choices of puzzle pieces per pixel and, hence, also the set of admissible puzzle
configurations to

Z |π f = z ∈ Z zi, j ∈ π f (i, j) .
A solution of a label puzzle game π f is a pair (z∗ , `∗ ) ∈ Z |π f ×L consisting of an admissible
puzzle configuration and a labelling for f yielding the maximum total agreement:
n
o
(z∗ , `∗ ) ∈ arg max Φ(z, `) (z, `) ∈ Z |π f × L .
(3)
(z,`)

A heuristic for finding a solution of (3) will be discussed in Section 4.
An important component of our framework is the label puzzle game generator providing
the label puzzle game π f for any image f ∈ I we want to label. The generator is obtained
as the result of a supervised learning process, involving a set of labelled training images, and
will be discussed in the next section.

3

Label Puzzle Game Generator

In this section, we describe a puzzle game generator built upon an adapted random forest
classifier [16]. The basic idea is to collect a set of admissible label puzzle pieces for each
pixel in a test image, which will be used to create the label puzzle game. To this end, we
augment random forests with the ability of performing structured label predictions rather
than single and atomic classifications. In such a way we directly obtain structured labels as
output of our classifier, subsequently denoted as puzzle pieces.
Before moving into the details of our approach, we briefly review the traditional random
forest framework [1, 12]. A random forest is an ensemble of binary decision trees, each of
which is a classifier mapping samples in X to class labels in Y . In the context of image
labelling, the sample space X consists of a set of labelled patches (e.g. square regions of
pixels) extracted from the training images, where each patch is associated with the label of
a specific pixel it contains (typically the one in the center). The prediction for a sample
in a decision tree takes place by routing it from the root node to a leaf holding a class
label. The path followed by a sample moving along the tree is determined by split functions
ψ : X → {left, right} located in each node, according to which a sample is forwarded to
the left or right child. The prediction for the whole forest is computed using a majority
vote criterion from the predictions cast by its single decision trees. As for the learning part,
decision trees in a random forest are recursively trained by selecting in each node a split
function from a set of randomly generated ones, which induces a partition of the training
set showing the best information gain about the class label distributions due to the split.
According to the chosen split function in a node, the training set is then partially forwarded
to its left and right child, respectively. If the training samples reaching a node are less than a
given threshold, if they exhibit a low entropy in their class label distribution or if a maximum
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Figure 1: Pipeline of the construction of a label puzzle game. For each pixel (i, j) of the
test image f , we extract an image patch χ f (i, j) and compute a set of plausible puzzle pieces
π f (i, j) for it by means of a modified random forest.
depth in the tree is reached, the recursion stops and a leaf is grown. Finally, the class label
best represented in the training samples is assigned to the leaf.
To adapt the random forest to collect puzzle pieces, we change the label space from Y
to the set of puzzle pieces P. Hence, each decision tree can be considered as a function
h : X → P mapping image patches in X to puzzle pieces in P. Accordingly, the training
set consists of image patches with a corresponding structured label, i.e. a puzzle piece p ∈ P
collected from the ground truth. The shape of a puzzle piece may be arbitrary but, for
simplicity, we assume all puzzle pieces to have the same shape. Note that in our experiments
we considered simple square regions of labels as puzzle pieces, as illustrated in Figure 1.
Besides dealing with a structured label space, our decision trees present other significant
differences with respect to standard ones. First, we changed the way the best split function is
selected at each tree node in order to take the new label space into account. Specifically, we
randomly select for each node a point (i, j) ∈ Z2 and any training sample (x, p) ∈ X × P
reaching that node is given label p(i, j). By so doing, the same training sample may be
considered with different labels in different nodes, thereby exploiting the whole structure
of the puzzle piece during the tree construction. Moreover, the split function selection can
still be efficiently carried out using, e.g. the technique based on information gain. A second
difference is in the way a puzzle piece is selected as representative in a leaf: Given a leaf
of the tree, let T ⊆ X × P be the subset of the training set that reached the leaf during the
training procedure. Since we would like to select a representative close to the mode of the
distribution of puzzle pieces in the leaf, we estimate a conditional probability Pr(p|T ) of a
puzzle piece given T . For simplicity, we make a pixel independence assumption, thereby
obtaining:
Pr(p|T ) = ∏ Pr(i, j) (p(i, j)|T ) ,
(i, j)∈Z2

as product of the marginal class label distributions Pr(i, j) (y|T ) of pixels in position (i, j)
given T , where
1
Pr(i, j) (y|T ) =
∑ [p(i, j) = y] .
|T | (x,p)∈T
The puzzle piece representative p∗ for the leaf is then selected as the one maximizing the
joint probability over the set of available puzzle pieces:
p∗ ∈ arg max {Pr(p|T ) | (x, p) ∈ T for some x ∈ X } .
p
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Finally, a random forest {h1 , . . . , hn } consisting of n trees can be considered as a function
H mapping image patches x ∈ X to non-empty sets of puzzle pieces H(x) ⊆ P in the
following way:
H(x) =

n
[

{hk (x)} .

k=1

Note that, as opposed to standard random forests, the predictions gathered from the single
decision trees are not merged into a single puzzle piece, but we keep them all as a set of
puzzle pieces. The modified random forest can then be used to generate a label puzzle game
for an image f ∈ I as follows:
π f (i, j) = H(χ f (i, j)) ,

(4)

where χ f (i, j) ∈ X denotes the patch extracted from image f ∈ I in position (i, j) ∈ D. In
Figure 1, we summarize the label puzzle game generation process for a particular image.

4

Label Puzzle Game Solver

The optimization problem in (3) underlying our image labelling approach is in general nontrivial to solve. The algorithm we propose in this section is a heuristic, which is simple and
effective as shown in the experiments conducted (see Section 5). It is based on an alternating optimization technique, where we iteratively switch between optimizing the labelling
variable ` ∈ L and the puzzle configuration variable z ∈ Z |π f .
Let `(t) be the labelling of the image at a given time t ≥ 0. The puzzle configuration
(t+1)
z
at time t + 1 can be obtained according to the following updating scheme:
n


o
(t+1)
zi, j ∈ arg max φ (i, j) p, `(t) p ∈ π f (i, j) ,
(5)
p

which selects for each pixel (i, j) ∈ D a puzzle piece in the set π f (i, j) maximizing the
agreement with the labelling `(t) . On the other hand, given the puzzle configuration z(t+1) ∈
Z |π f at time t + 1, we compute the new labelling `(t+1) ∈ L by taking a majority vote over
all puzzle pieces as follows:
(
)
h
i
(t+1)
(t+1)
`
(u, v) ∈ arg max
(6)
∑ zi, j (u − i, v − j) = y y ∈ Y .
y

(i, j)∈D

The iterative process is started from an initial labelling `(0) ∈ L and, by repeatedly applying rules (5) and (6), it will eventually converge towards a local solution of (3). Theorem
1, indeed, provides a theoretical guarantee that the iterative scheme never decreases the value
of the objective function Φ.
Theorem 1. Let π f be a label puzzle game for image f ∈ I , let `(0) ∈ L be an initial
labelling for f , and let z(0) ∈ Z |π f be an initial puzzle configuration. Then for any t ≥ 0 we
have




Φ z(t+1) , `(t) ≥ Φ z(t) , `(t)
(7)
and





Φ z(t+1) , `(t+1) ≥ Φ z(t+1) , `(t)

where z(t+1) and `(t+1) are computed according to (5) and (6), respectively.

(8)
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Building
Grass
Sign
Tree

Figure 2: A labelling example of the proposed approach. Top to bottom, left to right: Image
to be labelled, groundtruth labelling, initial random forest classification, labellings obtained
by our approach after t = 0, 5, 10, 20, 35, 50 iterations, final label captions.
Proof. By (5) we have for all t ≥ 0 and (i, j) ∈ D:




(t+1)
(t)
φ zi, j , `(t) ≥ φ zi, j , `(t) .
By summing up each side of this inequality for all pixels (i, j) ∈ D we obtain (7).
As for the second inequality, note that by (6) and (1) we have
h
i
h
i
(t+1)
(t+1)
∑ zi, j (u − i, v − j) = `(t+1) (u, v) ≥ ∑ zi, j (u − i, v − j) = `(t) (u, v)
(i, j)∈D

(i, j)∈D

for all (u, v) ∈ D. This together with a trivial re-ordering of the summations yields


Φ z(t+1) , `(t+1) =

∑

∑

h
i
(t+1)
zi, j (u − i, v − j) = `(t+1) (u, v)

(u,v)∈D (i, j)∈D

≥

∑

∑

h
i


(t+1)
zi, j (u − i, v − j) = `(t) (u, v) = Φ z(t+1) , `(t)

(u,v)∈D (i, j)∈D

from which the result derives.
As for the computational complexity of the solver, let N be the number of pixels, K the
average number of puzzle pieces per pixel, M the number of non-void elements of a puzzle
piece, k the number of labels, and γ the number of iterations. An update step for the pixel
configuration z has complexity O(K · M · N), while an update step for the labelling ` has complexity O ((k + M) · N). The overall complexity is thus given by O (γ · (k + M + KM) · N).
Note that in our experiments we stopped the iterative process if either a fixed point or a
maximum number γ = 75 of iterations was reached.

5

Experiments

In order to demonstrate the quality of our method, we evaluate on the challenging and widely
known CamVid [7] and MSRCv2 [31] databases. We use almost the same setup for both
databases, i.e. we collect the training samples on a regular grid with a stride of 10 (CamVid)
or 5 (MSRCv2) and apply an inverse weighting scheme to correct the imbalance of the training sample distribution. We train forests consisting of 15 decision trees with 500 iterations
per node test, stopping when less than 5 samples were available per leaf node. The feature patch sizes are fixed to 20 × 20 while we evaluate different puzzle piece sizes on the
MSRCv2 database.
We use the following feature cues: CIELab raw channel intensities, first and second
order derivatives of the luminance channel and correlation coefficients between covariances
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60

68

58

Class Average accuracy (%)

Global pixel accuracy (%)

Global score vs. Label Puzzle Piece Size
70

66
64
62
60
58
Unary

5x5
7x7
9x9
11x11
Label Puzzle Piece Size (Pixel)

13x13

56
54
52
50
48
46
Unary

5x5
7x7
9x9
11x11
Label Puzzle Piece Size (Pixel)

13x13

Figure 3: Evaluation of label puzzle piece sizes and their impact on the global pixel (left)
and class average (right) accuracies for the MSRCv2 database.
of the RGB raw channel intensities and the first order derivatives of the grayscale intensity
image, similar to [15, 26]. The pixel-wise classifications (unary) are computed according to
the class label distribution of the central pixels of the puzzle piece returned by the trees. In
order to obtain the initial pixelwise labelling `(0) for the puzzle solver, we take a majority
vote decision based on the label statistics collected over all overlapping puzzle pieces. For
performance evaluation, we use standard criteria as e.g. used in [31]. These are the Global
Pixel Average, i.e. the fraction of correctly classified pixels computed over all classes and
test images, and the more strict Class Average, defined as the fraction of correctly classified
pixels belonging to a specific category over all test images.
On both databases, we compare to the labelling results obtained by minimizing the energy term of a conditional random field (CRF) model with graph cuts, when supplied with
our random forest classification results. We use the publicly available GCO implementation2 [5] and the alpha expansion solver. As unary or data terms, we provide the central label
statistics over the puzzle pieces of the entire forest. For the pairwise or smoothness term we
use the standard, contrast-sensitive Potts model as suggested in [4].

5.1

MSRCv2 Database

This database consists of 532 images containing 21 object classes and predefined splits into
276 training and 256 test images as suggested in [31]. Our random forests obtain pixel classification scores of (59.3/47.2%) (global/class average) which are higher than the scores
obtained by related random forest approaches of Kluckner et al. [15] (55.8/42.2%), the
naive, supervised approach of Shotton et al. [32] (49.7/34.5%) and Lazebnik et al. [22]
(53.3/40.7%) using combinations of color, textons and SIFT [24] features. There are however methods starting with a significantly better baseline as in Schroff et al. [29] (69.7/ − %)
which we were not able to reproduce.
Influence of puzzle piece sizes In Figure 3 we show the influence of the puzzle piece
size on the obtained classification scores. The correlation between label puzzle size and
classification score is clearly indicated for both performance measures. This strengthens
our initial assumption that the introduction of contextual information at the local level is
viable for image labelling. Further increase of the label puzzle pieces will likely introduce
smoothing effects along the object boundaries unless a sufficient amount of label transitions
are captured during the training phase.
Comparison to CRF As illustrated in Table 5.1, we obtain superior results for both, the
global pixel labelling accuracy and the more strict per-class average score when compared to
a CRF. With our method we always improve over the baseline classification and are superior
2 http://vision.csd.uwo.ca/code/
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56
59

Cat

44
58
70
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Water

94
93
96

Chair
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62
74
81

Book

Sky

53
66
78

Bird

Sheep

75
83
83

Sign

Cow

93
96
96

Flower

Tree

28
28
43

Bicycle

Grass

47
57
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Face

Building

59
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Car

Class Avg
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Unary
Unary + CRF
Unary + Puzzle

Global
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63
70
71

36
45
55

57
81
79

60
80
73

32
39
42

19
23
25

44
64
59

19
32
29

61
75
75

36
56
53

29
42
40

25
31
37

5
4
6

Table 1: Comparison of scores on MSRCv2 database in [%] for puzzle piece size of 11 × 11.
Unary are the scores obtained by the structured random forest classifications alone, Unary
+ CRF are the results using the conditional random field and Unary + Puzzle refers to the
final labelling result, obtained by our proposed method. Bold style indicates best score while
underlined scores are same among CRF and our approach.

Figure 4: Qualitative labelling results obtained by our method on the MSRCv2 database.
First row: Original image, Second row: Ground truth labelling, Third row: Unary classifications, Last row: Our proposed labelling approach.
or equal to the CRF in 15/21 classes. Our final labelling result is in a comparable range of
those reported in [15, 22, 29, 31]. We are aware that state-of-the-art methods [18] achieve
higher scores on the MSRCv2 database, however, they are using higher-order terms in the
CRF and globally learned contextual information while we deliberatly restrict our method to
local classification results.

5.2

CamVid Database

The Cambridge-driving Labeled Video Database (CamVid) [7] is a collection of videos captured on road driving scenes, consisting of more than 10 minutes of high quality (970 × 720),
30 Hz footage. A subset of 711 images is almost entirely annotated into 32 categories, however, in our experiments on this database we used only the 11 commonly used categories
with the same splits for training and testing as presented in [7, 33]. Our unary classifaction
results are (70.7/44.8%) (global/class average) which are improved to (75.0/47.8%) when
using the CRF model. However, with our proposed label puzzle approach we can boost the
scores to (81.7/49.6%), showing competitive results in comparison to Brostow et al. [7]
(69.1/53.0%), and Sturgess et al. [33] (76.4/59.8%) and (79.8/59.9%) in a CRF setting
with only unary terms and unary+pairwise terms, respectively.
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Conclusion

In this paper we have proposed a novel approach for the task of image labelling, which allows to exploit local contextual information and the label topological structure observed in
the training data. This is achieved by defining a label puzzle game, where a final labelling
is obtained by maximizing the mutual agreement of structured class labels (our label puzzle
pieces), which are associated with every pixel. We introduced a modification of the random
forest classifiers in order to discriminatively learn and provide the structured class labels
needed for the construction of a label puzzle game. We showed how the optimization problem underlying our approach can be optimized in order to obtain the final labelling, and we
provided theoretical properties and a complexity analysis of our algorithm. Our approach
achieved superior results in experiments on the MSRCv2 and CamVid databases when directly compared to a standard CRF formulation, supporting our claim that high-quality labelling results can be obtained by properly learning and integrating local contextual information at a low-level. As a future work, we plan to extend our approach by incorporating
additional mid-level cues and global co-occurrence statistics.
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Abstract
In this paper we propose a simple and effective way to integrate structural information in random forests for semantic image labelling. By structural information we refer to
the inherently available, topological distribution of object
classes in a given image. Different object class labels will
not be randomly distributed over an image but usually form
coherently labelled regions. In this work we provide a way
to incorporate this topological information in the popular
random forest framework for performing low-level, unary
classification. Our paper has several contributions: First,
we show how random forests can be augmented with structured label information. In the second part, we introduce a
novel data splitting function that exploits the joint distributions observed in the structured label space for learning typical label transitions between object classes. Finally, we provide two possibilities for integrating the structured output predictions into concise, semantic labellings.
In our experiments on the challenging MSRC and CamVid
databases, we compare our method to standard random forest and conditional random field classification results.

1. Introduction
The field of visual object classification has received great
attention and evolved in a remarkable manner during the
past couple of years. Besides major progresses in the development of new image representations, a large variety
of novel machine learning algorithms have been developed
and applied to problems in the computer vision domain like
object detection, classification, tracking, or action recognition. In this work we present a novel classification algorithm based on random forests, customized to the application of semantic image labelling [27, 9], i.e. a per-pixel classification of an image.
Using supervised learning algorithms for semantic image labelling typically requires a large amount of densely
labelled training data. A label image corresponding to a

x
(u, v)

p

Figure 1. Training data example, as used in our proposed structured learning random forest. While standard random forests associate only the center label at position (u, v) to an image patch x,
we incorporate the topology of the local label neighborhood p and
therefore learn valid labelling transitions among adjacent object
categories. Here: person, building and bicycle.

natural scene exhibits structured information, respecting the
topology shown in the scene. For instance, a typical street
scene might result in coherently labelled regions of road,
car, bicyclist and so on. Structured learning [30] provides
ideas to take this form of additional, structural information
into account and therefore intuitively fits to the needs of
semantic image labelling or segmentation. Considering our
example of the street scene, structured learning allows to integrate the actual label topology in the training process, e.g.
a car should be driving on a road, but not on top of a building. However, exploiting this form of topological structure
of the label images directly in machine learning algorithms
for computer vision problems is still widely ignored.
For the task of semantic image labelling, state-of-the-art
approaches [16, 17, 13, 24] are typically using complementary features at different levels within random field models [18]. Low-level features are mostly calculated on a perpixel basis and incorporate local color or texture statistics,
while mid-level features operate on regions or superpixels
to provide shape, continuity or symmetry information. Motivated by perceptual psychology [3], high-level features introduce global image statistics and information about inter-

object or contextual relations, seeking for proper scene configurations on the image level. In such a way, structural information is mostly incorporated on the highest, semantic
level. Recently, [31] presented a way to effectively learn a
contextual model named Auto-context. A boosting classifier is trained by iteratively learning from appearance and
contextual information, collecting typical structures from
the images. However, the learning phase is computationally
very demanding. Other approaches like boosted random
fields [29] or SpatialBoost [2] share both the disadvantage
of significant computational complexity when considering
contextual beliefs as weak learners. The work in [4] introduces a generalization of a support vector machine (SVM)
for structured output regression, used to predict bounding
boxes for the task of object localization. Finally, we refer
to [23], which gives a comprehensive tutorial on structured
learning and prediction in computer vision.
In this paper, we provide a simple but effective way to incorporate structural information in the popular random forest [8, 1, 12] learning algorithm which is considered to be
competitive to other state-of-the-art learning techniques like
boosting or SVMs. Inspired by ideas of structured learning
we provide a novel way to incorporate joint statistics about
the local label neighborhood in the random forest framework for learning typical labelling transitions among object
class categories, as illustrated in Figure 1. In contrast to
standard classification, which can only deal with a single
(atomic) label per training sample during the training process, we take structured labelling information of the label
neighborhood into account. Including this information at
the classification level drastically improves the results and
simultaneously counteracts the assignment of meaningless
label configurations, as experienced when using standard
random forests. Our proposed method is easy to implement
and we show superior results on all our conducted experiments for the task of semantic image labelling on the challenging CamVid [9] and MSRCv2 [27] databases in comparison to standard random forests. To sum up, using our
proposed structured learning method possesses several advantages when used for semantic image labelling:
• Including the label topology in the training stage yields
a classification stage, that respects the label configurations observed during training
• Using structured label information in the classification
avoids assigning implausible label transitions
The major drawback of our method is the need for densely
labelled training data. However, this problem is shared with
state-of-the-art image labelling algorithms and the results of
our experiments on the MSRCv2 database indicate that also
non-completely labelled training data are well handled by
our method.

2. Randomized Decision Forests
We start by providing a brief review of the randomized decision forests [1, 12] and introducing some notations
which will be used in the subsequent sections. Randomized
decision forests exhibit several appealing properties: They
are extremely fast for training and classification, can be easily parallelized [25], are inherently multi-class capable, tend
not to overfit and are robust to label noise [8].
A (binary) decision tree is a tree-structured classifier
which makes a prediction by routing a feature sample x ∈
X through the tree to a leaf, where the actual classification
is taking place. A leaf L F(π) ∈ T is the simplest form of
a decision tree and is able to cast a class prediction π ∈ Y
for any sample it is reached by. In all other cases, a decision
tree is a node N D(ψ, tl , tr ) ∈ T, which is characterized by a
binary test (or split) function ψ(x) : X → {0, 1}, a left decision sub-tree tl ∈ T and a right decision sub-tree tr ∈ T.
The role of the test function is to decide whether a sample
feature x reaching the node should be forwarded to its left
decision sub-tree tl if ψ(x) = 0, or to its right decision
sub-tree tr if ψ(x) = 1.
A (binary) decision forest is an ensemble F ⊆ T of
(binary) decision trees which makes a prediction about a
sample feature by averaging over the single predictions collected from the trees in the ensemble.
Class prediction. A class prediction for a sample x ∈ X
can be obtained from a tree t ∈ T by recursively branching
the sample down the tree until a leaf is reached. Formally,
we write the tree prediction function h(x | t) : X → Y for
a decision tree t ∈ T recursively as
(
h(x | tl ) if ψ(x) = 0 ,
h(x | N D(ψ, tl , tr )) =
h(x | tr ) if ψ(x) = 1 ,
h(x | L F(π)) = π .
The class prediction of a sample x ∈ X given a forest
F can then be obtained from the individual decision tree
predictions as the one receiving the majority of the votes,
i.e.,
X
y ∗ = arg max
[h(x|t) = y] .
(1)
y∈Y

t∈F

where [Q] is the Iverson bracket which gives 1 if proposition Q is true and 0 otherwise. Combining the outputs
of multiple decision trees into a single classifier supports
the ability to generalize and mitigates the risk of overfitting,
which may affect single decision trees.
Randomized training. We train the binary decision forest according to the extremely randomized trees algorithm
[12]. Each tree in a forest is trained independently on a random subset of the training set D ⊆ X × Y according to a

recursive learning procedure. If D is smaller than a minimum size or if the entropy of its class distribution E(D) is
below a given threshold, a leaf L F(π) is grown where the
class prediction π is set to the most represented class in the
training data D, i.e.,
π ∈ arg max
z∈Y

X

[y = z] .

(2)

ψ = arg max {E(D) − E(D ; ψ 0 )} = arg min E(D ; ψ 0 )
ψ 0 ∈Ψ

ψ 0 ∈Ψ

= arg min
ψ 0 ∈Ψ

0

ψ (1) (x | θ1 , τ ) = [I(u,v,0)+θ1 > τ ] ,
ψ (2) (x | θ1 , θ2 , τ ) = [I(u,v,0)+θ1 − I(u,v,0)+θ2 > τ ] ,
ψ (3) (x | θ1 , θ2 , τ ) = [I(u,v,0)+θ1 + I(u,v,0)+θ2 > τ ] ,


ψ (4) (x | θ1 , θ2 , τ ) = I(u,v,0)+θ1 − I(u,v,0)+θ2 > τ ,

(x,y)∈D

Otherwise a node N D(ψ, tl , tr ) is grown, where ψ is a test
function selected from a randomly generated set Ψ, maximizing the expected information gain about the label distribution due to the split {Dlψ , Drψ } of the training data, which
has been induced by ψ [21]:

(

task. The following are the most commonly used ones:

)
|Dlψ |
|Drψ |
ψ0
ψ0
E(Dl ) +
E(Dr ) .
|D|
|D|
0

where θi = (δui , δvi , ci ), i = 1, 2, are displacement parameters relative to the patch center used to index a point in the
patch, and τ ∈ R is a threshold. Note that test functions of
random type and with randomly generated parameters are
drawn during the training procedure to form the sets Ψ of
split functions in each node of the decision trees.
Once a random forest F has been trained, the classification of a test image can be naively obtained by labelling
each pixel with the most probable class predicted by the forest, centered on the d × d patch.

4. Structured Learning in Random Forests
Finally, the trees tl and tr are recursively grown with
their respective training data Dlψ and Drψ .
In case of unbalanced training data among the different classes to be learned, the tree classifiers can be trained
by weighting each label z ∈ Y according to the inverse
class frequencies observed in the training data D, i.e., ωz =
P
−1
. The weights are also considered
(x,y)∈D [y = z]
in the computation of the expected (weighted) information
gain, which determines the selection of the best test function during the training procedure. This allows to reduce
the class average prediction error.

3. Random Forests in Computer Vision
Recently, random forests were customized for a large variety of tasks in computer vision [5, 11, 20, 19, 21, 22].
Typically, computer vision applications have used random
forests for classification tasks in the image domain, where
the feature space is anchored to a pixel grid topology. They
are trained on a specific feature space X , which consists of
a set of d × d patches extracted from a set of multi-channel
images I, where channels may include color features such
as gradients, filter banks, etc.
More formally, a multi-channel training image is a 3dimensional matrix I and I(u,v,c) denotes the value at pixel
(u, v) and channel c in the image. A patch is simply a
triplet (u, v, I) ∈ X , representing the coordinates (u, v)
of the patch center in image I ∈ I. The label space
Y = {1, . . . , k} is given by the set of k object classes we
are going to find in the images.
Different types of test functions for a patch x =
(u, v, I) ∈ X have been investigated for the classification

In traditional classification approaches like the one presented in the previous section, input data samples are assigned to single, atomic class labels, acting as arbitrary
identifiers without any dependencies among them. For
many computer vision problems however, this model is limited because the label space of a classification task does exhibit an inherently topological structure, which renders the
class labels explicitly interdependent. Although this structured label space is already present in the training data, it
remains largely unexploited by standard classification approaches, like the random forests introduced in the previous sections. Consequently, when applying standard random forest classifiers for semantic image labelling, the obtained results are quite noisy (e.g., see Figure 2(c)). Indeed,
a random patch extracted from the labelled image will likely
show a configuration which never appeared in the groundtruth classification used to train the classifiers.
To overcome this limitation, we propose a novel way
of enriching the standard random forest classifiers by rendering them aware of the local topological structure of the
output label space. Towards this end, we depart from the
traditional classification paradigm and address the problem
from a structured learning perspective [30] within the random forest framework.

4.1. Structured Label Space
Our structured label space P consists of d0 × d0 patches
0
0
of object class labels, i.e., P = Y d ×d . With pij ∈ Y we
denote the ij-entry of the label patch p. Additionally, we
index the entries in a way that index (0, 0) takes the central position. To distinguish between a patch x from the
feature space X (see, Section 3) and a patch p from the

maximizing the joint probability:
π = arg max Pr(p|Pt ) .

(4)

p∈Pt

(a) Original

(b) Ground truth

Selection of π based on joint probability
Figure 3. Example of label patches reaching a leaf during training.
Based on the joint probability distribution of labels in the leaf a
label patch π is selected.

(c) Random Forest

4.2. Test Function Selection for Structured Labels

(d) Our method

Figure 2. Examples of object class segmentations using unary classifiers. Best viewed in color.

structured label space P, we refer to them as feature patch
and label patch, respectively. Each training feature patch
x = (u, v, I) has an associated label patch p which holds
the labels of all pixels of image I within a d0 × d0 neighborhood of (u, v) (see, Figure 1). In other words, pij is the
label of pixel (u + i, v + j) in image I. Please note that the
size d0 of the label patch may differ from the size d of the
feature patch.
In the next subsection we show how the split function
selection strategy in the nodes of the random forest will be
adapted to account for the new label space. However, for
the moment we will simply assume that the training patches
from D ⊆ X × P have been routed through the tree to the
leafs. Consider now a leaf t and let Pt ⊆ P be the set of
label patches present in the training data used to grow the
leaf (see Figure 8). Then, the class label π parametrizing
the leaf is now a structured label of size d0 × d0 from P and
not just an atomic label from Y as in the standard random
forest. A good selection for the structured class label should
represent a mode of the joint distribution of the label patches
in Pt .
In order to keep the complexity of this step low, we compute the joint probability by making a pixel independence
assumption as
Pr(p|Pt ) =

Y

Pr(i,j) (pij |Pt ) ,

(3)

i,j

where Pr(i,j) (c|Pt ) represents the marginal class distribution over all the label patches of pixel position (i, j). The
label patch π is finally selected for leaf t as the one in Pt

The change introduced in the label space should be coupled with an adaptation of the way a test function is selected
in each node of the random forest during the training procedure in order to account for the additional information carried by the structured labels. One naive solution is to port
the test selection criterion actually used in the standard random forest to our context, e.g., by simply associating each
patch with the label we find in the center of the associated
label patch p. This, however, results in a split of the training set which is identical to what the standard random forest
implementation does, without thus properly exploiting the
label topology.
In order to take advantage of the new label space, we propose to select the best split function at each node based on
the information gain with respect to a two-label joint distribution. Specifically, we associate each training pair (x, p)
with two labels: One label is provided by the patch central pixel label p00 , whereas the second one is given by pij ,
where (i, j) is a patch label position which has been uniformly drawn (once per node). By adopting this new test
function selection criterion, all entries of a label patch have
the chance to actively influence the way a feature patch is
branched through the tree during the training procedure.
One drawback of this new test selection method is the
increased complexity deriving from the evaluation of the 2label joint distribution (|Y|2 elements) instead of the simple,
single label distribution (|Y| elements). To overcome this
we consider also a different test function selection method,
which consists in associating each training pair (x, p) with
just one label, but instead of considering label p00 of the
central pixel, we consider a label pij from a random position (i, j), which is generated once per node. By so doing,
we still have the effect that all entries of the label patch may
influence the learning procedure, but at no higher computational cost.

4.3. Structured Label Predictions
The structured predictions gathered from the trees of a
forest have to be combined into a single label patch prediction. To this end, we follow a procedure which is similar to
the one adopted in order to select the label patch π in a leaf
(see Section 4.1).
Consider a trained forest F , a test patch x = (u, v, I).
and let PF be the set of predictions for x gathered from
each tree t ∈ F :
PF = {h(x|t) ∈ P : t ∈ F } .

(5)

Similarly to (4), the label patch prediction of the forest F
for feature patch x is given by the one maximizing the patch
label joint probability estimated from PF , i.e.,
p∗ = arg max Pr(p | PF ) ,

(6)

p∈PF

where Pr(p|PF ) is defined as in (3).
ψ
ψ

..
.

ψ

ψ

ψ

Figure 5. Fusion of structured predictions. Each pixel collects
class hypotheses from the structured labels predicted for itself and
neighboring pixels, which have to be fused into a single class prediction. For clarity reasons, only 5/9 label patches are drawn. Best
viewed in color.

4.5. Optimizing the Label Patch Selection
A different and more principled approach to the computation of the final labelling can be obtained by optimizing
the label patch selection with respect to a given labelling
rather than solely taking (6) for each pixel. This allows to
better exploit the label patch diversity in the set of predictions PF obtained from (5).
We define the agreement of an individual label patch p
located at (i, j) ∈ I with a given labelling ` ∈ L as the
number of corresponding pixels sharing the same label, i.e.
X 

φ(i,j) (p, `) =
p(u−i)(v−j) = `uv .
(7)
(u,v)∈I

Figure 4. Prediction of the structured label of a feature patch in
a random forest. The feature patch is routed through each tree in
the forest according to the test functions ψ in the tree nodes until a
leaf is reached, holding the learned label transitions between colorcoded classes. The structured label in the leaf is then assigned to
the feature patch. Best viewed in color.

4.4. Simple Fusion of Structured Predictions
As opposed to standard classification algorithms which,
given a test image I, directly assign an object class label to
a each pixel, our classifiers cast a prediction for each pixel,
involving also the neighboring ones. Indeed, if p ∈ P is the
patch label predicted for pixel (u, v) in a test image then a
neighbor (u + i, v + j) in a d0 × d0 neighborhood of (u, v)
could be classified as pij ∈ Y. Hence, for each test pixel we
collect d0 × d0 class predictions, which have to be integrated
into a single class prediction. A simple way of performing
this operation consists in selecting the most voted class per
pixel. This process is illustrated in Figure 5.
The outcome of this fusion step is a labelling ` from the
set L of all possible labellings for the image, `uv ∈ Y being
the class label associated with pixel (u, v).

Furthermore, let z ∈ ZI be an assignment of label patches
to pixels in I, zuv ∈ PF being a label patch for pixel (u, v)
taken from (5), where ZI denotes the set of all such assignments for image I. Then, for a particular configuration
z ∈ ZI and a labelling ` ∈ L, the total agreement Φ(z, `)
is defined as the sum of agreements of each label patch in z
with the labelling ` according to
X
Φ(z, `) =
φ(u,v) (zuv , `) .
(8)
(u,v)∈I

As we want to find the label patch configuration that leads
to the maximum total agreement with the labelling of a
test image I, we can write the optimal solution as a pair
(z∗ , `∗ ) ∈ ZI × L, where
(z∗ , `∗ ) ∈ arg max {Φ(z, `) | (z, `) ∈ ZI × L} .

(9)

(z,`)

To solve (9), we use a simple, iterative optimization method
that alternates between selecting the best agreeing label
patch per pixel and producing a new labelling as described
in Section 4.4. For a more detailed description, we refer the
interested reader to our recent work [15].

5. Experiments
In this section we evaluate our proposed structured learning random forest algorithm on the challenging CamVid [9]
and MSRCv2 [27] databases for the task of semantic image labelling. For performance reasons, we implemented
our method in C++ and ran all experiments on a standard
desktop computer with 2.9 GHz and 2 GB RAM.
In all our experiments we show a comparison to a standard random forest implementation (denoted as ’Our Baseline RF’), which is actually a special instance of our method
with a label patch size of 1 × 1 and a fixed label center position. Where available, we list results of state-of-the-art
methods [27, 9, 14] that are also using random forests (but
not the same features), in order to show that our baseline
random forest implementation achieves state-of-the-art performance. Additionally, we compare to the results obtained
when minimizing the energy term of a pairwise, conditional
random field (CRF) model with graph cuts, using the publicly available GCO [7] implementation1 . To this end, we
provide the class label statistics of the baseline random forest as unary or data terms and use the standard, contrastsensitive Potts model as suggested in [6] for the pairwise or
smoothness term.
To show the impact of the respective stages of our
method, we evaluate different training [’Structure’ / ’Full’]
and classification [’Simple Fusion’ / ’Optimized Selection’]
procedures as follows: ’Structure’ considers the structured
label patches but only takes one random label position, i.e.
a single label distribution into account for training. ’Full’
considers structured label patches and the two-label joint
distribution in the split functions (see Section 4.2 for more
details). ’Simple Fusion’ and ’Optimized Selection’ refer
to the fusion methods of the structured output predictions
as described in Sections 4.4 and 4.5, respectively.
We used the same, primitive low-level features for training both, our baseline and our novel structured learning
random forests, since our primary intention is to show the
improvement when the label topology is taken into account: CIELab raw channel intensities, first and second order derivatives as well as HOG-like features, computed on
the L-Channel. In all experiments we fixed the feature patch
size to 24 × 24 and trained 10 trees, using 500 iterations for
the node tests and stopping when less then 5 samples per
leaf were available.
We list the scores of our experiments according to the
same evaluation criteria as used in [27, 9, 14] and additionally include the more strict average intersection vs. union
score as e.g. used in the PASCAL VOC challenges [10]. In
particular, ’Global’ refers to the percentage of all pixels that
were correctly classified, ’Avg(Class)’2 expresses the aver-

Method

Global

Avg(Class)

RF using Motion and Structure cues [9]

61.8

43.6

-

Our Baseline RF
Our Baseline RF + CRF

69.9
74.5

42.2
45.4

30.6
33.8

Our method (Structure + Simple Fusion)
Our method (Full + Simple Fusion)
Our method (Full + Optimized Selection)

74.8
76.8
79.2

45.0
46.1
46.0

34.1
35.4
36.2

Table 1. Classification results on CamVid database for label patch
size 13 × 13.

age recall over all classes and ’Avg(Pascal)’3 denotes the
average intersection vs. union score.

5.1. CamVid Database Experiments
The Cambridge-driving Labeled Video Database
(CamVid) [9] is a collection of videos captured on road
driving scenes. It consists of more than 10 minutes of high
quality (970 × 720), 30 Hz footage and is divided into four
sequences. Three sequences were taken during daylight
and one at dusk. A subset of 711 images is almost entirely
annotated into 32 categories, but we used only the 11
commonly used categories with the same splits for training
and testing as presented in [9, 28].
We resized the training images by a factor of 0.5 and randomly collected training samples on a regular lattice with a
stride of 10, resulting in approximately 850k training samples. The training time per tree is 23 minutes when using the
single label test and 30 minutes with the joint label test. For
the experiment where we only consider the labelling transitions, we reduced the stride to 8. In order to correct the
imbalance among samples of different classes, we applied
an inverse frequency weighting as mentioned in Section 2.
CamVid - 11 Classes. The standard protocol for evaluating on the CamVid database considers the following 11
object categories, forming a majority of the overall labelled
pixels (89.16%): ROAD , B UILDING , S KY, T REE , S IDE WALK , C AR , C OLUMN P OLE , S IGN -S YMBOL , F ENCE ,
P EDESTRIAN and B ICYCLIST. In Table 1 we list our results using a label patch size of 13 × 13, clearly indicating
the performance boost when using our proposed structured
learning method over the standard random forest. We can
achieve comparable results to the CRF implementation with
the Simple Fusion approach and significantly increase the
scores using the Optimized Selection. We explain this by
the fact that our method is restricted to pick from a candidate set of semantically plausible label patches provided by
the trees, rather than propagating arbitray label configurations in the associated graph.
In Figure 6 we show the influence of the label patch size,

1 http://vision.csd.uwo.ca/code/
2

True Positives
True Positives + False Negatives

Avg(Pascal)

3

True Positives
True Positives + False Negatives + False Positives

Classification Results vs. Label Patch Size

Method

80
75

Classification results (%)

70
65
60
Global
Avg(Class)
Avg(Pascal)

55

Global

Avg(Class)

Avg(Pascal)

Texton forests naı̈ve (supervised) [26]
RF using covariance features [14]

49.7
55.8

34.5
42.2

-

Our Baseline RF
Our Baseline RF + CRF

54.8
61.0

43.4
52.8

28.3
35.1

Our method (Structure + Simple Fusion)
Our method (Full + Simple Fusion)
Our method (Full + Optimized Selection)

60.8
60.8
63.9

51.0
51.1
55.6

33.8
33.9
37.6

Table 3. Classification results on MSRCv2 database for label patch
size 11 × 11.

50
45
40
35

30
Unary

3x3

5x5
7x7
9x9
Label Patch Size (Pixel)

11x11

13x13

Figure 6. Classification results on CamVid database as a function
of the label patch size using Simple Fusion.
Method

Global

Avg(Class)

Avg(Pascal)

Our Baseline RF
Our Baseline RF + CRF

63.8
68.2

44.2
48.2

29.8
33.3

Our method (Structure + Simple Fusion)
Our method (Full + Simple Fusion)
Our method (Full + Optimized Selection)

69.9
71.6
72.5

50.4
50.1
51.4

35.0
35.8
36.4

Table 2. Classification results for labelling transitions on the
CamVid database for label patch size 11 × 11.

i.e. the size of the considered label topology during training and classification using the configuration ’Full + Simple
Fusion’. It is clearly shown that even a small neighborhood
(≥ 5 × 5) leads to a significant boost in the classification
stage.
Labelling Transition Evaluation. In this experiment we
evaluate only the transitions between object classes to
demonstrate the impact of structured predictions on the label border classification results. To perform this experiment, we discarded all labels in the ground truth information when they were outside a radius of 24 pixels to a
transition between two or more classes. This results in a
drop to 41.9% of the original amount of labelled pixels.
In Table 2, the corresponding results are listed when using a label neighborhood of 11 × 11. Although the global
score has slightly dropped compared to the previous experiment, we obtain improvements on the (stricter) Avg(Class)
and Avg(Pascal) criteria. This strengthens our assumptions
that the proposed framework yields to superior results, especially when classifying transitions between object classes.

5.2. MSRCv2 Database Experiments
To show that our method also yields to an improvement when the images are not entirely labelled, we performed another experiment on the MSRCv2 Database [27].

Figure 7. Qualitative labelling results on images of the MSRCv2
database. Top row: Original images with ground truth annotations.
Second row: Labelling using our baseline random forest classifier.
Third row: Full + Simple Fusion. Last row: Full + Optimized
Selection. Best viewed in color.

This database consists of 532 images containing 21 object
classes and predefined splits into 276 training and 256 test
images. We collected the training samples on a regular lattice with a stride of 5, leading to approximately 500k training samples and training times of 13 and 17 minutes per tree
using single or joint label distributions, respectively. In contrast to the almost completely labelled CamVid database,
the labellings for MSRCv2 are only available for 71.9% of
the pixels, hence more roughly sketching the object classes
of interest. In Figure 7 we show some qualitative results and
in Table 3, we provide the scores for a label neighborhood
size of 11 × 11 and again find an improvement with our
structured learning algorithm. The gain of using the joint
statistics over the single label distribution seems to vanish
in the Simple Fusion approach, however, we explain this
by the fact that our algorithm does not see enough properly
labelled transitions between different classes.

Building

Car

Column/Pole

Road

Sidewalk

Sky

Figure 8. Illustration of feature patches with corresponding label patches, collected from different leaf nodes when trained on
CamVid database. Bottom rows: Label sets and associated colors.
Best viewed in color.

6. Conclusions
In this paper we presented a simple and effective way
to integrate ideas from structured learning into the popular
random forest framework for the task of semantic image labelling. In particular, we incorporated the topology of the
local label neighborhood in the training process and therefore intuitively learned valid labelling transitions among adjacent object categories. During the tree construction, we
used topological joint label statistics of the training data
in the node split functions for exploring the structured label space. For classification, we provided two possibilities for fusing the structured label predictions: A simple
method using overlapping predictions and a more principled approach, selecting most compatible label patches in
the neighborhood. We provided several experiments on the
callenging CamVid and MSRCv2 databases and found superior results when compared to standard random forest or
conditional random field (using pairwise potentials) classification results. In our future work we will investigate how
the output of our classifiers can be used as higher-order potential generator in a CRF.
Acknowledgements. We acknowledge the financial support of the Austrian Science Fund (FWF) from project
’Fibermorph’ with number P22261-N22 and the Future and
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Abstract. We formulate the problem of high order structural matching by applying dominant cluster analysis (DCA) to a direct product hypergraph (DPH).
For brevity we refer to the resulting algorithm as DPH-DCA. The DPH-DCA can
be considered as an extension of the game theoretic algorithms presented in [8]
from clustering to matching, and also as a reduced version of reduced version of
the method of ensembles of affinity relations presented in [6]. The starting point
for our method is to construct a K-uniform direct product hypergraph for the two
sets of higher-order features to be matched. Each vertex in the direct product hypergraph represents a potential correspondence and the weight on each hyperedge
represents the agreement between two K-tuples drawn from the two feature sets.
Vertices representing correct assignment tend to form a strongly intra-connected
cluster, i.e. a dominant cluster. We evaluate the association of each vertex belonging to the dominant cluster by maximizing an objective function which maintains
the K-tuple agreements. The potential correspondences with nonzero association
weights are more likely to belong to the dominant cluster than the remaining zeroweighted ones. They are thus selected as correct matchings subject to the oneto-one correspondence constraint. Furthermore, we present a route to improving
the matching accuracy by invoking prior knowledge. An experimental evaluation shows that our method outperforms the state-of-the-art high order structural
matching methods[10][3].

1 Introduction
Many problems in computer vision and machine learning can be posed as that of establishing the consistent correspondences between two sets of features. Traditional matching approaches are usually confined to structures with pairwise relations. Recently, a
number of researchers have attempted to extend the matching process to incorporate
higher order relations. Zass et al. [10] are among the first to investigate this problem
by introducing a probabilistic hypergraph matching framework, in which higher order
relationships are marginalized to unary order. It has already been pointed out in [1] that
this graph approximation is just a low pass representation of the original hypergraph
and causes information loss and inaccuracy. On other hand, Duchenne et al. [3] have
developed the spectral technique for graph matching [4] into a higher order matching
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framework using the so called tensor power iteration. Although they adopt an L1 norm
constraint in computation, the original objective function is subject to an L2 norm and
does not satisfy the basic probabilistic properties.
We present a framework based on applying dominant cluster analysis (DCA) to a
direct product hypergraph (DPH). The idea is to extend the main cluster method of
Leordeanu and Hebert [4] for graphs and its generalization for higher order matching
[3], using dominant cluster analysis. Furthermore, we present a method for initializing
our algorithm that can be used to suppress outliers. This improves the matching performance of our method, and comparable results can not be achieved by using alternative
high order matching algorithms [3][10]. Similar ideas have recently been presented in
[6]. Our method however, generalises the methods descrbibed in [3][10] from graphs to
hypergraphs, and is more pricipled in its formulation.

2 Problem Formulation
We represent the set of Kth order feature relationships by a K-uniform hypergraph
HG(V, E), whose hyperedges have identical cardinality K. Each vertex vi ∈ V in
the K-uniform hypergraph HG(V, E) represents one element in the feature set. Each
hyperedge ei ∈ E represents one K-tuple {vi1 , · · · , viK } ∈ V and the weight attached
to each hyperedge represents the similarity measure on the K-tuple encompassed by
the hyperedge. For simplicity, we denote a vertex vi by its index i in the remainder of
our work. The K-uniform hypergraph HG(V, E) can be represented as a Kth order
tensor H, whose element Hi1 ,··· ,iK is the hyperedge weight if there is a hyperedge
encompassing the vertex subset {i1 , · · · , iK } ∈ V , and zero otherwise. The problem
of matching two feature sets both constituted by Kth order relationships can then be
transformed to that of matching the two associated K-uniform hypergraphs HG(V, E)
and HG (V  , E  ). To this end, we establish the high order compatibility matrix C, i.e.
compatibility tensor, for HG(V, E) and HG (V  , E  ). The elements of the Kth order
compatibility tensor C are defined as follows

0 if Hi1 ,··· ,iK = 0 or Hi ,··· ,i = 0;
1
K
Ci1 i1 ,··· ,iK iK =
(1)
s(Hi1 ,··· ,iK , Hi ,··· ,i ) otherwise;
1

K

where s(·, ·) is a function that measures hyperedge similarity. We define the hyperedge similarity using a Gaussian kernel s(Hi1 ,··· ,iK , Hi ,··· ,i ) = exp(−Hi1 ,··· ,iK −
1
K
Hi ,··· ,i 22 /σ1 ) where σ1 is a scaling parameter. Many alternative similarity mea1
K
sures can be used instead. Each element of the compatibility tensor C represents a
similarity measure between the two corresponding hyperedges. The hyperedge pair
{i1 , · · · , iK } and {i1 , · · · , iK } with a large similarity measure has a large probability Pr({i1 , · · · , iK } ↔ {i1 , · · · , iK }|H, H  ) for matching. Here the notation ↔ denotes a possible matching between a pair of hyperedges or a pair of vertices. Under
the conditional independence assumption of the matching process [10], the hyperedge
matching probability can be factorized over the associated
vertices of the hypergraphs as
K
Pr({i1 , · · · , iK } ↔ {i1 , · · · , iK }|HG, HG ) = n=1 Pr(in ↔ in |HG, HG ) where
Pr(in ↔ in |HG, HG ) denotes the probability for the possible matching in ↔ in

High Order Structural Matching Using Dominant Cluster Analysis

3

to be correct. For two hypergraphs HG(V, E) and HG(V  , E  ) with |V | = N and
|V  | = N  respectively, we denote their N × N  matching matrix by P with entries
Pii = Pr(i ↔ i |HG, HG ). High order matching problems can be formulated as
locating the matching probability that most closely accords with the elements of the
compatibility tensor, i.e. seeking the optimal P by maximizing the objective function


f (P)=

N 
N




···

i1 =1 i1 =1

N
N



iK =1 iK =1


=

N 
N

i1 =1 i1 =1

Ci1 i1 ,··· ,iK iK Pr({i1 , · · · , iK }↔{i1 , · · · , iK }|HG, HG )


···

N
N


iK =1 iK =1

Ci1 i1 ,··· ,iK iK

K

n=1

Pin in

(2)

N N 

subject to ∀i, j, Pii ≥ 0 and i=1 i =1 Pii = 1. Let Pr(i
↔ i |HG, HG ) = Pii

 We refer to Pr(i
where Pii is the (i, i )th entry of P.
↔ i |HG, HG ) as the match

↔
ing probability for vertex i and i , and the set of matching probabilities {Pr(i
i |HG, HG )|i ∈ V ; i ∈ V  } obtained by maximizing (2) reveal how likely it is that
each correspondence is correct according to structural similarity between the two hypergraphs HG and HG . This formulation has also been adopted in tensor power iteration
for higher order matching [3]. However, the difference between our method and the
existing algorithms is that we restrict the solution of (2) to obey the the fundamental
axioms of probability, i.e. positiveness and unit total probability mass. This constraint
not only provides an alternative probabilistic perspective for hypergraph matching, but
also proves convenient for optimization.
Once the set of matching probabilities satisfying (2) are computed, correspondences
between vertices drawn from HG and HG can be established. Matchings with a zero
probability are the least likely correspondences, and matchings with nonzero probabilities tend to be those with significant similarity between their structural contexts. Our
aim is to seek the subset of possible matchings with nonzero probabilities which satisfy
(2) and that are subject to the one-to-one matching constraint.

3 High Order Matching as Dominant Cluster Analysis on a Direct
Product Hypergraph
In this section we pose the high order relational matching problem formulated in (2)
as one of dominant cluster analysis on a direct product hypergraph. We commence
by establishing a direct product hypergraph for the two hypergraphs to be matched.
Optimal matching can be achieved by extracting the dominant cluster of vertices from
the direct product hypergraph.
3.1 Direct Product Hypergraph
The construction of a direct product hypergraph for two K-uniform hypergraphs is a
generalization of that of the direct product graph [9], which can be used to construct
kernels for graph classification. We extend the concept of a direct product graph to
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encapsulate high order relations residing in a hypergraph and apply this generalization to hypergraph matching problems. For two K-uniform hypergraphs HG(V, E)
and HG (V  , E  ), the direct product HG× is a hypergraph with vertex set
V× = {(i, i )|i ∈ V, i ∈ V  };

(3)

E× = {{(i1 , i1 ) · · · (iK , iK )}|{i1 , · · · , iK } ∈ E, {i1 , · · · , iK } ∈ E  }.

(4)

and edge set

The vertex set of the direct product hypergraph HG× consists of Cartesian pairs of
vertices drawn from HG and HG separately. Thus the cardinality of the vertex set of
HG× is |V× | = |V ||V  | = N N  . The direct product hypergraph HG× is K-uniform,
and each K-tuple of vertices in HG× is encompassed in a hyperedge if and only if the
corresponding vertices in HG and HG are both encompassed by a hyperedge in the
relevant hypergraph. Each hyperedge in a direct product hypergraph is weighted by the
similarity between the two associated hyperedges from HG and HG .
Furthermore, from our definition of direct product hypergraph, it is clear that the
compatibility tensor C defined in (1) is in fact the tensor C× associated with the direct
product hypergraph HG× for HG and HG . Every possible matching i ↔ i is associated with the vertex (i, i ) in HG× . For simplicity we let α denote a vertex in HG×
instead of (i, i ), and let D denote the subset of vertices in HG× which represent the
correct vertex matching for HG and HG . We denote the probability for the vertex α
belonging to D by Pr(α ∈ D|HG× ). For a direct product hypergraph with N× vertices,
we establish a N× ×1 vector p with its αth element pα = Pr(α ∈ D|HG× ). With these
ingredients the optimal model satisfying the condition (2) reduces to

p = argmax
p

N×

α1 =1

···

N×

αK =1

Cα1 ,··· ,αK

K


pαn

(5)

n=1

N×
subject to the constraints ∀α, pα ≥ 0 and α=1
pα = 1. Following the construction
of a direct product hypergraph, the objective function (5) is a natural extension of that
in [8] from clustering to matching. It is also a reduced version of the objective function
of ensembles of affinity relations [6], with no manual threshold on the optimization.
According to (5), zero probability will be assigned to the vertices that do not belong

to D. We refer to the probability Pr(α
∈ D|HG× ) = pα where pα is the αth element of
the vector 
p satisfying the optimality condition in (5) as the association probability for
the vertex α. Therefore, the matching problem can be solved by extracting the cluster
of vertices with nonzero association probabilities in the direct product hypergraph.
3.2 Dominant Cluster Analysis
In this subsection, we formulate the problem of high order structural matching by applying dominant cluster analysis (DCA) to a direct product hypergraph (DPH). A dominant
cluster of a hypergraph is the subset of vertices with the greatest average similarity, i.e.
average similarity will decrease subject to any vertex deletion from or vertex addition to
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the subset. Drawing on the concept of the dominant set in a graph [7] and its game theoretic generalization [8], we can easily perform DPH-DCA by applying the following
update until convergence is reached [2]
pnew
α

=

N×

α2 =1 · · ·
N×
N×
β=1 pβ
β2 =1

pα

N×

K
αK =1 Cα,α2 ,··· ,αK
n=2 pαn
N×
K
· · · βK =1 Cβ,β2 ,··· ,βK n=2 pβn

(6)


∈ D|HG× ),
At convergence the weight pα is equal to the association probability Pr(α

i.e. the probability for the corresponding potential matching i ↔ i to be correct.

4 Matching with Prior Rejections
The high order structural matching algorithm described in Section 3 is a unsupervised
process. The weight of each vertex in the direct product hypergraph can be initialized
by using a uniform distribution of probability. However, if two vertices in a hypergraph
have the same structural context, i.e. their interchange does not change the hypergraph
structure, they can cause ambiguity when matching is attempted. Two alternative stateof-the-art methods, namely probabilistic hypergraph matching [10] and tensor power
iteration [3], also suffer from this shortcoming.
However, if prior knowledge about outliers (i.e. hypergraph vertices for which no
match exists) is available, we can to a certain extent avoid the ambiguity and improve
matching accuracy by using a different weight initialization strategy. We refer to the
vertex subset V×o ⊆ V× (i.e. possible correspondences) associated with available outliers as prior rejections, and the adopted initialization in the light of prior rejections is
as follows

0
if α ∈ V×o ;
w(α) =
(7)
o
1/(N× − N× ) otherwise;
o
is the cardinality of V×o .
where N×
The initialization scheme (7) improves the matching accuracy within the DPH-DCA
framework because the vertex weight w(α) in the numerator of the update formula (6)
plays an important role in maintaining the initial rejection. It enables the prior rejections to maintain a zero weight and does not affect the matching scores for other possible correspondences at each update until converged. The extent to which the matching
accuracy can be improved depends on the amount of prior rejections available. The
more prior knowledge concerning the outliers that is available, the more accurate the
matching that can be obtained. This will be verified in our experimental section.
In [6], the authors have described the same initialization step as a disadvantage. On
the other hand, we argue that the initialization scheme (7) does not apply to the alternative methods[10][3] even when identified outliers are available. The probabilistic
hypergraph matching method [10] initializes a matching score by a fixed value obtained
from the marginalization of the compatibility tensor, and thus can not accommodate the
prior rejections by using (7). The tensor power iteration method [3], though manually
initialized, converges to a fixed matching score for different initializations.
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5 Experiments
We test our algorithm for high order structural matching on two types of data. Firstly,
we test our method on synthetic data to evaluate its robustness to noise and outliers.
Secondly, we conduct experiments to match features extracted from images. Prior rejections are considered for both types of data to improve the matching accuracy. We
compare our method with two state-of-the-art methods, i.e. probabilistic hypergraph
matching (PHM) [10] and tensor power iteration (TPI) [3].
5.1 Matching Synthetic Data
We commence with the random generation of a structural prototype with 15 vertices.
The distance dij between each pair of vertices i and j of the prototype is randomly
distributed subject to the Gaussian distribution N (1, 0.5). We test our method by establishing correspondences between the prototype structure and a modified structure.
The alternative modifications include a) noise addition, b) vertex deletion, c) rescaling
and d) rotation. Since neither the probabilistic hypergraph matching method nor the
tensor power iteration method relies upon a specific initialization, we test our DPHDCA matching method without prior rejections to make a fair comparison with these
two alternative methods. To test the performance of different methods for hypergraph
matching we re-scaled the distance between each of vertex pairs by a random factor
and rotate the structure by a random angle. In this case, the pairwise relationships no
longer holds for the matching task. We use the sum of polar sines presented in [5] as
a high order similarity measure for point tuples. We measure the similarity of every
3-tuple within the vertex set and thus establish a weighted 3-uniform hypergraph for
the structure. The compatibility tensor C for two structures is computed according to
(1) with σ1 = 0.1. Figure 1(a) illustrates the results of the matching accuracy as a
function of noise level. It is clear that our DPH-DCA framework outperforms the two
alternative methods at each noise level. To take the investigation one step further, we
study the performance of our method for matching structures of different vertex cardinality. To this end, we extract a substructure from a prototype and slightly perturb the
distance between each vertex pair by adding random noise normally distributed according to N (0, 0.04) . The cardinality of the vertex set of the substructure varies from 14
down to 5. Vertices not in the substructure are outliers for the matching process. For
each vertex cardinality of a substructure, 100 trials are performed. Figure 1(b) illustrates the matching accuracy as a function of outlier number for the three methods. It is
clear that our DPH-DCA framework outperforms the two alternative methods at each
number of outliers. We have also evaluated the matching accuracy of our DPH-DCA
framework at different levels of available prior rejection. To this end, we have extracted
a 5-vertex substructure from a prototype and slightly perturb the distance between each
vertex pair by adding random noise normally distributed according to N (0, 0.04). We
involve prior rejections by rejecting the matchings associated with a varying number
of outliers. Figure 1(c) illustrates the matching accuracy as a function of the number
of rejected outliers. It is clear that the matching accuracy grows monotonically as the
number of rejected outliers increases.
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Fig. 1. Matching performance

5.2 Image Correspondences
To visualize the matching for real world images we test the alternative methods on
frames of video1. We use the Harris detector to extract corner points from the first and
30th frames. We use the sum of polar sines presented in [5] to measure the similarity of every 3-tuple within the corner points and thus establish a weighted 3-uniform
hypergraph for each image. Figure 2 illustrates the matching performances for alternative methods. The matching results for the two comparison methods are visualized in
Figures 2(a) and 2(b), where 11 correct correspondences and 4 incorrect ones are

(a) PHM.

(b) TPI.

(c) DPH-DCA.

(d) DPH-DCA with two prior rejections.

Fig. 2. Image correspondences
1

http://www.suri.it.okayama-u.ac.jp/e-program-separate.html
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obtained by using the tensor power iteration, and 12 correct correspondences and 3
incorrect ones by the probabilistic hypergraph matching. For DCA without prior rejections (visualized in Figure 2(c)), we obtain 14 correct correspondences and 1 incorrect ones. Figure 2(d) visualizes the matching result by rejecting two outliers (green
marked). It is clear that the false matching is eliminated by incorporating the proper
prior rejections.

6 Conclusion and Future Work
We have presented a novel approach to high order structural matching. We have transformed the matching problem to that of extracting the dominant cluster from the direct
product hypergraph for two feature sets with high order relationships. Prior knowledge
about outliers can be easily involved in our framework by initializing the matchings
associated with the outliers by a zero weight. Experiments have shown that our method
outperforms the state-of-the-art methods.
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Abstract

ded in the scene structure. For instance, under the assumption of rigidity and small camera motion, features
that are close in one view are expected to be close in
the other one as well. In addition, if a pair of feature exhibit a certain difference of angles or ratio of scales, this
relation should be maintained among their respective
matches. This prior information about scene structure
can be accounted for by using a feature tracker [4, 6]
to extract correspondences, but this requires that the
view positions be not far apart. Further, in the presence of strong parallax, a locally uniform 3D motion
does not result in a locally uniform 2D motion, and for
these reason the geometric constraints can be enforced
only locally. A common heuristic for the enforcement
of global structure is to eliminate points that exhibit a
large reprojection error after a first round of Bundle Adjustment [7]. Unfortunately this post-filtering technique
requires good initial estimates to begin with.

In this paper we introduce a robust matching technique that allows very accurate selection of corresponding feature points from multiple views. Robustness is
achieved by enforcing global geometric consistency at
an early stage of the matching process, without the need
of subsequent verification through reprojection. The
global consistency is reduced to a pairwise compatibility making use of the size and orientation information
provided by common feature descriptors, thus projecting what is a high-order compatibility problem into a
pairwise setting. Then a game-theoretic approach is
used to select a maximally consistent set of candidate
matches, where highly compatible matches are enforced
while incompatible correspondences are driven to extinction.

1

Introduction

In this paper we introduce a robust matching technique that allows to operate a very accurate inlier selection at an early stage of the process and without
any need to rely on 3D reprojections. The approach
selects feasible matches by enforcing global geometric consistency. Specifically, it enforces that all pairs
of correspondences between 2D views are consistent
with a common 3D rigid transformation. This constraint is in general underspecified, as a whole manifold of pairs of correspondences are consistent with a
rigid 3D transformation, as it is well known that at least
seven matching points are needed to solve the epipolar
equation [2]. However, by accumulating mutual support through a large set of mutually compatible correspondences, one can expect to reduce the ambiguity to
a single 3D rigid transformation. In the proposed approach high order consistency constraint are reduced to
a second order compatibility where sets of 2D point correspondences that can be interpreted as projections of
rigidly-transformed 3D points all have high mutual support. Then, following [8, 1], a game-theoretic approach
is used to select a set of candidate matches, enforcing
highly compatible matches while driving to extinction
incompatible correspondences.

The selection of 3D point correspondences from
their 2D projections is arguably one of the most important steps in image based multi-view reconstruction,
as errors in the initial correspondences can lead to suboptimal parameter estimation. The selection of corresponding points is usually carried out by means of
interest point detectors and feature descriptors. Once
salient and well-identifiable points are found on each
image, correspondences between the features in the various views must be extracted and fed to the bundle adjustment algorithm. To this end, each point is associated
a descriptor vector with tens to hundreds of dimensions,
which usually include a scale and a rotation value. Arguably the most famous of such descriptors is the Scaleinvariant feature transform (SIFT) [3].Features are designed so that similar image regions subject to similarity transformation exhibit descriptor vectors with small
Euclidean distance. This property is used to match each
point with a candidate with similar descriptor. However, if the descriptor is not distinctive enough this approach is prone to select many outliers since the approach only exploits local information. This limitation
conflicts with the richness of information that is embed1

2

Pairwise Geometric Consistency

There are two fundamental hypotheses underlying
the reduction to second order of the high-order 3D geometric consistency. First, We assume that the views
have the same set of camera parameters, second, we assume that the feature descriptor provides scale and orientation information and that this is related to actual local information in the 3D objects present in the scene.
The effect of the first assumption is that the geometric
consistency is reduced to a rigidity constraint that can
be cast as a conservation along views of the distances
between the unknown 3D position of the feature points,
while the effect of the second assumption is that we can
recover the missing depth information as a variation in
scale between two views of the same point is inversely
proportional to variation in projected size of the local
patch around the 3D point and, thus, to the projected
size of the feature descriptor.
More formally, assume that we have two points p1
and p2 , which in one view have coordinates (u11 , v11 )
and (u12 , v21 ) respectively, while in a second image they
have coordinates (u21 , v12 ) and (u22 , v22 ). These points, in
the coordinate system of the first camera, have 3D coordinates z11 (u11 , v11 , f ) and z21 (u12 , v21 , f ) respectively,
while in the reference frame of the second camera
they have coordinates z12 (u21 , v12 , f ) and z21 (u22 , v22 , f ).
Up to a change in 
units, these
 1can
 coordinates
 be reu11
u2
written as p11 = s11  v11 , p12 = sa1  v21 , p21 =
1
2
1 
1
 2 

u1
u22
1  2 
v1 , and p22 = sa2  v22 , where a is the ras21
2
1
1
tio between the actual scales of the local 3D patches
around points p1 and p2 , whose projections on the two
views give the perceived scales s11 and s21 for point p1
and s12 and s22 for point p2 .
The assumption that both scale and orientation are
linked with actual properties of the local patch around
each 3D point is equivalent to having 2 points for each
feature correspondence: the actual location of the feature, plus a virtual point located along the axis of orientation of the feature at a distance proportional to the
actual scale scale of the patch. These pair of 3D points
must move rigidly going from the coordinate system
of one camera to the other, so that given any two sets
of correspondences with 3D points p1 and p2 and their
corresponding virtual points q1 and q2 , the distances between these four points must be preserved in the reference frames of every view (see Fig. 1).
Under a frontal-planar assumption for each local
patch, or, less stringently, under small variation in viewpoints, we can assign 3D coordinates to the virtual

Figure 1. Scale and orientation offer depth
information and a second virtual point.
the conservation of the distances in green
enforce consistency with a 3D rigid transformation.
points in the reference frames of the two images:



cos θ21
cos θ11
q11 = p11 +  sin θ11  q21 = p12 + a  sin θ21
 0 2 
 0 2
cos θ1
cos θ2
q12 = p21 +  sin θ12  q22 = p22 + a  sin θ22
0
0




,

where θij is the perceived orientation of feature i in
image j. At this point, given two sets of correspondences between points in two images, namely
the correspondence m1 between a feature point in
the first image with coordinates, scale and orientation
(u11 , v11 , s11 , θ11 ) with the feature point in the second image (u21 , v12 , s21 , θ12 ), and the correspondence m2 between the points (u12 , v21 , s12 , θ21 ) and (u22 , v22 , s22 , θ22 ) in
the first and second image respectively, we can compute a distance from the manifold of feature descriptors
compatible with a single 3D rigid transformation as
d(m1 , m2 , a) = (||p11 − p12 ||2 − ||p21 − p22 ||2 )2 +
(||p11 −q21 ||2 −||p21 −q22 ||2 )2 +(||q11 −p12 ||2 −||q12 −p22 ||2 )2 +
(||q11 − q21 ||2 − ||q12 − q22 ||2 )2 .
From this we define the compatibility between correspondences as C(m1 , m2 ) = maxa e−γd(m1 ,m2 ,a) ,
where a is maximized over a reasonable range of ratio of scales of local 3D patches. In our experiments a
was optimized in the interval [0.5; 2].

3

Game-Theoretic Feature Matching

We model the matching process in a game-theoretic
framework [1], where two players extracted from a
large population select a pair of matching points from
two images. The player then receives a payoff from the
other players proportional to how compatible his match
is with respect to the other player’s choice. Clearly, it is
in each player’s interest to pick matches that are compatible with those the other players are likely to choose.
It is supposed that some selection process operates over
time on the distribution of behaviors favoring players

Game-Theoretic Bundler Keymatcher
Dino sequence

Game-Theoretic Bundler Keymatcher
Temple sequence

Dino sequence
Game-Theoretic
Bundler Keymatcher

Temple sequence
Game-Theoretic
Bundler Keymatcher

Matches

262.5 ± 61.4

172.4 ± 79.5

535.7 ± 38.7

349.3 ± 36.2

∆α
∆γ

0.0668 ± 0.0777
0.4393 ± 0.4963

0.0767 ± 0.1172
0.6912 ± 0.8793

0.1326 ± 0.0399
0.0809 ± 0.0144

0.1414 ± 0.0215
0.0850 ± 0.0065

Figure 2. Results obtained with the Dino and Temple data sets (images best viewed in color).
that receive larger payoffs and driving all inconsistent
hypotheses to extinction, finally settling for an equilibrium where the pool of matches from which the players
are still actively selecting their associations forms a cohesive set with high mutual support. More formally,
let O = {1, · · · , n} be the set of available strategies
(pure strategies in the language of game theory) and
C = (cij ) be a matrix specifying the payoff that an individual playing strategy i receives against someone playing strategy j. A mixed strategy is a probability distribution x = (x1 , . . . , xn )T over the available strategies
O, thus lying in the n-dimensional standard
Pn simplex
∆n = {x ∈ IRn : ∀i ∈ 1 . . . n xi ≥ 0, i=1 xi = 1} .
The expected payoff received by a player choosing
element i when playing against
P a player adopting a
mixed strategy x is (Cx)i = j cij xj , hence the expected payoff received by adopting the mixed strategy
y against x is yT Cx. A strategy x is said to be a
Nash equilibrium if it is the best reply to itself, i.e.,
∀y ∈ ∆, xT Cx ≥ yT Cx . A strategy x is said to be an
evolutionary stable strategy (ESS) if it is a Nash equilibrium and ∀y ∈ ∆ xT Cx = yT Cx ⇒ xT Cy >
yT Cy. This condition guarantees that any deviation
from the stable strategies does not pay. The search for
a stable state is performed by simulating the evolution
of a natural selection process. Under very loose conditions, any dynamics that respect the payoffs is guaranteed to converge to Nash equilibria and (hopefully)
to ESS’s; for this reason, the choice of an actual selection process is not crucial and can be driven mostly by

considerations of efficiency and simplicity. We chose
to use the replicator dynamics, a well-known formalization of the selection process governed by the recurt
(t+1)
)i
t
rence xi
= xti x(Cx
t T Cxt , where xi is the proportion
of the population that plays the i-th strategy at time t.
Once the population has reached a local maximum, all
the non-extincted pure strategies can be considered selected by the game.

4

Experimental Results

To evaluate the performance of our proposal, we
compared the results with those obtained with the keymatcher included in the structure-from-motion suite
Bundler [7]. For the first set of experiments we selected pair of adjacent views from the ”DinoRing” and
”TempleRing” sequences from the Middlebury MultiView Stereo dataset [5]; for these models, camera parameters are provided and used as a ground-truth. For
all the sets of experiments we evaluated the differences
in radians between the (calibrated) ground-truth and respectively the estimated rotation angle (∆α) and rotation axis (∆γ). The “Dino” model is a difficult case
in general, as it provides very few features; the upper
part of Fig. 2 shows the correspondences produced by
our method (left column) in comparison with the other
matcher (right column). The “Temple” model richer in
features and for visualization purposes we only show a
subset of the detected matches for both the techniques.
The Bundler keymatcher, while still achieving good results, provides some mismatches in both cases. This
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Figure 3. Analysis of the performance of the approach with respect to variation of the parameters of the algorithm.
can be explained by the fact that the symmetric parts of
the object, e.g. the pillars in the temple model, result
in very similar features that are hard to disambiguate
by a purely local matcher. Our method, on the other
hand, by enforcing global 3D consistency, can effectively disambiguate the matches. Looking at the results
we can see that our approach extracts around 50% more
correspondence, providing a slight increase in precision
and reduction in variance of the estimates. Note that selected measures evaluate the quality of the underlying
least square estimates of the motion parameters after a
reprojection step, thus small variations are expected.
Next, we analyzed the impact of the algorithm parameters over the quality of the results obtained. To this
end we investigated three parameters: the similarity decay λ, the number k of candidate mates per features,
and the quality threshold, that is the minimum support
for a correspondence to be considered non-extinct, divided by the maximum support in the population. Figure 3 reports the results of these experiments. Overall,
these experiments suggest that those parameters have
little influence over the quality of the result. However
the Game-Theoretic approach achieves better average
results and smaller standard deviations for almost all
reasonable values of the parameters.

5

Conclusions

In this paper we introduced a robust matching technique for feature points from multiple views. Robustness is achieved by enforcing global geometric consistency in a pairwise setting. This is achieved by using the
scale and orientation information offered by SIFT features and projecting what is left of a high-order compatibility problem into a pairwise compatibility measure,
by enforcing the conservation of distances between the
unknown 3D positions of the points. Finally, a gametheoretic approach is used to select a maximally consistent set of candidate matches, where highly compati-

ble matches are enforced while incompatible correspondences are driven to extinction. Experimental comparisons with a widely used technique show the ability of
our approach to obtain a more accurate estimation of the
scene parameters.
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A Game-Theoretic Approach to the
Enforcement of Global Consistency in
Multi-View Feature Matching
Emanuele Rodolà, Andrea Albarelli, and Andrea Torsello
Dipartimento di Informatica – Università Ca’ Foscari – Venice, Italy
Abstract. In this paper we introduce a robust matching technique that
allows to operate a very accurate selection of corresponding feature points
from multiple views. Robustness is achieved by enforcing global geometric consistency at an early stage of the matching process, without the
need of ex-post verification through reprojection. Two forms of global
consistency are proposed, but in both cases they are reduced to pairwise
compatibilities making use of the size and orientation information provided by common feature descriptors. Then a game-theoretic approach
is used to select a maximally consistent set of candidate matches, where
highly compatible matches are enforced while incompatible correspondences are driven to extinction. The effectiveness of the approach in estimating camera parameters for bundle adjustment is assessed and compared with state-of-the-art techniques.

1

Introduction

The selection of 3D point correspondences from their 2D projections is arguably
one of the most important steps in image based multi-view reconstruction, as errors in the initial correspondences can lead to sub-optimal parameter estimation.
The selection of corresponding points is usually carried out by means of interest
point detectors and feature descriptors. Salient points are localized with subpixel accuracy by general detectors, such as Harris Operator [2] and Difference
of Gaussians [6], or by using techniques that are able to locate affine invariant
regions, such as Maximally stable extremal regions (MSER) [7] and HessianAffine [8]. This latter affine invariance property is desirable since the change in
appearance of a scene region after a small camera motion can be locally approximated with an affine transformation. Once salient and well-identifiable points
are found on each image, correspondences between the features in the various
views must be extracted and fed to the bundle adjustment algorithm. To this
end, each point is associated a descriptor vector with tens to hundreds of dimensions, which usually include a scale and a rotation value. Arguably the most
famous of such descriptors are the Scale-invariant feature transform (SIFT) [4],
the Speeded Up Robust Features (SURF) [3], and the Gradient Location and
Orientation Histogram (GLOH) [9], and more recently the Local Energy based
Shape Histogram (LESH) [10]. Features are designed so that similar image regions subject to similarity transformation exhibit descriptor vectors with small
Euclidean distance. This property is used to match each point with a candidate
with similar descriptor. However, if the descriptor is not distinctive enough this

Fig. 1. Locally uniform 3D motion does not result in a locally uniform 2D motion.
From left to right: 3D scene, left and right views, and motion estimation.

approach is prone to select many outliers since it only exploits local information.
This limitation conflicts with the richness of information that is embedded in
the scene structure. For instance, under the assumption of rigidity and small
camera motion, features that are close in one view are expected to be close in
the other one as well. In addition, if a pair of features exhibit a certain difference of angles or ratio of scales, this relation should be maintained among
their respective matches. This prior information about scene structure can be
accounted for by using a feature tracker [5, 12] to extract correspondences, but
this requires that the view positions be not far apart. Further, in the presence of
strong parallax, a locally uniform 3D motion does not result in a locally uniform
2D motion, and for these reasons the geometric constraints can be enforced only
locally (see Fig. 1 for an example). A common heuristic for the enforcement
of global structure is to eliminate points that exhibit a large reprojection error
after a first round of Bundle Adjustment [13]. Unfortunately this post-filtering
technique requires good initial estimates to begin with.
In this paper we introduce a robust matching technique that allows to operate a very accurate inlier selection at an early stage of the process and without
any need to rely on 3D reprojections. The approach selects feasible matches by
enforcing global geometric consistency. Two geometric consistency models are
presented. The first enforces that all pairs of correspondences between 2D views
are consistent with a common 3D rigid transformation. Here, as is common in
similar point-matching approaches, we assume that we have reasonable guesses
for the intrinsic camera parameters and reduce the problem space to the search
of a 3D rigid transformation from one image space to the other. This condition
is in general underspecified, as a whole manifold of pairs of correspondences
are consistent with a rigid 3D transformation. However, by accumulating mutual support through a large set of mutually compatible correspondences one
can expect to reduce the ambiguity to a single 3D rigid transformation. In the
proposed approach, high order consistency constraints are reduced to a second order compatibility where sets of 2D point correspondences that can be
interpreted as projections of rigidly-transformed 3D points all have high mutual
support. The reduction is obtained by making use of the scale and orientation
information linked with each feature point in the SIFT descriptor [4] and a further reprojection that can be considered a continuous form of hypergraph clique
expansion [15].
The second geometric consistency constraint assumes a weak perspective
camera and matches together points whose maps are compatible with a common

affine transformation. This allows us to extract small coherent clusters of points
all laying at similar depths. The locally affine hypothesis could seem to be an
unsound assumption for general camera motion, and in effect cannot account for
point inversion due to parallax, but in the experimental section we will show that
it holds well with the typical disparity found in standard data sets. Further, it
should be noted that with large camera motion most, if not all, commonly used
feature detectors fail, thus any inlier selection attempt becomes meaningless.
Once the geometric consistency contraints are specified, we can use them to
drive the matching process. Following [14, 1], we model the matching process in a
game-theoretic framework, where two players extracted from a large population
select a pair of matching points from two images. The player then receives a
payoff from the other players proportional to how compatible his match is with
respect to the other player’s choice, where the compatibility derives from some
utility function that rewards pair of matches that are consistent. Clearly, it is in
each player’s interest to pick matches that are compatible with those the other
players are likely to choose. In general, as the game is repeated, players will adapt
their behavior to prefer matchings that yield larger payoffs, driving all inconsistent hypotheses to extinction, and settling for an equilibrium where the pool
of matches from which the players are still actively selecting their associations
forms a cohesive set with high mutual support. Within this formulation, the solutions of the matching problem correspond to evolutionary stable states (ESS’s),
a robust population-based generalization of the notion of a Nash equilibrium. In
a sense, this matching process can be seen as a contextual voting system, where
each time the game is repeated the previous selections of the other players affect
the future vote of each player in an attempt to reach consensus. This way, the
evolving context brings global information into the selection process.

2

Pairwise Geometric Consistency

In what follows we will describe the two geometric constraints that will be used
to drive the matching process. The first approach tries to impose that the points
be consistent with a common 3D rigid transformation.
There are two fundamental hypotheses underlying the reduction to second
order of this high-order 3D geometric consistency. First, we assume that the
views have the same set of camera parameters, that we have reasonable guesses
for the intrinsic parameters, and we can ignore lens distortion. Thus, the geometric consistency is reduced to the compatibility of the projected points with
a single 3D rigid transformation related to the relative positions of the cameras.
Second, we assume that the feature descriptor provides scale and orientation
information and that this is related to actual local information in the 3D objects
present in the scene. The effect of the first assumption is that the geometric
consistency is reduced to a rigidity constraint that can be cast as a conservation
along views of the distances between the unknown 3D position of the feature
points, while the effect of the second assumption is that we can recover the
missing depth information as a variation in scale between two views of the same
point and that this variation is inversely proportional to variation in projected

size of the local patch around the 3D point and, thus, to the projected size of
the feature descriptor. More formally, assume that we have two points p1 and
p2 , which in one view have coordinates (u11 , v11 ) and (u12 , v21 ) respectively, while
in a second image they have coordinates (u21 , v12 ) and (u22 , v22 ). These points, in
the coordinate system of the first camera, have 3D coordinates z11 (u11 , v11 , f ) and
z21 (u12 , v21 , f ) respectively, while in the reference frame of the second camera they
have coordinates z12 (u21 , v12 , f ) and z22 (u22 , v22 , f ). Up to a change in units, these
coordinates can be re-written as
 1
 1
 2
 2
u1
u2
u1
u2
a
1
a
1
p11 = 1  v11  , p12 = 1  v21  , p21 = 2  v12  , p22 = 2  v22  ,
s1
s2
s1
s2
f
f
f
f
where f is the focal lenght and a is the ratio between the actual scales of the
local 3D patches around points p1 and p2 , whose projections on the two views
give the perceived scales s11 and s21 for point p1 and s12 and s22 for point p2 .
The assumption that both scale and orientation are linked with actual properties of the local patch around each 3D point is equivalent to having 2 points
for each feature correspondence: the actual location of the feature, plus a virtual
point located along the axis of orientation of the feature at a distance proportional to the actual scale of the patch. These pairs of 3D points must move
rigidly going from the coordinate system of one camera to the other, so that
given any two sets of correspondences with 3D points p1 and p2 and their corresponding virtual points q1 and q2 , the distances between these four points must
be preserved in the reference frames of every view (see Fig. 2).
Under a frontal-planar assumption for each local patch, or, less stringently,
under small variation in viewpoints, we can assign 3D coordinates to the virtual
points in the reference frames of the two images:




cos θ11
cos θ21
q11 = p11 +  sin θ11  q21 = p12 + a  sin θ21 
 0 2
 0 2
cos θ1
cos θ2
q12 = p21 +  sin θ12  q22 = p22 + a  sin θ22  ,
0
0
where θij is the perceived orientation of feature i in image j. At this point,
given two sets of correspondences between points in two images, namely the
correspondence m1 between a feature point in the first image with coordinates,
scale and orientation (u11 , v11 , s11 , θ11 ) with the feature point in the second image
(u21 , v12 , s21 , θ12 ), and the correspondence m2 between the points (u12 , v21 , s12 , θ21 )
and (u22 , v22 , s22 , θ22 ) in the first and second image respectively, we can compute a
distance from the manifold of feature descriptors compatible with a single 3D
rigid transformation as
d(m1 , m2 , a) = (||p11 − p12 ||2 − ||p21 − p22 ||2 )2 + (||p11 − q21 ||2 − ||p21 − q22 ||2 )2 +
(||q11 − p12 ||2 − ||q12 − p22 ||2 )2 + (||q11 − q21 ||2 − ||q12 − q22 ||2 )2 .

Fig. 2. Scale and orientation offer depth information and a second virtual point. the
conservation of the distances in green enforces consistency with a 3D rigid transformation.

From this we define the compatibility between correspondences as C(m1 , m2 ) =
maxa e−γd(m1 ,m2 ,a) , where a is maximized over a reasonable range of ratio of
scales of local 3D patches. In our experiments a was optimized in the interval
[0.5; 2].
The second geometric consistency constraint assumes a weak perspective
camera and matches together points whose maps are compatible with a common affine transformation. Specifically, we are able to associate to each matching strategy (a1 , a2 ) one and only one similarity transformation, that we call
T (a1 , a2 ). When this transformation is applied to a1 it produces the point a2 , but
when applied to the source point b1 of the matching strategy (b1 , b2 ) it does not
need to produce b2 . In fact it will produce b2 if and only if T (a1 , a2 ) = T (b1 , b2 ),
otherwise it will give a point b02 that is as near to b2 as the transformation
T (a1 , a2 ) is similar T (b1 , b2 ). Given two matching strategies (a1 , a2 ) and (b1 , b2 )
and their respective associated similarities T (a1 , a2 ) and T (b1 , b2 ), we calculate
their reciprocal reprojected points as:
a02 = T (b1 , b2 )a1
b02 = T (a1 , a2 )b1
That is the virtual points obtained by applying to each source point the similarity
transformation associated to the other match (see Fig 3). Given virtual points
a02 and b02 we are finally able to calculate the payoff between (a1 , a2 ) and (b1 , b2 )
as:
0
0
Π((a1 , a2 ), (b1 , b2 )) = e−λ max(||a2 −a2 ||,||b2 −b2 ||)
(1)
Where λ is a selectivity parameter that allows to operate a more or less strict
inlier selection. If λ is small, then the payoff function (and thus the matching)
is more tolerant, otherwise the evolutionary process becomes more selective as
λ grows.
The rationale of the payoff function proposed in equation 1 is that, while
by changing point of view the similarity relationship between features is not
mantained (as the object is not planar and the transformation is projective), we
can expect the transformation to be a similarity at least “locally”. This means
that we aim to extract clusters of feature matches that belong to the same region
of the object and that tend to lie in the same level of depth.

Fig. 3. The payoff between two matching strategies is inversely proportional to the
maximum reprojection error obtained by applying the affine transformation estimated
by a match to the other.

Each matching process selects a group of matching strategies that are coherent with respect to a local similarity transformation. This means that if we
want to cover a large portion of the subject we need to iterate many times and
prune the previously selected matches at each new start. Obviously, after all the
depth levels have been swept, small and not significative residual groups start
to emerge from the evolution. To avoid the selection of this spurious matches we
fixed a minimum cardinality for each valid group.

3

Game-Theoretic Feature Matching

We model the matching process in a game-theoretic framework [1], where two
players extracted from a large population select a pair of matching points from
two images. The player then receives a payoff from the other players proportional
to how compatible his match is with respect to the other player’s choice. Clearly,
it is in each player’s interest to pick matches that are compatible with those the
other players are likely to choose. It is supposed that some selection process
operates over time on the distribution of behaviors favoring players that receive
larger payoffs and driving all inconsistent hypotheses to extinction, finally settling for an equilibrium where the pool of matches from which the players are
still actively selecting their associations forms a cohesive set with high mutual
support. More formally, let O = {1, · · · , n} be the set of available strategies (pure
strategies in the language of game theory) and C = (cij ) be a matrix specifying
the payoff that an individual playing strategy i receives against someone playing strategy j. A mixed strategy is a probability distribution x = (x1 , . . . , xn )T
over the available strategies O, thus lying P
in the n-dimensional standard simn
plex ∆n = {x ∈ IRn : ∀i ∈ 1 . . . n xi ≥ 0,
i=1 xi = 1} . The expected payoff
received by a player choosing element
i
when
playing against a player adopting
P
a mixed strategy x is (Cx)i = j cij xj , hence the expected payoff received by
adopting the mixed strategy y against x is yT Cx. A strategy x is said to be a
Nash equilibrium if it is the best reply to itself, i.e., ∀y ∈ ∆, xT Cx ≥ yT Cx .
A strategy x is said to be an evolutionary stable strategy (ESS) if it is a Nash
equilibrium and ∀y ∈ ∆ xT Cx = yT Cx ⇒ xT Cy > yT Cy. This condition
guarantees that any deviation from the stable strategies does not pay. The search
for a stable state is performed by simulating the evolution of a natural selection
process. Under very loose conditions, any dynamics that respect the payoffs is
guaranteed to converge to Nash equilibria and (hopefully) to ESS’s; for this reason, the choice of an actual selection process is not crucial and can be driven
mostly by considerations of efficiency and simplicity. We chose to use the repli-
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Fig. 4. An example of the evolutionary process. Four feature points are extracted
from two images and a total of six matching strategies are selected as initial hypotheses. The matrix Π shows the compatibilities between pairs of matching strategies according to a one-to-one similarity-enforcing payoff function. Each matching strategy
got zero payoff with itself and with strategies that share the same source or destination point (i.e., Π((b1 , b2 ), (c1 , b2 )) = 0). Strategies that are coherent with respect to
a similarity transformation exhibit high payoff values (i.e., Π((a1 , a2 ), (b1 , b2 )) = 1
and π((a1 , a2 ), (d1 , d2 )) = 0.9)), while less compatible pairs get lower scores (i.e.,
π((a1 , a2 ), (c1 , c2 )) = 0.1). Initially (at T=0) the population is set to the barycenter of the simplex and slightly perturbed. After just one iteration, (c1 , b2 ) and (c1 , c2 )
have lost a significant amount of support, while (d1 , c2 ) and (d1 , d2 ) are still played by
a sizable amount of population. After ten iterations (T=10) (d1 , d2 ) has finally prevailed over (d1 , c2 ) (note that the two are mutually exclusive). Note that in the final
population ((a1 , a2 ), (b1 , b2 )) have a larger support than (d1 , d2 ) since they are a little
more coherent with respect to similarity.

cator dynamics, a well-known formalization of the selection process governed by
t
(t+1)
)i
t
the recurrence xi
= xti x(Cx
t T Cxt , where xi is the proportion of the population
that plays the i-th strategy at time t. Once the population has reached a local
maximum, all the non-extincted pure strategies can be considered selected by
the game. One final note should be made about one-to-one matching. Since each
source feature can correspond with at most one destination point, it is desirable
to avoid any kind of multiple match. It is easy to show that a pair of strategies
with mutual zero payoff cannot belong to the support of an ESS (see [1]), thus
any payoff function can easily be adapted to enforce one-to-one matching by
setting to 0 the payoff of mates that share either the source or the destination
point.

4

Experimental Results

To evaluate the performance of our proposals, we compared the results with
those obtained with the keymatcher included in the structure-from-motion suite
Bundler [13]. For the first set of experiments we selected pairs of adjacent views
from the ”DinoRing” and ”TempleRing” sequences from the Middlebury MultiView Stereo dataset [11]; for these models, camera parameters are provided
and used as a ground-truth. For all the sets of experiments we evaluated the
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∆α
∆γ
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0.0809 ± 0.0144 0.0792 ± 0.0091 0.0850 ± 0.0065

Fig. 5. Results obtained with the Dino and Temple data sets.

differences in radians between the (calibrated) ground-truth and respectively
the estimated rotation angle (∆α) and rotation axis (∆γ). The “Dino” model is
a difficult case in general, as it provides very few features; the upper part of Fig. 5
shows the correspondences produced by our game -theoretic matching approach
with geometric constraints enforcing a 3D rigid transformation (GT-3Drigid),
the approach with the weak perspective camera assumptions (GT-2Daffine),
and the Bundler matcher (Bundler). The color of the points matched using GT2Daffine relate to the extraction group, i.e., points with the same color have
been matched at th same re-iteration of the game-theoretic matching process.
The “Temple” model is richer in features and for visualization purposes we only
show a subset of the detected matches for all three techniques. The Bundler
matcher, while still achieving good results, provides some mismatches in both
cases. This can be explained by the fact that the symmetric parts of the object,
e.g. the pillars in the temple model, result in very similar features that are hard
to disambiguate by a purely local matcher. Both our methods, on the other
hand, by enforcing global consistency, can effectively disambiguate the matches.
Looking at the results we can see that both our approaches extract around 50%
more correspondences than Bundler. The first approach provides a slight increase
in precision and reduction in variance of the estimates. Note, however, that the
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Fig. 6. Analysis of the performance of the approach with respect to variation of the
parameters of the algorithm.

selected measures evaluate the quality of the underlying least square estimates
of the motion parameters after a reprojection step, thus small variations are
expected. The approach enforcing a global 2D affine transformation exhibits a
larger increase in precision and reduction in variance. This can be explained by
the fact that the adjacent views of the two sequences have very little parallax
effects, thus the weak persective camera assumption holds quite well. In this
context the stricter model is better specified and thus more discriminative.
Next, we analyzed the impact of the algorithm parameters over the quality of
the results obtained. To this end, we investigated three parameters: the similarity
decay λ, the number k of candidate mates per features, and the quality threshold,
that is the minimum support for a correspondence to be considered non-extinct,
divided by the maximum support in the population. Figure 4 reports the results
of these experiments. The goal of these experiments was to show the sensitivity
to the matcher’s parameters, not to choose between constraints, so only the
3D geometric constraint was used. Overall, these experiments show that almost
all reasonable values of the parameters give similar values for the match, thus
those parameters have little influence over the quality of the result, with the
Game-Theoretic approach achieving better average results and smaller standard
deviation than the Bundler matcher.

5

Conclusions

In this paper we introduced a robust matching technique for feature points from
multiple views. Robustness is achieved by enforcing global geometric consistency
in a pairwise setting. Two different geometric consistency models are proposed.
The first enforces the compatibility with a single 3D rigid transformation of the
points. This is achieved by using the scale and orientation information offered by
SIFT features and projecting what is left of a high-order compatibility problem
into a pairwise compatibility measure, by enforcing the conservation of distances
between the unknown 3D positions of the points. The second model assumes a
weak perspective camera model and enforces that points are subject to an affine
transformation. This extracts only local groups at similar depths, but the matching process is repeated to cover the whole scene. In both cases, a game-theoretic
approach is used to select a maximally consistent set of candidate matches, where

highly compatible matches are enforced while incompatible correspondences are
driven to extinction. Experimental comparisons with a widely used technique
show the ability of our approach to obtain more accurate estimates of the scene
parameters.
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Abstract. We propose a fast population game dynamics, motivated by
the analogy with infection and immunization processes within a population of “players,” for ﬁnding dominant sets, a powerful graph-theoretical
notion of a cluster. Each step of the proposed dynamics is shown to have
a linear time/space complexity and we show that, under the assumption
of symmetric aﬃnities, the average population payoﬀ is strictly increasing along any non-constant trajectory, thereby allowing us to prove that
dominant sets are asymptotically stable (i.e., attractive) points for the
proposed dynamics. The approach is general and can be applied to a
large class of quadratic optimization problems arising in computer vision. Experimentally, the proposed dynamics is found to be orders of
magnitude faster than and as accurate as standard algorithms.

1

Introduction

Dominant sets are a graph-theoretical notion of a cluster [1], which have found
application in problems as diverse as the analysis of fMRI data [2], contentbased image retrieval [3], detection of anomalous activities in video streams [4],
bioinformatics [5], human action recognition [6] and matching problems [7,8].
Computationally, the standard approach to ﬁnding dominant sets in an
edge-weighted graph is to use replicator dynamics, a class of evolutionary gametheoretic algorithms inspired by Darwinian selection processes. However, a typical problem associated with these algorithms is the scaling behavior with the
number of data. On a dataset containing N examples, the computationally complexity of each replicator dynamics step is O(N 2 ), thereby hindering their applicability to problems involving very large data sets, such as high-resolution
imagery and spatio-temporal data.
In order to avoid this drawback, in this paper we propose a new population game dynamics for ﬁnding dominant sets which turns out to be dramatically faster and even more accurate than standard approaches from evolutionary
game theory. Our approach is motivated by the analogy with infection and immunization processes within a population of “players.” The selection mechanism
E.R. Hancock et al. (Eds.): SSPR & SPR 2010, LNCS 6218, pp. 275–285, 2010.
c Springer-Verlag Berlin Heidelberg 2010
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governing our dynamics iteratively performs an infection step, which consists
of spreading (or suppressing) the most successful (unsuccessful) strategies in
the population. The infection phase is then protracted as long as the selected
“infective” strategy performs better (or worse, if not extinct) than the average
population’s payoﬀ. As opposed to standard techniques, such as the replicator dynamics or best-response dynamics, which can be considered interior-point
methods, our algorithm resembles a vertex-pivoting method. Each step of the
proposed dynamics is shown to have a linear time/space complexity and we show
that, under the assumption of symmetric aﬃnities, the average population payoﬀ
is strictly increasing along any non-constant trajectory, thereby allowing us to
prove that dominant sets (i.e., ESS equilibria of the underlying “grouping game”
[9]) are asymptotically stable points for the proposed dynamics.
We provide experimental evidence that the proposed algorithm is orders of
magnitude faster than standard dynamics on two computer vision applications,
namely image segmentation and region-based hierarchical image matching, while
preserving the quality of the solutions found.
Although the main focus in this paper is dominant sets, we note that the
proposed approach is general and can be applied to a large class of optimization
problem, instances of which abound in computer vision and pattern recognition
(e.g., graph matching, stereo matching, image labeling, etc. ).

2

Basics of Evolutionary Game Theory

Evolutionary game theory considers an idealized scenario whereby pairs of individuals are repeatedly drawn at random from a large, ideally inﬁnite, population to play a symmetric two-player game. Let O = {1, . . . , n} be the set of
pure strategies available to the players and let A be the n × n payoﬀ or utility
matrix [10], where aij is the payoﬀ that a player gains when playing the strategy
i against an opponent playing strategy j. A mixed strategy is a probability distribution x = (x1 , x2 , . . . , xn ) over the available strategies in O. Mixed strategies
lie in the standard simplex Δ of the n-dimensional Euclidean space, which is
deﬁned as


n

xi = 1 and xi ≥ 0, i = 1, . . . , n .
Δ = x ∈ Ên :
i=1

We denote by ei the ith column of the identity matrix. The support of a mixed
strategy x ∈ Δ, denoted by σ(x), deﬁnes the set of elements with non-zero
probability: σ(x) = {i ∈ O : xi > 0}. The expected payoﬀ that a player obtains
by playing the pure strategy
i against an opponent playing a mixed strategy x

is π(ei |x) = (Ax)i = j aij xj .Hence, the expected payoﬀ received by adopting
a mixed strategy y is given by π(y|x) = y Ax while the population expected
payoﬀ is π(x) = π(x|x) = x Ax . For notational compactness, in the sequel we
will write π(y − x|z) for the payoﬀ diﬀerence π(y|z) − π(x|z), and π(y − x) for
π(y − x|y) − π(y − x|x).
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A mixed strategy x is a (symmetric) Nash (equilibrium) strategy if for all
y ∈ Δ, we have π(y − x|x) ≤ 0. This implies that π(ei − x|x) ≤ 0 for all i ∈ O,
which in turn implies that π(ei − x|x) = 0 for all i ∈ σ(x). Hence, the payoﬀ
is constant across all (pure) strategies in the support of x, while all strategies
outside the support of x earn a payoﬀ that is less than or equal π(x).
A strategy x is said to be an Evolutionary Stable Strategy (ESS) if it is a Nash
strategy (equilibrium condition) and for all y ∈ Δ\{x} satisfying π(y − x|x) = 0
we have π(y − x|y) < 0 (stability condition). Intuitively, ESS’s are strategies
such that any small deviation from them will lead to an inferior payoﬀ. ESS’s
can be found by replicator dynamics (RD), a classic formalization of a natural
selection process [10].

3

Dominant Sets and Their Characterizations

The dominant set framework is a pairwise clustering approach [1] that is based
on the notion of a dominant set, which can be seen as an edge-weighted generalization of a clique. The framework is based on a recursive characterization of the
weight WS (i) of element i with respect to a set S of elements, and characterizes
a group as a dominant set, i.e., a set that satisﬁes:
1. WS (i) > 0, for all i ∈ S,
2. WS∪{i} (i) < 0, for all i ∈
/ S.
These conditions correspond to the two main properties of a cluster: the ﬁrst
regards internal homogeneity, whereas the second regards external heterogeneity.
The characteristic vector xS of a set S ⊆ V is deﬁned as

WS (i)
if i ∈ S ,
S
xi = W (S)
0
otherwise .
The following result establishes a one-to-one correspondence between ESS’s and
dominant sets [9].
Theorem 1. If S ⊆ V is a dominant set with respect to aﬃnity matrix A, then
xS is an ESS for a two-player game with payoﬀ matrix A.
Conversely, if x is an ESS for a two-person game with payoﬀ matrix A, then
S = σ(x) is a dominant set with respect to A, provided that WS∪{i} (i) = 0 for
all i ∈
/ S.
Under the assumption of a symmetric aﬃnity matrix A there exists a one-toone correspondence between dominant sets and the (strict) local solutions of the
following so-called standard quadratic program (StQP) [1]:


(1)
max x Ax : x ∈ Δ .
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A New Class of Evolutionary Dynamics

Let x ∈ Δ be the incumbent population state, y be the mutant population
invading x and let z = (1 − ε)x + εy be the population state obtained by
injecting into x a small share of y-strategists. The score function of y versus x
[11] is given by:
hx (y, ε) = π(y − x|z) = επ(y − x) + π(y − x|x) .
Following [12], we deﬁne the (neutral) invasion barrier bx (y) of x ∈ Δ against
any mutant strategy y as the largest population share εy of y-strategists such
that for all smaller positive population shares ε, x earns a higher or equal payoﬀ
than y in the post-entry population z. Formally:
bx (y) = inf({ε ∈ (0, 1) : hx (y, ε) > 0} ∪ {1}) .
Given populations x, y ∈ Δ, we say that x is immune against y if bx (y) > 0.
Trivially, a population is always immune against itself. Note that, x is immune
against y if and only if either π(y − x|x) < 0 or π(y − x|x) = 0 and π(y−x) ≤ 0.
If π(y − x|x) > 0 we say that y is infective for x. We denote the set of infective
strategies for x as
Υ (x) = {y ∈ Δ : π(y − x|x) > 0} .
Consider y ∈ Υ (x); clearly, this implies bx (y) = 0. If we allow for invasion of a
share ε of y-strategists as long as the score function of y versus x is positive,
at the end we will have a share of δy (x) mutants in the post-entry population,
where
δy (x) = inf ({ε ∈ (0, 1) : hx (y, ε) ≤ 0} ∪ {1}) .
Note that if y is infective for x, then δy (x) > 0, whereas if x is immune against
y, then δy (x) = 0. Since
 score functions are (aﬃne-)linear, there is a simpler
expression δy (x) = min

π(x−y|x)
π(y−x) , 1

, if π(y − x) < 0, and δy (x) = 1, otherwise.

Proposition 1. Let y ∈ Υ (x) and z = (1 − δ)x + δy, where δ = δy (x). Then
y∈
/ Υ (z).
The proof of this result is straightforward by linearity and can be found, e.g.,
in [13].
The core idea of our method is based on the fact that x ∈ Δ is a Nash
equilibrium if and only if Υ (x) = ∅ (we prove this in Theorem 2). Therefore, as
long as we ﬁnd a strategy y ∈ Υ (x), we update the population state according
to Proposition 1 in order obtain a new population z such that y ∈
/ Υ (z) and we
reiterate this process until no infective strategy can be found, or in other words,
a Nash equilibrium is reached.
The formalization of this process provides us with a class of new dynamics which, for evident reasons, is called Infection and Immunization Dynamics
(InImDyn ):
(2)
x(t+1) = δS(x(t) ) (x(t) )[S(x(t) ) − x(t) ] + x(t) .
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Here, S : Δ → Δ is a generic strategy selection function which returns an
infective strategy for x if it exists, or x otherwise:

y for some y ∈ Υ (x) if Υ (x) = ∅ ,
S(x) =
(3)
x otherwise .
By running these dynamics we aim at reaching a population state that can
not be infected by any other strategy. In fact, if this is the case, then x is a
Nash strategy, which happens if and only if it is ﬁxed (i.e., stationary) under
dynamics (2):
Theorem 2. Let x ∈ Δ be a strategy. Then the following statements are equivalent:
(a) Υ (x) = ∅: there is no infective strategy for x;
(b) x is a Nash strategy;
(c) x is a ﬁxed point under dynamics (2).
Proof. A strategy x is a Nash strategy if and only if π(y − x|x) ≤ 0 for all
y ∈ Δ. This is true if and only if Υ (x) = ∅. Further, δ = 0 implies S(x) = x.
Conversely, if S(x) returns x, then we are in a ﬁxed point. By construction of
S(x) this happens only if there is no infective strategy for x.
The following result shows that average payoﬀ is strictly increasing along any
non-constant trajectory of the dynamics (2), provided that the payoﬀ matrix is
symmetric.
Theorem 3. Let {x(t) }t≥0 be a trajectory of (2). Then for all t ≥ 0,
π(x(t+1) ) ≥ π(x(t) ) ,
with equality if and only if x(t) = x(t+1) , provided that the payoﬀ matrix is
symmetric.
Proof. Again, let us write x for x(t) and δ for δS(x) (x). As shown in [13], we
have
π(x(t+1) ) − π(x(t) ) = δ [hy (x, δ) + π(y − x|x)] .
If x(t+1) = x(t) , then x is no Nash strategy, and y = S(x) returns an infective
strategy. Hence δ > 0 and
hy (x, δ) + π(y − x|x) ≥ π(y − x|x) > 0
(in fact, if δ < 1, then even hy (x, δ) = 0), so that we obtain a strict increase
of the population payoﬀ. On the other hand, if π(x(t+1) ) = π(x(t) ), then the
above equation implies δ = 0 or hx (x, δ) = π(y − x|x) = 0, due to nonnegativity
of both quantities above. In particular, we have δ = 0 or π(y − x|x) = 0. In
both cases, y = S(x) cannot be infective for x. Thus Υ (x) = ∅ and x must be
a ﬁxed point, according to Theorem 2. This establishes the last assertion of the
theorem.
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Theorem 3 shows that by running InImDyn , under symmetric payoﬀ function,
we strictly increase the population payoﬀ until we reach a Nash equilibrium at
a ﬁxed point. This of course holds for any selection function S(x) satisfying (3).
However, the way we choose S(x) may aﬀect the eﬃciency of the dynamics.
The next section introduces a particular selection function that leads to a wellperforming dynamics for our purposes.

5

A Pure Strategy Selection Function

Depending on how we choose the function S(x) in (2), we may obtain diﬀerent
dynamics. One in particular, which is simple and leads to nice properties, consists
in allowing only infective pure strategies.
Given a population x, we deﬁne the co-strategy of ei with respect to x as
ei x =

xi
(ei − x) + x .
xi − 1

Note that if π(ei − x|x) = 0 then either ei ∈ Υ (x) or ei x ∈ Υ (x).
Consider the strategy selection function SP ure (x), which ﬁnds a pure strategy
i maximizing |π(ei − x|x)|, and returns ei , ei x or x according to whether π(ei −
x|x) is positive, negative or zero. Let M(x) be a pure strategy such that
M(x) ∈ arg max |π(ei − x|x)| .
i=1,...,n

Then SP ure (x) can be written as
⎧
i
⎪
if π(ei − x|x) > 0 and i = M(x)
⎨e
SP ure (x) = ei x if π(ei − x|x) < 0 and i = M(x)
⎪
⎩
x
otherwise .
Note that the search space for an infective strategy is reduced from Δ to a ﬁnite
set. Therefore, it is not obvious that SP ure (x) is a well-deﬁned selection function,
i.e., it satisﬁes (3). The next theorem shows that indeed it is.
Proposition 2. Let x ∈ Δ be a population. There exists an infective strategy
for x, i.e., Υ (x) = ∅, if and only if SP ure (x) ∈ Υ (x).
n
i
Proof. Let y ∈ Υ (x). Then 0 < π(y − x|x) =
i=1 yi π(e − x|x). But this
implies that there exists at least one infective pure strategy for x, i.e., ei ∈ Υ (x)
for some i = 1, . . . , n. The converse trivially holds.
A ﬁxed point of InImDyn is asymptotically stable if any trajectory starting
suﬃciently close to x converges to x.
Theorem 4. A state x is asymptotically stable for InImDyn with SP ure as
strategy selection function if and only if x is an ESS, provided that the payoﬀ
matrix is symmetric.
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Proof. If the payoﬀ matrix is symmetric, every accumulation point of InImDyn with SP ure is a Nash equilibrium [13]. Moreover ESSs are strict local
maximizers of π(x) over Δ and vice versa [10].
If x is asymptotically stable, then there exists a neighborhood U of x in Δ
such that any trajectory starting in U converges to x. By Theorem 3 this implies
that π(x) > π(y) for all y ∈ U , y = x. Hence, x is a strict local maximizer of
π(x) and therefore x is an ESS.
Conversely, if x is an ESS then x is a strict local maximizer of π(x) and an
isolated Nash equilibrium. Hence, there exists a neighborhood U of x in Δ where
π(x) is strictly concave and x is the only accumulation point. This together with
Theorem 3 implies that any trajectory starting in U will converge to x. Hence,
x is asymptotically stable.
This selection function exhibits the nice property of rendering the complexity per
iteration of our new dynamics linear in both space and time, as opposed to the
replicator dynamics, which have quadratic space/time complexity per iteration.
Theorem 5. Given the iterate x(t) and its linear transformation Ax(t) , both
space and time requirement of one iteration step is linear in n, the number of
objects.
Proof. Again abbreviate x = x(t) . Now, given Ax we can straightforwardly compute in linear time and space π(x) and SP ure (x). Assume that SP ure (x) = ei ,
then the computation of δei (x) has a linear complexity, since π(x − ei |x) =
(Ax)i − π(x) and π(ei − x) = aii − 2Ax + π(x). Moreover, Ax(t+1) can be also
computed in linear time and space since
Ax(t+1) = δei (x) [Ai − Ax] + Ax ,
where Ai is the ith column of A. Similar arguments hold if SP ure (x) = ei x .
Indeed,
xi
π(ei − x|x) ,
xi − 1

2
xi
π(ei − x) ,
π(ei x − x) =
xi − 1

π(ei x − x|x) =

and ﬁnally,


Ax

(t+1)

=

xi
xi − 1


δei x (x) [Ai − Ax] + Ax .

Hence the result.
The only step of quadratic complexity is the ﬁrst one, where we need to compute
Ax(0) . Even this can be reduced to linear complexity, if we start from a pure
strategy ei , in which case we have Ax(0) = Ai . Note that the latter is impossible,
e.g., for the replicator dynamics.
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6

Experimental Results

In order to test the eﬀectiveness of our algorithm, we present experiments on
some computer vision problems, which have been attacked using the dominantset framework or related quadratic optimization problems. Our aim is to show the
computational gain over the standard algorithm used in the literature, namely
the replicator dynamics (RD). Speciﬁcally, we present comparisons on image
segmentation [1] and region-based hierarchical image matching [8].
The stopping criterion adopted with our dynamics is a measure of the accuracy

2

of the Nash equilibrium, which is given by (x) = i min xi , π(x − ei |x) .
Indeed, (x) is 0 if and only if x is a Nash equilibrium. In the experiments, we
stopped the dynamics at accurate solutions, namely when (x) < 10−10 . As for
RD, we stopped the dynamics either when (x) < 10−10 or when a maximum
number of iterations was exceeded.
6.1

Image Segmentation
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We performed image segmentation experiments over the whole Berkeley dataset
[14] using the dominant-set framework as published in [1]. The aﬃnity between
two pixels i and j was computed based on color and using the standard Gaussian
kernel. Our InImDyn algorithm was compared against standard replicator dynamics (RD) [1] (using the out-of-sample extension described in [15]) as well as
the Nyström method [16]. The algorithms were coded in C and run on a AMD
Sempron 3 GHz computer with 1GB RAM. To test the behavior of the algorithms under diﬀerent input sizes we performed experiments at diﬀerent pixel
sampling rates, namely 0.005, 0.015, 0.03 and 0.05, which roughly correspond to
aﬃnity matrices of size 200, 600, 1200 and 2000, respectively. Since the Nyström
method, as opposed to the dominant set approach, needs as input the desired
number of clusters, we selected an optimal one after a careful tuning phase.
In Figure 2(a) we report (in logarithmic scale) the average computational
times (in seconds) per image obtained with the three approaches. The computational gain of InImDyn over the replicator dynamics is remarkable and it clearly
increases at larger sampling rates. It is worth mentioning that InImDyn other
than being faster, achieved also better approximations of Nash equilibriums as
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Fig. 1. Precision/Recall plots obtained on the Berkeley Image Database (s.r.=sampling
rate)
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Fig. 2. Average execution times (in logarithmic scale) for the image segmentation and
region-based hierarchical image matching applications

opposed to RD. As for the quality of the segmentation results, we report in
Figure 1 the average precision/recall obtained in the experiment with the diﬀerent sampling rates. As can be seen, all the approaches perform equivalently, in
particular RD and InImDyn achieved precisely the same results as expected.
6.2

Region-Based Hierarchical Image Matching

In [8] the authors present an approach to region-based hierarchical image matching, aimed at identifying the most similar regions in two images, according to a
similarity measure deﬁned in terms of geometric and photometric properties. To
this end, each image is mapped into a tree of recursively embedded regions, obtained by a multiscale segmentation algorithm. In this way the image matching
problem is cast into a tree matching problem, that is solved recursively through
a set of sub-matching problems, each of which is then attacked using replicator
dynamics (see [8] for details). Given that typically hundreds of sub-matching
problems are generated by a single image matching instance, it is of primary
importance to have at one’s disposal a fast matching algorithm. This makes our
solution particularly appealing for this application.
We compared the running time of InImDyn and RD over a set of images taken
from the original paper [8]. We run the experiments on a machine equipped with
8 Intel Xeon 2.33 GHz CPUs and 8 GB RAM. Figure 2(b) shows the average
computation times (in seconds) needed by RD and InImDyn to solve the set of
sub-matching problems generated from 10 image matching instances. Since each
image matching problem generated sub-matching problems of diﬀerent sizes, we
grouped the instances having approximately the same size together. We plotted
the average running time within each group (in logarithmic scale) as a function
of the instance sizes and reported the standard deviations as error bars. Again,
as can be seen, InImDyn turned out to be orders of magnitude faster than RD.

7

From QPs to StQPs

Although in this paper we focused mainly on dominant sets, which lead to
quadratic optimization problems over the standard simplex (StQPs), the
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proposed approach is indeed more general and can be applied to a large class of
quadratic programming problems (QPs), instances of which frequently arise in
computer vision and pattern recognition.
In fact, consider a general QP over a bounded polyhedron


1 

x Qx + c x : x ∈ M ,
max
(4)
2
where M = conv {v1 , . . . , vk } ⊆ Ên is the convex hull of the points vi , which
form the columns of a n × k-matrix V . Then we can write the QP in (4) as the
following StQP:


max y Q̂y : y ∈ Δ ,


where Q̂ = 12 V  QV + e V  c + c V e .
Thus every QP over a polytope can be expressed as an StQP. This approach
is of course only practical if the vertices V are known and k is not too large. This
is the case of QPs over the 1 ball, where V = [I|− I], I the n× n identity matrix
and Δ ⊂ Ê2n and, more generally, for box-constrained QPs [17]. However, even
for general QPs, where the constraints are expressed as M = {x ∈ Ên+ : Ax = b},
we can use StQP as a relaxation without using all vertices (see [18] for details).
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Abstract. In this paper we propose a new approach for consensus clustering which is built upon the evidence accumulation framework. Our
method takes the co-association matrix as the only input and produces
a soft partition of the dataset, where each object is probabilistically assigned to a cluster, as output. Our method reduces the clustering problem
to a polynomial optimization in probability domain, which is attacked
by means of the Baum-Eagon inequality. Experiments on both synthetic
and real benchmarks data, assess the eﬀectiveness of our approach.

1

Introduction

There is a close connection between the concepts of pairwise similarity and probability in the context of unsupervised learning. It is a common assumption that,
if two objects are similar, it is very likely that they are grouped together by
some clustering algorithm, the higher the similarity, the higher the probability
of co-occurrence in a cluster. Conversely, if two objects co-occur very often in
the same cluster (high co-occurrence probability), then it is very likely that they
are very similar. This duality and correspondence between pairwise similarity
and pairwise probability within clusters forms the core idea of the clustering
ensemble approach known as evidence accumulation clustering (EAC) [1].
Evidence accumulation clustering combines the results of multiple clusterings
into a single data partition by viewing each clustering result as an independent evidence of pairwise data organization. Using a pairwise frequency count
mechanism amongst a clustering committee, the method yields, as an intermediate result, a co-association matrix that summarizes the evidence taken from
the several members in the clustering ensemble. This matrix corresponds to the
maximum likelihood estimate of the probability of pairs of objects being in the
same group, as assessed by the clustering committee. One of the main advantages
of EAC is that it allows for a big diversiﬁcation within the clustering committee.
Indeed, no assumption is made about the algorithms used to produce the data
partitions, it is robust to incomplete information, i.e., we may include partitions
over sub-sampled versions of the original data set, and no restriction is made on
the number of clusters of the partitions.
E.R. Hancock et al. (Eds.): SSPR & SPR 2010, LNCS 6218, pp. 395–404, 2010.
c Springer-Verlag Berlin Heidelberg 2010
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Once a co-association matrix is produced according to the EAC framework, a
consensus clustering is obtained by applying a clustering algorithm, which typically induces a hard partition, to the co-association matrix. Although having
crisp partitions as baseline for the accumulation of evidence of data organization is reasonable, this assumption is too restrictive in the phase of producing
a consensus clustering. This is for instance the case for many important applications such as clustering micro-array gene expression data, text categorization,
perceptual grouping, labeling of visual scenes and medical diagnosis. In fact, the
importance of dealing with overlapping clusters has been recognized long ago [2]
and recently, in the machine learning community, there has been a renewed interest around this problem [3,4]. Moreover, by inducing hard partitions we loose
important information like the level of uncertainty of each label assignment. It
is also worth considering that the underlying clustering criteria of ad hoc algorithms do not take advantage of the probabilistic interpretation of the computed
similarities, which is an intrinsic part of the EAC framework.
In this paper we propose a new approach for consensus clustering which is
built upon the evidence accumulation framework. Our idea was inspired by a
recent work due to Zass and Sashua [5]. Our method takes the co-association
matrix as the only input and produces a soft partition of the data set, where
each object is probabilistically assigned to a cluster, as output. In order to ﬁnd
the unknown cluster assignments, we fully exploit the fact that each entry of the
co-association matrix is an estimation of the probability of two objects to be in a
same cluster, which is derived from the ensemble of clusterings. Indeed, it is easy
to see that under reasonable assumptions, the probability that two objects i and
j will occur in the same cluster is a function of the unknown cluster assignments
of i and j. By minimizing the divergence between the estimation derived from
the co-association matrix and this function of the unknowns, we obtain the result
of the clustering procedure. More speciﬁcally, our method reduces the clustering problem to a polynomial optimization in the probability domain, which is
attacked by means of the Baum-Eagon inequality [6]. This inequality, indeed,
provides us with a class of nonlinear transformations that serve our purpose. In
order to assess the eﬀectiveness of our ﬁndings we conducted experiments on
both synthetic and real benchmark data sets.

2

A Probabilistic Model for Clustering

Let O = {1, . . . , n} be a set of data objects (or simply objects) to cluster into
K classes and let E = {cli }N
i=1 be an ensemble of N clusterings of O obtained
by running diﬀerent algorithms with diﬀerent parameterizations on (possibly)
sub-sampled versions of the original data set O. Data sub-sampling is herein
put forward as a most general framework for the following reasons: it favors
the diversiﬁcation of the clustering ensemble; it models situations of distributed
clustering where local clusterers have only partial access to the data; by using
this type of data perturbation, the co-association matrix has an additional interpretation of pairwise stability that can further be used for the purpose of cluster
validation [7].
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Each clustering in the ensemble E is a function cli : Oi → {1, . . . , Ki } from
the set of objects Oi ⊆ O to a class label. For the afore-mentioned reasons, Oi is
a subset of the original data set O and, moreover, each clustering may assume a
diﬀerent number of classes Ki . We denote by Ωij the indices of the clusterings
where i and j have been classiﬁed, which is given by
Ωij = {p = 1 . . . N : i, j ∈ Op } .
Consider also Nij = |Ωij |, where | · | provides the cardinality of the argument,
which is the number of clusterings where i and j have been both classiﬁed.
The aim of our work is to learn, from the ensemble of clusterings E, how
to cluster the objects into K classes, without having, in principle, any other
information about the objects we are going to cluster. To this end, we start
from the assumption that objects can be softly assigned to clusters. Hence, the
clustering problem consists in estimating, for each object i ∈ O, an unknown
assignment yi , which is a probability distribution over the set of cluster labels
{1, . . . , K}, or, in other words, an element of the standard simplex ΔK given by
ΔK = {x ∈ ÊK
+ : x1 = 1} ,
where Ê+ is the set of nonnegative reals, and  · 1 is the 1 -norm. The kth entry
of yi thus provides the probability of object i to be assigned to cluster k. Given
the unknown cluster assignments yi and yj of objects i and j, respectively, and
assuming independent cluster assignments, the probability of them to occur in a
same cluster can be easily derived as yi yj . Suppose now Y = (y1 , . . . , yn ) ∈ ΔnK
to be the matrix formed by stacking the yi ’s, which in turn form the columns of
Y . Then, the n × n matrix Y  Y provides the co-occurrence probability of any
pair of objects in O.
For each pair of objects i and j, let Xij be a Bernoulli distributed random
variable (r.v.) indicating whether objects i and j occur in a same cluster. Note
that, according to our model, the mean (and therefore the parameter) of Xij is
yi yj , i.e., the probability of co-occurrence of i and j. For each pair of objects
i and j, we collect from the clusterings ensemble Nij independent realizations
(p)
xij of Xij , which are given by:

(p)
xij

=

1 if clp (i) = clp (j) ,
0 otherwise .

for p ∈ Ωij . By taking their mean, we obtain the empirical probability of cooccurrence cij , which is the fraction of times objects i and j have been assigned
to a same cluster:
1  (p)
xij .
cij =
Nij
p∈Ωij

The matrix C = (cij ), derived from the empirical probabilities of co-occurrence
of any pair of objects, is known as the co-association matrix within the evidence
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accumulation-based framework for clustering [8,1]. Since C is the maximum likelihood estimate of Y  Y given the observations from the clustering ensemble E,
we will refer to the former as the empirical co-association matrix, and to the
latter as the true co-association matrix.
At this point, by minimizing the divergence, in a least-square sense, of the
true co-association matrix from the empirical one, with respect to Y , we ﬁnd a
solution Y ∗ of the clustering problem. This leads to the following optimization
problem:
Y ∗ = arg min C − Y  Y 2F
s.t. Y ∈ ΔnK .

(1)

where  · F is the Frobenius norm. Note that Y ∗ provides us with soft assign∗
ments of the objects to the K classes. Indeed, yki
gives the probability of object
i to be assigned to class k. If a hard partition is needed, this can be forced
by assigning each object i to the highest probability class, which is given by:
∗
}. Moreover, by computing the entropy of each yi , we can
arg maxk=1...K {yki
obtain an indication of the uncertainty of the cluster assignment for object i.

3

Related Work

In [5] a similar approach is proposed for pairwise clustering. First of all, a preprocessing on the similarity matrix W looks for its closest doubly-stochastic
matrix F under 1 norm, or Frobenius norm, or relative entropy [9]. The kclustering problem is then tackled by ﬁnding a completely-positive factorization
of F = (fij ) in the least-square sense, i.e., by solving the following optimization
problem:
G∗ = arg min F − G G2F
(2)
s.t. G ∈ Êk×n
.
+
Note that this leads to an optimization program, which resembles (1), but is
inherently diﬀerent. The elements gri of the resulting matrix G provide an indication of object i to be assigned to class r. However, unlike our formulation,
these quantities are not explicit probabilities and it may happen for instance that
gri = 0 for all r = 1 . . . k, i.e., some objects may remain in principle unclassiﬁed.
The approach proposed to ﬁnd a local solution of (2) consists in iterating the
following updating rule:
n
gri j=i grj fij
.
gri ← k
n
s=1 gsi
j=i gsj grj
The computational complexity for updating all entries in G once (complete iteration) is O(kn2 ), while we expect to ﬁnd a solution in O(γkn2 ), where γ is the
average number of complete iterations required to converge. A disadvantage of
this iterative scheme is that updates must be sequential, i.e., we cannot update
all entries of G in parallel.
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The Baum-Eagon Inequality

In the late 1960s, Baum and Eagon [6] introduced a class of nonlinear transformations in probability domain and proved a fundamental result which turns out
to be very useful for the optimization task at hand. The next theorem introduces
what is known as the Baum-Eagon inequality.
Theorem 1 (Baum-Eagon). Let X = (xri ) ∈ Δnk and Q(X) be a homogeneous polynomial in the variables xri with nonnegative coeﬃcients. Deﬁne the
mapping Z = (zri ) = M(X) as follows:
zri

∂Q(X)
= xri
∂xri


k
s=1

xsi

∂Q(X)
,
∂xsi

(3)

for all i = 1 . . . n and r = 1 . . . k. Then Q(M(X)) > Q(X), unless M(X) = X.
In other words M is a growth transformation for the polynomial Q.
This result applies to homogeneous polynomials, however in a subsequent paper,
Baum and Sell [10] proved that Theorem 1 still holds in the case of arbitrary
polynomials with nonnegative coeﬃcients, and further extended the result by
proving that M increases Q homotopically, which means that for all 0 ≤ η ≤ 1,
Q(ηM(X) + (1 − η)X) ≥ Q(X) with equality if and only if M(X) = X.
The Baum-Eagon inequality provides an eﬀective iterative means for maximizing polynomial functions in probability domains, and in fact it has served
as the basis for various statistical estimation techniques developed within the
theory of probabilistic functions of Markov chains [11]. It is indeed not diﬃcult to show that, by starting from the interior of the simplex, the ﬁxed points
of the Baum-Eagon dynamics satisfy the ﬁrst-order Karush-Kuhn-Tucker necessary conditions for local maxima and that we have a strict local solution in
correspondence to asymptotically stable point.

5

The Algorithm

In order to use the Baum-Eagon theorem for optimizing (1) we need to meet the
requirement of having a polynomial to maximize with nonnegative coeﬃcients
in the simplex-constrained variables. To this end, we consider the following optimization program, which is proved to be equivalent to (1):
max

2T r(CY  Y ) + Y  EK Y 2 − Y  Y 2

s.t. Y ∈ ΔnK ,

(4)

where EK is the K × K matrix of all 1’s, and T r(·) is the matrix trace function.
Proposition 1. The maximizers of (4) are minimizers of (1) and vice versa.
Moreover, the objective function of (4) is a polynomial with nonnegative coeﬃcients in the variables yki , which are elements of Y .
Proof. Let P (Y ) and Q(Y ) be the objective functions of (1) and (4), respectively.
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To prove the second part of the proposition note that trivially every term
of the polynomial Y  Y 2 is also a term of Y  EK Y 2 . Hence, Q(Y ) is a
polynomial with nonnegative coeﬃcients in the variables yki .
As for the second part, by simple algebra, we can write Q(Y ) in terms of
P (Y ) as follows:
Q(Y ) = C2 − P (Y ) + Y  EK Y 2
= C2 − P (Y ) + 1 ,
where we used the fact that Y  EK Y  = 1. Note that the removal of the
constant terms from Q(Y ) leaves its maximizers over ΔnK unaﬀected. Therefore,
maximizers of (4) are also maximizers of −P (Y ) over ΔnK and thus minimizers
of (1). This concludes the proof.
By Proposition 1 we can use Theorem 1 to locally optimize (4). This allows us to
ﬁnd a solution of (1). Note that, in our case, the objective function is not a homogeneous polynomial but, as mentioned previously, this condition is not necessary
[10]. By applying (3), we obtain the following updating rule for Y = (yki ):
(t+1)

yki

(t)

= yki

n + [Y (C − Y  Y )]ki
,
 (t)
n + k yki [Y (C − Y  Y )]ki

(5)

where we abbreviated Y (t) with Y and any non-constant iteration of (5) strictly
decreases the objective function of (1).
The computational complexity of the proposed dynamics is O(γkn2 ), where γ
is the average number of iterations required to converge (note that in our experiments we kept γ ﬁxed). One remarkable advantage of this dynamics is that it
can be easily parallelized in order to beneﬁt from modern multi-core processors.
Additionally, it can be easily implemented with few lines of Matlab code.

6

Experiments

We conducted experiments on diﬀerent real data-sets from the UCI Machine
Learning Repository: iris, house-votes, std-yeast-cell and breast-cancer. Additionally, we considered also the image-complex synthetic data-set, shown in ﬁgure 1. For each data-set, we produced the clustering ensemble E by running
diﬀerent clustering algorithms, with diﬀerent parameters, on subsampled versions of the original data-set (the sampling rate was ﬁxed to 0.9). The clustering
algorithms used to produce the ensemble were the following [12]: Single Link
(SL), Complete Link (CL), Average Link (AL) and K-means (KM).
Table 1 summarizes the experimental setting that has been considered. For
each data-set, we report the optimal number of clusters K and the size n of the
data-set, respectively. As for the ensemble, each algorithm was run several times
in order to produce clusterings with diﬀerent number of classes, Ki . For each
clustering approach and each parametrization of the same we generated N = 100
diﬀerent subsampled versions of the data-set.

Pairwise Probabilistic Clustering Using Evidence Accumulation

401

8

6

4

2

0

−2

−4

−6
−6

−4

−2

0

2

4

6

8

Fig. 1. Image Complex Synthetic data-set
Table 1. Benchmark data-sets and parameter values used with diﬀerent clustering
algorithms (see text for description)
Data-Sets

K

n

iris
house-votes
std-yeast-cell
breast-cancer
image-complex

3
2
5
2
8

150
232
384
683
1000

Ensemble
Ki
3-10,15,20
2-10,15,20
5-10,15,20
2-10,15,20
8-15,20,30, 37

Once all the clusterings have been generated, we grouped them by algorithm
into several base ensembles, namely ESL , EAL , ECL and EKM . Moreover, we created
a large ensemble EAll from the union of all of them. For each ensemble we created a
corresponding co-association matrix, namely CSL , CAL , CCL , CKM and CAll . For
each of these co-association matrices, we applied our Pairwise Probabilistic Clustering (PPC) approach, and compared it against the performances obtained with
the same matrices by the agglomerative hierarchical algorithms SL, AL and CL.
Each method was provided with the optimal number of classes as input parameter.
Figure 2 summarizes the results obtained over the benchmark data-sets. The
performances are assessed in terms of accuracy, i.e., the percentage of correct
labels. When we consider the base ensembles, i.e., ESL , EAL , ECL and EKM , on
average our approach achieves the best results, although other approaches, such
as the AL, perform comparably well. Our algorithm, however, outperforms the
competitors when we take the union EAll of all the base ensembles into account.
Interestingly, the results obtained by PPC on the combined ensemble are as
good as the best one obtained in the base ensembles and, in some cases like the
image-complex dataset, they are even better.
The diﬀerent levels of performance obtained by the several algorithms over
the diﬀerent clustering ensembles, as shown in Figures 2(a) to 2(d), are illustrative of the distinctiveness between the underlying clustering ensembles, and
the diversity of clustering solutions. It is then clear that the ensemble EAll has
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Fig. 2. Experiments on benchmark data-sets

(a) CAL

(b) CKM

Fig. 3. Co-association matrices with ensembles EAL and EKM

the largest diversity when compared to the individual ensembles; this is quantitatively conﬁrmed when computing average pairwise consistency values between partitions in the individual CEs and the one resulting by the merging of
these. This higher diversity causes the appearance of noisy-like structure in the
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Fig. 4. Results on the breast-cancer data-set

co-association matrices. This is illustrated in Figures 3(a) and 3(b) corresponding to the co-association matrices CAL and CKM , respectively, when compared
to the CAll in Figure 4(a). The better performance of the PPC algorithm on
the latter CE, can be attributed to a leveraging eﬀect over these local noisy
estimates, thus better unveiling the underlying structure of the data. This is
illustrated next.
Figures 4(a) and 4(b) show the empirical co-association matrix CAll and the
true one, respectively, for the breast-cancer data-set. While the block structure
of two clusters is apparent in both ﬁgures, we can see that the true co-association
turns out to be less noisy than the empirical one. In Figure 4(c) we plot the soft
cluster assignments, Y . Here, object indices are on the x-axis, and probabilities
are on the y-axis, each curve representing the proﬁle of a cluster. As one can see
from the cluster memberships, the two clusters can be clearly evinced, although
there is a higher level of uncertainty in the assignments of objects belonging to
the smallest cluster. Indeed, this can also be seen in Figure 4(d), where we plot
the uncertainty hi in the cluster assignments, which is computed for each object
i as the normalized entropy of yi , i.e.,
K
yki log(yki )
hi = − k=1
.
log(K)
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Conclusion

In this paper we introduced a new approach for consensus clustering. Taking advantage of the probabilistic interpretation of the computed similarities of the the
co-association matrix, derived from the ensemble of clusterings, using the Evidence Accumulation Clustering, we propose a principled soft clustering method.
Our method reduces the clustering problem to a polynomial optimization in
probability domain, which is attacked by means of the Baum-Eagon inequality.
Experiments on both synthetic and real benchmarks assess the eﬀectiveness of
our approach.
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Abstract
Hypergraph clustering refers to the process of extracting maximally coherent
groups from a set of objects using high-order (rather than pairwise) similarities.
Traditional approaches to this problem are based on the idea of partitioning the
input data into a user-defined number of classes, thereby obtaining the clusters as
a by-product of the partitioning process. In this paper, we provide a radically different perspective to the problem. In contrast to the classical approach, we attempt
to provide a meaningful formalization of the very notion of a cluster and we show
that game theory offers an attractive and unexplored perspective that serves well
our purpose. Specifically, we show that the hypergraph clustering problem can
be naturally cast into a non-cooperative multi-player “clustering game”, whereby
the notion of a cluster is equivalent to a classical game-theoretic equilibrium concept. From the computational viewpoint, we show that the problem of finding the
equilibria of our clustering game is equivalent to locally optimizing a polynomial
function over the standard simplex, and we provide a discrete-time dynamics to
perform this optimization. Experiments are presented which show the superiority
of our approach over state-of-the-art hypergraph clustering techniques.

1 Introduction
Clustering is the problem of organizing a set of objects into groups, or clusters, in a way as to have
similar objects grouped together and dissimilar ones assigned to different groups, according to some
similarity measure. Unfortunately, there is no universally accepted formal definition of the notion
of a cluster, but it is generally agreed that, informally, a cluster should correspond to a set of objects
satisfying two conditions: an internal coherency condition, which asks that the objects belonging to
the cluster have high mutual similarities, and an external incoherency condition, which states that
the overall cluster internal coherency decreases by adding to it any external object.
Objects similarities are typically expressed as pairwise relations, but in some applications higherorder relations are more appropriate, and approximating them in terms of pairwise interactions can
lead to substantial loss of information. Consider for instance the problem of clustering a given set of
d-dimensional Euclidean points into lines. As every pair of data points trivially defines a line, there
does not exist a meaningful pairwise measure of similarity for this problem. However, it makes
perfect sense to define similarity measures over triplets of points that indicate how close they are
to being collinear. Clearly, this example can be generalized to any problem of model-based point
pattern clustering, where the deviation of a set of points from the model provides a measure of their
dissimilarity. The problem of clustering objects using high-order similarities is usually referred to
as the hypergraph clustering problem.
In the machine learning community, there has been increasing interest around this problem. Zien
and co-authors [24] propose two approaches called “clique expansion” and “star expansion”, respectively. Both approaches transform the similarity hypergraph into an edge-weighted graph, whose
edge-weights are a function of the hypergraph’s original weights. This way they are able to tackle
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the problem with standard pairwise clustering algorithms. Bolla [6] defines a Laplacian matrix for
an unweighted hypergraph and establishes a link between the spectral properties of this matrix and
the hypergraph’s minimum cut. Rodrı̀guez [16] achieves similar results by transforming the hypergraph into a graph according to “clique expansion” and shows a relationship between the spectral
properties of a Laplacian of the resulting matrix and the cost of minimum partitions of the hypergraph. Zhou and co-authors [23] generalize their earlier work on regularization on graphs and
define a hypergraph normalized cut criterion for a k-partition of the vertices, which can be achieved
by finding the second smallest eigenvector of a normalized Laplacian. This approach generalizes
the well-known “Normalized cut” pairwise clustering algorithm [19]. Finally, in [2] we find another
work based on the idea of applying a spectral graph partitioning algorithm on an edge-weighted
graph, which approximates the original (edge-weighted) hypergraph. It is worth noting that the approaches mentioned above are devised for dealing with higher-order relations, but can all be reduced
to standard pairwise clustering approaches [1]. A different formulation is introduced in [18], where
the clustering problem with higher-order (super-symmetric) similarities is cast into a nonnegative
factorization of the closest hyper-stochastic version of the input affinity tensor.
All the afore-mentioned approaches to hypergraph clustering are partition-based. Indeed, clusters
are not modeled and sought directly, but they are obtained as a by-product of the partition of the input
data into a fixed number of classes. This renders these approaches vulnerable to applications where
the number of classes is not known in advance, or where data is affected by clutter elements which
do not belong to any cluster (as in figure/ground separation problems). Additionally, by partitioning,
clusters are necessarily disjoint sets, although it is in many cases natural to have overlapping clusters,
e.g., two intersecting lines have the point in the intersection belonging to both lines.
In this paper, following [14, 20] we offer a radically different perspective to the hypergraph clustering problem. Instead of insisting on the idea of determining a partition of the input data, and hence
obtaining the clusters as a by-product of the partitioning process, we reverse the terms of the problem and attempt instead to derive a rigorous formulation of the very notion of a cluster. This allows
one, in principle, to deal with more general problems where clusters may overlap and/or outliers
may get unassigned. We found that game theory offers a very elegant and general mathematical
framework that serves well our purposes. The basic idea behind our approach is that the hypergraph
clustering problem can be considered as a multi-player non-cooperative “clustering game”. Within
this context, the notion of a cluster turns out to be equivalent to a classical equilibrium concept from
(evolutionary) game theory, as the latter reflects both the internal and external cluster conditions
alluded to before. We also show that there exists a correspondence between these equilibria and
the local solutions of a polynomial, linearly-constrained, optimization problem, and provide an algorithm for finding them. Experiments on two standard hypergraph clustering problems show the
superiority of the proposed approach over state-of-the-art hypergraph clustering techniques.

2 Basic notions from evolutionary game theory
Evolutionary game theory studies models of strategic interactions (called games) among large
numbers of anonymous agents. A game can be formalized as a triplet Γ = (P, S, π), where
P = {1, . . . , k} is the set of players involved in the game, S = {1, . . . , n} is the set of pure
strategies (in the terminology of game-theory) available to each player and π : S k → R is the payoff
function, which assigns a payoff to each strategy profile, i.e., the (ordered) set of pure strategies
played by the individuals. The payoff function π is assumed to be invariant to permutations of the
strategy profile. It is worth noting that in general games, each player may have its own set of strategies and own payoff function. For a comprehensive introduction to evolutionary game theory we
refer to [22].
By undertaking an evolutionary setting we assume to have a large population of non-rational agents,
which are randomly matched to play a game Γ = (P, S, π). Agents are considered non-rational, because each of them initially chooses a strategy from S, which will be always played when selected
for the game. An agent, who selected strategy i ∈ S, is called i-strategist. Evolution in the population takes place, because we assume that there exists a selection mechanism, which, by analogy with
a Darwinian process, spreads the fittest strategies in the population to the detriment of the weakest
one, which will in turn be driven to extinction. We will see later in this work a formalization of such
a selection mechanism.
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The state of the population at a given time t can be represented as a n-dimensional vector x(t),
where xi (t) represents the fraction of i-strategists in the population at time t. The set of all possible
states describing a population is given by
(
)
X
n
∆= x∈R :
xi = 1 and xi ≥ 0 for all i ∈ S ,
i∈S

which is called standard simplex. In the sequel we will drop the time reference from the population
state, where not necessary. Moreover, we denote with σ(x) the support of x ∈ ∆, i.e., the set of
strategies still alive in population x ∈ ∆: σ(x) = {i ∈ S : xi > 0}.
If y(i) ∈ ∆ is the probability distribution identifying which strategy the ith player will adopt if
drawn to play the game Γ, then the average payoff obtained by the agents can be computed as
k
Y
X
.
(1)
ys(j)
π(s1 , . . . , sk )
u(y(1) , . . . , y(k) ) =
j
(s1 ,...,sk )∈S k

j=1

Note that (1) is invariant to any permutation of the input probability vectors.

Assuming that the agents are randomly and independently drawn from a population x ∈ ∆ to play
the game Γ, the population average payoff is given by u(xk ), where xk is a shortcut for x, . . . , x
repeated k times. Furthermore, the average payoff that an i-strategist obtains in a population x ∈ ∆
is given by u(ei , xk−1 ), where ei ∈ ∆ is a vector with xi = 1 and zero elsewhere.
An important notion in game theory is that of equilibrium [22]. A population x ∈ ∆ is in equilibrium
when the distribution of strategies will not change anymore, which intuitively happens when every
individual in the population obtains the same average payoff and no strategy can thus prevail on the
other ones. Formally, x ∈ ∆ is a Nash equilibrium if
u(ei , xk−1 ) ≤ u(xk ) ,
for all i ∈ S .
(2)
In other words, every agent in the population performs at most as well as the population average
payoff. Due to the multi-linearity of u, a consequence of (2) is that
u(ei , xk−1 ) = u(xk ) ,
for all i ∈ σ(x) ,
(3)
i.e., all the agents that survived the evolution obtain the same average payoff, which coincides with
the population average payoff.
A key concept pertaining to evolutionary game theory is that of an evolutionary stable strategy
[7, 22]. Such a strategy is robust to evolutionary pressure in an exact sense. Assume that in a
population x ∈ ∆, a small share ǫ of mutant agents appears, whose distribution of strategies is
y ∈ ∆. The resulting postentry population is given by wǫ = (1 − ǫ)x + ǫy. Biological intuition
suggests that evolutionary forces select against mutant individuals if and only if the average payoff
of a mutant agent in the postentry population is lower than that of an individual from the original
population, i.e.,
u(y, wǫk−1 ) < u(x, wǫk−1 ) .
(4)
A population x ∈ ∆ is evolutionary stable (or an ESS) if inequality (4) holds for any distribution of
mutant agents y ∈ ∆ \ {x}, granted the population share of mutants ǫ is sufficiently small (see, [22]
for pairwise contests and [7] for n-wise contests).
An alternative, but equivalent, characterization of ESSs involves a leveled notion of evolutionary
stable strategies [7]. We say that x ∈ ∆ is an ESS of level j against y ∈ ∆, if there exists j ∈
{0, . . . , k − 1} such that both conditions
u(yj+1 , xk−j−1 ) <
i+1

k−i−1

u(yj , xk−j ) ,
i

k−i

(5)

u(y , x
) = u(y , x ) , for all 0 ≤ i < j ,
(6)
are satisfied. Clearly, x ∈ ∆ is an ESS if it satisfies a condition of this form for every y ∈ ∆ \ {x}.
It is straightforward to see that any ESS is a Nash equilibrium [22, 7]. An ESS, which satisfies
conditions (6) with j never more than J, will be called an ESS of level J. Note that for the generic
case most of the preceding conditions will be superfluous, i.e., only ESSs of level 0 or 1 are required
[7]. Hence, in the sequel, we will consider only ESSs of level 1. It is not difficult to verify that any
ESS (of level 1) x ∈ ∆ satisfies
u(wǫk ) < u(xk ) ,
(7)
for all y ∈ ∆ \ {x} and small enough values of ǫ.
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3 The hypergraph clustering game
The hypergraph clustering problem can be described by an edge-weighted hypergraph. Formally,
an edge-weighted hypergraph is a triplet H = (V, E, s), where V = {1, . . . , n} is a finite set
of vertices, E ⊆ P(V ) \ {∅} is the set of (hyper-)edges (here, P(V ) is the power set of V ) and
s : E → R is a weight function which associates a real value with each edge. Note that negative
weights are allowed too. Although hypergraphs may have edges of varying cardinality, we will focus
on a particular class of hypergraphs, called k-graphs, whose edges have all fixed cardinality k ≥ 2.
In this paper, we cast the hypergraph clustering problem into a game, called (hypergraph) clustering
game, which will be played in an evolutionary setting. Clusters are then derived from the analysis of the ESSs of the clustering game. Specifically, given a k-graph H = (V, E, s) modeling a
hypergraph clustering problem, where V = {1, . . . , n} is the set of objects to cluster and s is the
similarity function over the set of objects in E, we can build a game involving k players, each of
them having the same set of (pure) strategies, namely the set of objects to cluster V . Under this
setting, a population x ∈ ∆ of agents playing a clustering game represents in fact a cluster, where
xi is the probability for object i to be part of it. Indeed, any cluster can be modeled as a probability
distribution over the set of objects to cluster. The payoff function of the clustering game is defined
in a way as to favour the evolution of agents supporting highly coherent objects. Intuitively, this
is accomplished by rewarding the k players in proportion to the similarity that the k played objects
have. Hence, assuming (v1 , . . . , vk ) ∈ V k to be the tuple of objects selected by k players, the payoff
function can be simply defined as
1
s ({v1 , . . . , vk }) if {v1 , . . . , vk } ∈ E ,
π(v1 , . . . , vk ) = k!
(8)
0
else ,
where the term 1/k! has been introduced for technical reasons.
Given a population x ∈ ∆ playing the clustering game, we have that the average population payoff
u(xk ) measures the cluster’s internal coherency as the average similarity of the objects forming the
cluster, whereas the average payoff u(ei , xk−1 ) of an agent supporting object i ∈ V in population
x, measures the average similarity of object i with respect to the cluster.
An ESS of a clustering game incorporates the properties of internal coherency and external incoherency of a cluster:
internal coherency: since ESSs are Nash equilibria, from (3), it follows that every object contributing to the cluster, i.e., every object in σ(x), has the same average similarity with respect to
the cluster, which in turn corresponds to the cluster’s overall average similarity. Hence, the
cluster is internally coherent;
external incoherency: from (2), every object external to the cluster, i.e., every object in V \ σ(x),
has an average similarity which does not exceed the cluster’s overall average similarity.
There may still be cases where the average similarity of an external object is the same as
that of an internal object, mining the cluster’s external incoherency. However, since x is
an ESS, from (7) we see that whenever we try to extend a cluster with small shares of
external objects, the cluster’s overall average similarity drops. This guarantees the external
incoherency property of a cluster to be also satisfied.
Finally, it is worth noting that this theory generalizes the dominant-sets clustering framework which
has recently been introduced in [14]. Indeed, ESSs of pairwise clustering games, i.e. clustering
games defined on graphs, correspond to the dominant-set clusters [20, 17]. This is an additional
evidence that ESSs are meaningful notions of cluster.

4 Evolution towards a cluster
In this section we will show that the ESSs of a clustering game are in one-to-one correspondence
with (strict) local solution of a non-linear optimization program. In order to find ESSs, we will also
provide a dynamics due to Baum and Eagon, which generalizes the replicator dynamics [22].
Let H = (V, E, s) be a hypergraph clustering problem and Γ = (P, V, π) be the corresponding
clustering game. Consider the following non-linear optimization problem:
X
Y
xi , subject to x ∈ ∆ .
(9)
maximize f (x) =
s(e)
e∈E

i∈e
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It is simple to see that any first-order Karush-Kuhn-Tucker (KKT) point x ∈ ∆ of program (9) [13]
is a Nash equilibrium of Γ. Indeed, by the KKT conditions there exist µi ≥ 0, i ∈ S, and λ ∈ R
such that for all i ∈ S,
∇f (x)i + µi − λ =

1
u(ei , xk−1 ) + µi − λ = 0
k

and

µi xi = 0 ,

where ∇ is the gradient operator. From this it follows straightforwardly that u(ei , xk−1 ) ≤ u(xk )
for all i ∈ S. Moreover, it turns out that any strict local maximizer x ∈ ∆ of (9) is an ESS of Γ.
Indeed, by definition, a strict local maximizer of this program satisfies u(zk ) = f (z) < f (x) =
u(xk ), for any z ∈ ∆ \ {x} close enough to x, which is in turn equivalent to (7) for sufficiently
small values of ǫ.
The problem of extracting ESSs of our hypergraph clustering game can thus be cast into the problem
of finding strict local solutions of (9). We will address this optimization task using a result due to
Baum and Eagon [3], who introduced a class of nonlinear transformations in probability domain.
Theorem 1 (Baum-Eagon). Let P (x) be a homogeneous polynomial in the variables xi with nonnegative coefficients, and let x ∈ ∆. Define the mapping z = M(x) as follows:
n
.X
xj ∂j P (x),
zi = xi ∂i P (x)

i = 1, . . . , n.

(10)

j=1

Then P (M(x)) > P (x), unless M(x) = x. In other words M is a growth transformation for the
polynomial P .
The Baum-Eagon inequality provides an effective iterative means for maximizing polynomial functions in probability domains, and in fact it has served as the basis for various statistical estimation
techniques developed within the theory of probabilistic functions of Markov chains [4]. It was also
employed for the solution of relaxation labelling processes [15].
Since f (x) is a homogeneous polynomial in the variables xi , we can use the transformation of
Theorem 1 in order to find a local solution x ∈ ∆ of (9), which in turn provides us with an ESS of the
hypergraph clustering game. By taking the support of x, we have a cluster under our framework. The
complexity of finding a cluster is thus O(ρ|E|), where |E| is the number of edges of the hypergraph
describing the clustering problem and ρ is the average number of iteration needed to converge. Note
that ρ never exceeded 100 in our experiments.
In order to obtain the clustering, in principle, we have to find the ESSs of the clustering game.
This is a non-trivial, although still feasible, task [21], which we leave as a future extension of this
work. By now, we adopt a naive peeling-off strategy for our cluster extraction procedure. Namely,
we iteratively find a cluster and remove it from the set of objects, and we repeat this process on
the remaining objects until a desired number of clusters have been extracted. The set of extracted
ESSs with this procedure does not technically correspond to the ESSs of the original game, but to
ESSs of sub-games of it. The cost of this approximation is that we unfortunately loose (by now) the
possibility of having overlapping clusters.

5 Experiments
In this section we present two types of experiments. The first one addresses the problem of line
clustering, while the second one addresses the problem of illuminant-invariant face clustering. We
tested our approach against Clique Averaging algorithm (C AVERAGE), since it was the best performing approach in [2] on the same type of experiments. Specifically, C AVERAGE outperformed
Clique Expansion [10] combined with Normalized cuts, Gibson’s Algorithm under sum and product
model [9], kHMeTiS [11] and Cascading RANSAC [2]. We also compare against Super-symmetric
Non-negative Tensor Factorization (S NTF) [18], because it is the only approach, other than ours,
which does not approximate the hypergraph to a graph.
Since both C AVERAGE and S NTF, as opposed to our method, require the number of classes K to be
specified, we run them with values of K ∈ {K ∗ − 1, K ∗ , K ∗ + 1} among which the optimal one
(K ∗ ) is present. This allows us to verify the robustness of the approaches under wrong values of K,
which may occur in general as the optimal number of clusters is not known in advance.
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Figure 1: Results on clustering 3, 4 and 5 lines perturbed with increasing levels of Gaussian noise
(σ = 0, 0.01, 0.02, 0.04, 0.08).
We executed the experiments on a AMD Sempron 3Ghz computer with 1Gb RAM. Moreover, we
evaluated the quality of a clustering by computing the average F-measure of each cluster in the
ground-truth with the most compatible one in the obtained solution (according to a one-to-one correspondence).
5.1 Line clustering
We consider the problem of clustering lines in spaces of dimension greater than two, i.e., given a
set of points in Rd , the task is to find sets of collinear points. Pairwise measures of similarity are
useless and at least three points are needed. The dissimilarity measure on triplets of points is given
by their mean distance to the best fitting line. If d(i, j, k) is the dissimilarity of points {i, j, k}, the
similarity function is given by s({i, j, k}) = exp(−d(i, j, k)2 /σ 2 ), where σ is a scaling parameter,
which has been optimally selected for all the approaches according to a small test set.
We conducted two experiments, in order to assess the robustness of the approaches to both local
and global noise. Local noise refers to a Gaussian perturbation applied to the points of a line, while
global noise consists of random outlier points.
A first experiment consists in clustering 3, 4 and 5 lines generated in the 5-dimensional space
[−2, 2]5 . Each line consists of 20 points, which have been perturbed according to 5 increasing
levels of Gaussian noise, namely σ = 0, 0.01, 0.02, 0.04, 0.08. With this setting there are no outliers
and every point should be assigned to a line (e.g., see Figure 1(a)). Figure 1(b) shows the results
obtained with three lines. We reported, for each noise level, the mean and the standard deviation
of the average F-measures obtained by the algorithms on 30 randomly generated instances. Note
that, if the optimal K is used, C AVERAGE and S NTF perform well and the influence of local noise
is minimal. This behavior intuitively makes sense under moderate perturbations, because if the approaches correctly partitioned the data without noise, it is unlikely that the result will change by
slightly perturbing them. Our approach however achieves good performances as well, although we
can notice that with the highest noise level, the performance slightly drops. This is due to the fact
that points deviating too much from the overall cluster average collinearity will be excluded as they
undermine the cluster’s internal coherency. Hence, some perturbed points will be considered outliers. Nevertheless, it is worth noting that by underestimating the optimal number of classes both
C AVERAGE and S NTF exhibit a drastic performance drop, whereas the influence of overestimations
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Figure 2: Results on clustering 2, 3 and 4 lines with an increasing number of outliers (0, 10, 20, 40).
has a lower impact on the two partition-based algorithms. By increasing the number of lines involved
in the experiment from three to four (Figure 1(c)) and to five (Figure 1(d)) the scenario remains almost the same for our approach and S NTF, while we can notice a slight decrease of C AVERAGE’s
performance.
The second experiment consists in clustering 2, 3 and 4 slightly perturbed lines (with fixed local
noise σ = 0.01) generated in the 5-dimensional space [−2, 2]5 . Again, each line consists of 20
points. This time however we added also global noise, i.e., 0, 10, 20 and 40 random points as outliers
(e.g., see Figure 2(a)). Figure 2(b) shows the results obtained with two lines. Here, the supremacy
of our approach over partition-based ones is clear. Indeed, our method is not influenced by outliers
and therefore it performs almost perfectly, whereas C AVERAGE and S NTF perform well only without
outliers and with the optimal K. It is interesting to notice that, as outliers are introduced, C AVERAGE
and S NTF perform better with K > 2. Indeed, the only way to get rid of outliers is to group them in
additional clusters. However, since outliers are not mutually similar and intuitively they do not form
a cluster, we have that the performance of C AVERAGE and S NTF drop drastically as the number of
outliers increases. Finally, by increasing the number of lines from two to three (Figure 2(c)) and
to four (Figure 2(d)), the performance of C AVERAGE and S NTF get worse, while our approach still
achieves good results.
5.2 Illuminant-invariant face clustering
In [5] it has been shown that images of a Lambertian object illuminated by a point light source lie in
a three dimensional subspace. According to this result, if we assume that four images of a face form
the columns of a matrix then d = s24 /(s21 + · · · + s24 ) provides us with a measure of dissimilarity,
where si is the ith singular value of this matrix [2]. We use this dissimilarity measure for the face
clustering problem and we consider as dataset the Yale Face Database B and its extended version
[8, 12]. In total we have faces of 38 individuals, each under 64 different illumination conditions. We
compared our approach against C AVERAGE and S NTF on subsets of this face dataset. Specifically,
we considered cases where we have faces from 4 and 5 random individuals (10 faces per individual),
and with and without outliers. The case with outliers consists in 10 additional faces each from a
different individual. For each of those combinations, we created 10 random subsets. Similarly to the
case of line clustering, we run C AVERAGE and S NTF with values of K ∈ {K ∗ − 1, K ∗ , K ∗ + 1},
where K ∗ is the optimal one.
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n. of classes:
n. of outliers:
C AVERAGE K=3
C AVERAGE K=4
C AVERAGE K=5
C AVERAGE K=6
S NTF K=3
S NTF K=4
S NTF K=5
S NTF K=6
HoCluGame

4
0
0.63±0.11
0.96±0.06
0.91±0.06
0.62±0.12
0.87±0.07
0.82±0.09
0.95±0.03

5
10
0.59±0.07
0.84±0.07
0.79±0.05
0.58±0.10
0.81±0.08
0.76±0.09
0.94±0.02

0
0.56±0.14
0.85±0.12
0.84±0.09
0.61±0.13
0.86±0.12
0.85±0.08
0.95±0.05

10
0.58±0.07
0.83±0.06
0.82±0.06
0.59±0.09
0.80±0.07
0.79±0.11
0.94±0.02

Table 1: Experiments on illuminant-invariant face clustering.
In Table 1 we report the average F-measures (mean and standard deviation) obtained by the three
approaches. The results are consistent with those obtained in the case of line clustering with the
exception of S NTF, which performs worse than the other approaches on this real-world application.
C AVERAGE and our algorithm perform comparably well when clustering 4 individuals without outliers. However, our approach turns out to be more robust in every other tested case, i.e., when the
number of classes increases and when outliers are introduced. Indeed, C AVERAGE’s performance
decreases, while our approach yields the same good results.
In both the experiments of line and face clustering the execution times of our approach were higher
than those of C AVERAGE, but considerably lower than S NTF. The main reason why C AVERAGE
run faster is that our approach and S NTF work directly on the hypergraph without resorting to pairwise relations, which is indeed what C AVERAGE does. Further, we mention that our code was not
optimized to improve speed and all the approaches were run without any sampling policy.

6 Discussion
In this paper, we offered a game-theoretic perspective to the hypergraph clustering problem. Within
our framework the clustering problem is viewed as a multi-player non-cooperative game, and classical equilibrium notions from evolutionary game theory turn out to provide a natural formalization
of the notion of a cluster. We showed that the problem of finding these equilibria (clusters) is equivalent to solving a polynomial optimization problem with linear constraints, which we solve using an
algorithm based on the Baum-Eagon inequality. An advantage of our approach over traditional techniques is the independence from the number of clusters, which is indeed an intrinsic characteristic
of the input data, and the robustness against outliers, which is especially useful when solving figureground-like grouping problems. We also mention, as a potential positive feature of the proposed
approach, the possibility of finding overlapping clusters (e.g., along the lines presented in [21]), although in this paper we have not explicitly dealt with this problem. The experimental results show
the superiority of our approach with respect to the state of the art in terms of quality of solution. We
are currently studying alternatives to the plain Baum-Eagon dynamics in order to improve efficiency.
Acknowledgments. We acknowledge financial support from the FET programme within EU FP7,
under the SIMBAD project (contract 213250). We also thank Sameer Agarwal and Ron Zass for
providing us with the code of their algorithms.
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Abstract
The paper introduces a framework for clustering
data objects in a similarity-based context. The aim is
to cluster objects into a given number of classes without imposing a hard partition, but allowing for a soft
assignment of objects to clusters. Our approach uses
the assumption that similarities reflect the likelihood of
the objects to be in a same class in order to derive a
probabilistic model for estimating the unknown cluster
assignments. This leads to a polynomial optimization
in probability domain, which is tackled by means of a
result due to Baum and Eagon. Experiments on both
synthetic and real standard datasets show the effectiveness of our approach.

for the similarities parametrized by the unknown cluster
assignments. We derive the model from the assumption
that the similarity between two objects follows a Gaussian distribution centered around the likelihood of them
to occur in a same cluster, which in turn depends on the
unknown cluster assignments of the two objects. We
use then the model to estimate the unknown parameters from the similarities by adopting a maximum likelihood approach. This reduces the clustering problem to
a polynomial optimization in probability domain, which
is solved by means of the Baum-Eagon inequality [1].
This result, indeed, provides us with a class of nonlinear
transformations that serve our purpose. Experiments
conducted on both synthetic and real standard datasets
show the effectiveness of our approach.

1. Introduction

2. A probabilistic model for k-clustering

Clustering is the unsupervised learning task of organizing a set of data objects (or simply objects) into
groups. Commonly, clustering methods work under the
assumption that objects are explicitly described in terms
of features. However, a more challenging and appealing
trend, which has became popular in the last few years,
considers a similarity-based scenario, where the information about the objects to be clustered is expressed in
terms of their similarities.
Unfortunately, the clustering problem is ill-posed, as
there is no commonly accepted notion of a cluster. Indeed, there is a large variety of approaches, which tackle
this problem by making more or less restrictive assumptions about the result they are aiming to. The most popular one forces objects to be clustered into a fixed number k of classes and, typically, this is also coupled with
the requirement that each data object belongs to a single cluster, yielding a hard partition of the data. This
last assumption is, however, too restrictive for many important applications such as clustering micro-array gene
expression data, text categorization, perceptual grouping, labeling of visual scenes and medical diagnosis.
Inspired by a recent work due to Zass and Sashua [8],
we introduce a probabilistic framework for clustering in
a similarity-based context. The aim is to cluster objects
into a given number of classes without forcing crisp partitions, but allowing for soft assignments of objects to
clusters. To this end, we first design a statistical model

Let O = {1, . . . , n} be a set of data objects (or simply objects) to cluster into k classes and consider a scenario in which objects are not explicitly described in
terms of feature vectors, but a n × n nonnegative real
matrix W = (wij ) is given, whose entries provide a
measure of the likelihood that two objects occur in the
same cluster.
In this paper we take a probabilistic perspective by
allowing objects to belong to mixtures of clusters, i.e.,
cluster memberships are discrete distributions over the
set {1, . . . , k} of clusters or, technically, points of the
standard simplex ∆k , which is given by

∆k = x ∈ Rk+ : kxk1 = 1 .

1051-4651/10 $26.00 © 2010 IEEE
DOI 10.1109/ICPR.2010.353

Let y1 , . . . , yn ∈ ∆k be the unknown cluster memberships of the objects in O. Then the likelihood of objects
i and j to be clustered together (under independence assumption) is given by αyi> yj , where α is a positive real
value. Suppose also Y = (y1 , . . . , yn ) ∈ ∆nk to be the
matrix obtained by stacking the yi ’s in a row. Then, the
matrix with the “true” likelihoods is given by αY > Y .
We want now to find the values of Y and α such that
the true likelihoods αY > Y best represent the empirical ones W . To this end, suppose that each entry wij
has a measurement error that is independently random
and Gaussian distributed around the “true” likelihood
αyi> yj . Assume also that the standard deviations σ are
1433
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the same for all these distributions. Then we can estimate α, Y and σ 2 from W by maximizing the likelihood
of the data W , which is given by
Y
p(W |Y, α, σ 2 ) =
p(wij |yi , yj , α, σ 2 )
i,j

=

Y

N (wij |αyi> yj , σ 2 )

(1)

i,j

where N (x|µ, σ 2 ) denotes the Gaussian probability
density function with mean µ and variance σ 2 . Since
maximizing (1) is the same as minimizing its negative
logarithm, we obtain the following minimization problem
1
kW − αY > Y k2 + n2 log σ
σ2
s.t. Y ∈ ∆nk , α, σ ∈ R .

min

(2)

With the view of recovering only the cluster memberships Y , we note that the value of the variance σ 2 in
(2) does not affect the value of the optimal Y . Hence,
σ can be discarded and thereby (2) can be simplified as
follows:
min kW − αY > Y k2
(3)
s.t. Y ∈ ∆nk , α ∈ R .
Note that the optimal solution in the variables Y and α
of (3) and (2) are the same. Moreover, the value of Y
provides us with soft assignments of the objects to the
k classes. Indeed, yri gives the probability of object i
to be assigned to class r. If a hard partition is needed,
this can be forced by assigning each object i to the most
probable class, which is given by: arg maxr=1...k yri .

3. Related works
In [8] a similar approach is proposed. First of
all, a preprocessing on the similarity matrix W looks
for its closest doubly-stochastic matrix F under `1
norm, or Frobenius norm, or relative entropy [9].
The k-clustering problem is then tackled by finding a
completely-positive factorization of F = (fij ) in the
least-square sense, i.e., by solving the following optimization problem:
min

kF − G> Gk2

s.t. G ∈ Rk×n
.
+

(4)

Note that this leads to an optimization program,
which resembles (3), but is inherently different. The
elements gri of the resulting matrix G provide an indication of object i to be assigned to class r. However,
unlike our formulation, these quantities are not explicit
probabilities and it may happen for instance that gri = 0

for all r = 1 . . . k, i.e., some objects may remain in
principle unclassified.
The approach proposed to find a local solution of (4)
consists in iterating the following updating rule:
Pn
gri j6=i grj fij
gri ← Pk
.
Pn
s=1 gsi
j6=i gsj grj
The computational complexity for updating all entries
in G once (complete iteration) is O(kn2 ), while we expect to find a solution in O(γkn2 ), where γ is the average number of complete iterations required to converge.
A disadvantage of this iterative scheme is that updates
must be sequential, i.e., we cannot update all entries of
G in parallel.

4. The Baum-Eagon inequality
In the late 1960s, Baum and Eagon [1] introduced
a class of nonlinear transformations in probability domain and proved a fundamental result which turns out
to be very useful for the optimization task at hand. The
next theorem introduces what is known as the BaumEagon inequality.
Theorem 1 (Baum-Eagon). Let X = (xri ) ∈ ∆nk and
Q(X) be a homogeneous polynomial in the variables
xri with nonnegative coefficients. Define the mapping
Z = (zri ) = M(X) as follows:
 k
∂Q(X) X
∂Q(X)
zri = xri
xsi
,
(5)
∂xri
∂xsi
s=1
for all i = 1 . . . n and r = 1 . . . k. Then Q(M(X)) >
Q(X), unless M(X) = X. In other words M is a
growth transformation for the polynomial Q.
This result applies to homogeneous polynomials,
however in a subsequent paper, Baum and Sell [3]
proved that Theorem 1 still holds in the case of arbitrary polynomials with nonnegative coefficients, and
further extended the result by proving that M increases
Q homotopically, which means that for all 0 ≤ η ≤ 1,
Q(ηM(X) + (1 − η)X) ≥ Q(X) with equality if and
only if M(X) = X.
The Baum-Eagon inequality provides an effective iterative means for maximizing polynomial functions in
probability domains, and in fact it has served as the
basis for various statistical estimation techniques developed within the theory of probabilistic functions of
Markov chains [2].

5. The algorithm
In order to use the Baum-Eagon theorem for optimizing (3), assuming α fixed, we need to meet the require1430
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ment of having a polynomial to maximize with nonnegative coefficients in the simplex-constrained variables.
To this end, we consider the following optimization program, which is proved to be equivalent to (3):
max 2T r(W Y > Y ) + α(kY > Ek Y k2 − kY > Y k2 )
s.t. Y ∈ ∆nk .
(6)
where Ek is the k × k matrix of all 1’s, and T r(·) is the
matrix trace function.

(a) Original likelihoods.
0.8

Proposition 1. The maximizers of (6) are minimizers
of (3) (assuming α > 0 fixed) and vice versa. Moreover, the objective function of (6) is a polynomial with
nonnegative coefficients in the variables yri , which are
elements of Y .
Proof. Let P (Y ) and Q(Y ) be the objective functions
of (3) and (6), respectively.
To prove the second part of the proposition note that
trivially every term of the polynomial kY > Y k2 is also
a term of kY > Ek Y k2 . Hence, Q(Y ) is a polynomial
with nonnegative coefficients in the variables yri .
As for the second part, by simple algebra, we can
write Q(Y ) in terms of P (Y ) as follows:


Q(Y ) = α−1 kW k2 − P (Y ) + αkY > Ek Y k2


= α−1 kW k2 − P (Y ) + α
= −α−1 P (Y ) + α−1 kW k2 + α ,
where we used the fact that kY > Ek Y k = 1. Note that
the removal of the constant terms from Q(Y ) leaves
its maximizers over ∆nk unaffected. Therefore, maximizers of (6) are also maximizers of −α−1 P (Y ) over
∆nk and thus minimizers of (3). This concludes the
proof.
By Proposition 1, assuming α > 0 fixed, we can
use Theorem 1 to locally optimize (6). The same result
guarantees that by so doing we find a solution of (3).
Note that, in our case, the objective function is not a
homogeneous polynomial but, as mentioned previously,
this condition is not necessary [3]. By applying (5), we
obtain the following updating rule for Y = (yri ):
(t+1)

yri

(t)

= yri

αn + [Y (W − αY > Y )]ri
(7)
P (t)
αn + r yri [Y (W − αY > Y )]ri

where we abbreviated Y (t) with Y .
The updating rule for the scaling factor α, assuming
Y = Y (t+1) fixed, can be derived from (3) by zeroing
the first order derivative of the cost function with respect
to α, obtaining:

T r W Y >Y
(t+1)
α
=
,
(8)
kY > Y k2

(b) Estimated likelihoods.
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Figure 1. Results on the S-Block dataset.
which is always nonnegative. By iteratively updating
Y and α we are able to locally optimize (3). Indeed,
any non-fixed iteration of (8) or (7) strictly decreases
the objective function of (3).
The computational complexity of the proposed dynamics is O(γkn2 ), where γ is the average number of
iterations required to converge (note that in our experiments we kept γ fixed). One remarkable advantage of
this dynamics is that it can be easily parallelized in order to benefit from modern multi-core processors. Additionally, it can be easily implemented with few lines
of Matlab code.

6. Experimental results
We performed experiments on the S100 Block
Stochastic (S-Block) synthetic dataset [7], the Iris
dataset (Iris), the NIST Handwritten Digits dataset
(Digit) and a subset of the SCOP protein dataset (Scop)
[4]. We compared our approach based on the BaumEagon inequality (BE) against the Copositive Factorization (CP) method [8], which has been described
in Section 3, the Normalized Cuts (NC UT) [6] and
the Ng-Jordan-Weiss (NJW) [5] spectral clustering approaches. Each approach has been executed 10 times
and average results in terms of accuracy have been reported.
The qualitative results obtained are shown in Table
1. Our approach outperformed the competitors in the
most challenging datasets, namely Digit and Scop. In
the Iris dataset all approaches performed comparably
well, while in the synthetic one NC UT and BE outperformed the other approaches, the latter achieving a
slightly lower accuracy than the former.
1431
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Dataset
S-Block
Digit
Iris
Scop

k
5
10
3
5

n
100
1000
150
451

BE
.995±.013
.700±.042
.993±.000
.706±.001

CP
.556±.143
.430±.142
.991±.003
.703±.000

NC UT
1.000±.000
.566±.096
.993±.000
.568±.000

NJW
.596±.010
.657±.000
.993±.000
.630±.000

Table 1. Clustering results on different datasets.

probabilistic model for estimating the unknown cluster
assignments. This reduces the clustering problem to a
polynomial optimization in probability domain, which
is addressed using the Baum and Eagon inquality. Experiments on both synthetic and real standard datasets
show the effectiveness of our approach.
(a) Original likelihoods.

(b) Estimated likelihoods.
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Figure 2. Results on the Iris dataset.
Figure 1(b) shows the likelihoods αY > Y , estimated
by our approach on the S-Block dataset. Noise has been
considerably smoothed out and the block structure is
now well-oulined. In Figure 1(c) we plotted also the
cluster memberships of each object, i.e, matrix Y . Here,
object indices are on the x-axis and probabilities on the
y-axis, and each curve represents the profile of a cluster.
As one can see, from the memberships the true cluster
assignments can be clearly evinced.
In Figure 2 we present an analoguos analysis on the
Iris dataset. This dataset consists of three clusters, two
of which are not clearly separated. Our approach is effective also in this case, as from both the estimated likelihoods αY > Y in Figure 2(b) and the cluster memberships in Figure 2(c), the three clusters can be clearly
recognized.

7. Conclusion
We introduced a probabilistic framework for clustering in a similarity-based setting. The aim is to cluster
objects into a given number of classes, but as opposed to
conventional approaches, which induce a hard partition
of the data, our algorithm provides soft assignments of
objects to clusters. Our approach is based on the reasonable assumption that similarities reflect the likelihood
of the objects to be in a same class in order to derive a
1432
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a b s t r a c t
Quadratic optimization lies at the very heart of many structural pattern recognition and computer vision
problems, such as graph matching, object recognition, image segmentation, etc., and it is therefore of crucial importance to devise algorithmic solutions that are both efﬁcient and effective. As it turns out, a large
class of quadratic optimization problems can be formulated in terms of so-called ‘‘standard quadratic
programs’’ (StQPs), which ask for ﬁnding the extrema of a quadratic polynomial over the standard simplex. Computationally, the standard approach for attacking this class of problems is to use replicator
dynamics, a well-known family of algorithms from evolutionary game theory inspired by Darwinian
selection processes. Despite their effectiveness in ﬁnding good solutions in a variety of applications, however, replicator dynamics suffer from being computationally expensive, as they require a number of operations per step which grows quadratically with the dimensionality of the problem being solved. In order
to avoid this drawback, in this paper we propose a new population game dynamics (INIMDYN) which is
motivated by the analogy with infection and immunization processes within a population of ‘‘players.’’
We prove that the evolution of our dynamics is governed by a quadratic Lyapunov function, representing
the average population payoff, which strictly increases along non-constant trajectories and that local
solutions of StQPs are asymptotically stable (i.e., attractive) points. Each step of INIMDYN is shown to have
a linear time/space complexity, thereby allowing us to use it as a more efﬁcient alternative to standard
approaches for solving StQPs and related optimization problems. Indeed, we demonstrate experimentally
that INIMDYN is orders of magnitude faster than, and as accurate as, replicator dynamics on various applications ranging from tree matching to image registration, matching and segmentation.
Ó 2011 Elsevier Inc. All rights reserved.

1. Introduction
Optimality is arguably one of the most pervasive and ﬂexible
meta-principles used in computer vision and pattern recognition,
as it allows one to formulate real-world problems in a pure, abstract setting with solid theoretical as well as philosophical underpinnings, and permits access to the full arsenal of algorithms
available in the optimization and operations research literature.
On the other hand, although graphs have always been an important tool in computer vision because of their representational
power and ﬂexibility, there is now a renewed and growing interest
toward explicitly formulating vision problems as graph optimization problems, and researchers are increasingly making use of
sophisticated graph-theoretic concepts, results, and algorithms
[18,3].
Among the variety of optimization problem families, quadratic
optimization plays unquestionably a prominent role in computer
vision as it naturally arises whenever abstract entities (e.g., pixels,

⇑ Corresponding author.
E-mail address: srotabul@dsi.unive.it (S. Rota Bulò).
1077-3142/$ - see front matter Ó 2011 Elsevier Inc. All rights reserved.
doi:10.1016/j.cviu.2010.12.004

edgels, regions, etc.) exhibit mutual pairwise interactions. The
maximum clique problem, for example, which ﬁnds applications
in such problems as shape and object recognition [6,2,16,45,55],
stereo correspondence [26], point pattern matching [36], and image sequence analysis [48], has been successfully addressed in
terms of quadratic optimization via the Motzkin–Straus theorem,
a result that has recently been generalized in various ways
[41,57,52] and applied to pairwise clustering problems (see Section
2). Other important applications of quadratic programming can be
found in [37,21,54].
As it turns out, a large class of quadratic optimization problems
can be formulated in terms of standard quadratic programs (StQPs),
which ask for ﬁnding the extrema of a quadratic polynomial over
the standard simplex. Computationally, the standard approach to
solving StQPs is to use replicator dynamics, a class of evolutionary
game-theoretic algorithms inspired by Darwinian selection processes. Indeed, there exists an intimate connection between optimization and game theory, as it can be seen that the solutions of
any StQP are in one-to-one correspondence to the equilibria of a
particular class of two-player games, known as partnership, or
doubly-symmetric games, whereby the players’ payoffs are assumed to coincide [62,25]. Interestingly, replicator dynamics also
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arise independently in different branches of theoretical biology
[25] and are closely related to the classical Lotka–Volterra equations from population ecology, while in population genetics they
are known as selection equations [17]. Further, replicator dynamics
turn out to be a special instance of a general class of dynamical systems introduced by Baum and Eagon [4] in the context of Markov
chain theory and represent a special case of the well-known relaxation labeling processes for solving consistent labeling problems
[49].
Although replicator dynamics have proven to be an effective
technique in a variety of StQP applications [44,8,56,34,41], a typical
problem associated with these algorithms is the scaling behavior
with the dimensionality of the problem being solved. In particular,
for a problem involving N variables, the computational complexity
of each replicator dynamics step is OðN 2 Þ, thereby hindering their
use in large-scale applications, such as high-resolution image/video segmentation and matching. Previous attempts aimed at
improving the computational time of the replicator dynamics can
be found in works of Pelillo [42,43,47], where an exponential replicator model (a member of a larger class of ‘‘payoff-monotonic’’
game dynamics) has been employed in order to reduce the number
of iterations needed for the algorithm to ﬁnd a solution. However,
despite requiring less iterations, the proposed solution still suffers
from a per-step quadratic complexity.
In this paper we study a new population game dynamics, the
infection-immunization dynamics (INIMDYN), which avoids this drawback and leads to a remarkable computational gain over previous
approaches. INIMDYN is motivated by the analogy with infection
and immunization processes within a population of ‘‘players.’’
Intuitively, the evolutionary process can be interpreted as follows:
as time passes by, an advertisement on the basis of the aggregate
behavior of the population tells the agents that a certain strategy
is successful or is unsuccessful. A strategy is successful if it is performing best in terms of payoff in the population, whereas it is
unsuccessful if it is the worst performing strategy still alive in
the population. Both variants will be taken into account: in contrast to the best-reply approach typically used in evolutionary
game theory [25], which selects the strategy with highest average
payoff, a successful strategy is chosen only if its absolute deviation
from the average payoff is largest among all absolute deviations.
Otherwise, the largest absolute deviation is provided by an unsuccessful strategy, and we move straight away from it by help of its
co-strategy (to be deﬁned below). In its most generic formulation,
this phase encodes a particular selection function for infective
strategies, which basically increases (decreases) the share of agents
playing the successful (unsuccessful) strategy, as long as there is no
barrier to the invasion. Hence, assuming that agents can gather
information only about the announced strategy, they will be inclined to switch to the successful strategy, or abandon the one
unsuccessful.
In the paper we prove that the evolution of our dynamics is governed by a quadratic Lyapunov function, representing the average
population payoff, which strictly increases along any non-constant
trajectory and that local solutions of StQPs are asymptotically stable (i.e., attractive) equilibrium points. We also show that each step
of INIMDYN has a linear time/space complexity, as opposed to the
quadratic per-step complexity of replicator dynamics. We provide
experimental evidence that the proposed algorithm is orders of
magnitude faster than the standard algorithms on various graphbased computer vision applications, ranging from tree matching
to image segmentation, matching and registration, while preserving the quality of the solutions found. Hence our approach can
be considered an efﬁcient and theoretically sound alternative to
the replicator dynamics, that can be usefully employed in those
graph-based computer vision and pattern recognition problems
where computational complexity might be an issue, e.g., video

and high-resolution image segmentation, matching of large graphs,
clustering of large datasets, etc.
The paper is organized as follows. In Section 2 we provide a
short review of various graph-based problems that lead to an StQP
formulation, while in Section 3 we summarize the basic concepts
and results of evolutionary graph theory and replicator dynamics.
Section 4 is devoted to the description of our new class of evolutionary dynamics and Section 5 describes a speciﬁc instance which
exhibits a linear time/space complexity per step. In Section 6 we
report on the experimental results, and we ﬁnally draw our conclusions in Section 7. A preliminary version of this work has been presented in [51].
2. Quadratic formulation for graph-theoretic problems
Many graph-theoretic problems can be formulated in terms of a
standard quadratic program (StQP), which is deﬁned as:

maximize x> Q x
subject to x 2 D
where Q 2 Rnn is a symmetric matrix, and D is the standard simplex
of Rn :

(

D¼

n

x2R :

n
X

)
xi ¼ 1 and xi P 0; i ¼ 1; . . . ; n :

i¼1

A large class of quadratic programming problems (QPs), instances of
which arise frequently in computer vision and pattern recognition,
can be rewritten in terms of StQPs. In fact, consider a general QP
over a bounded polyhedron

maximize

1 >
x Qx
2

subject to

x2D

þ c> x

ð1Þ

where M ¼ convfv 1 ; . . . ; v k g # Rn is the convex hull of the points v1,
. . ., vk.
It is easy to see that the original QP in (1) can be written as the
following StQP:

maximize
subject to

by
y> Q
y2D

b ¼ 1 ðV QV þ e> V > c þ c> VeÞ and V = [v1, . . ., vk].
where Q
2
Thus every QP over a polytope can be expressed as an StQP. Of
course, this approach is practical only when the polytope is explicitly expressed in terms of its k vertices (and when k is not too
large). This is the case of QPs over the ‘1 ball, where V = [Ij  I],I
being the n  n identity matrix and D  R2n [11]. However, even
for general QPs of the form:
>

maximize
subject to

1 >
x Qx
2
x 2 Rnþ

þ c> x
and Ax ¼ b

we can use StQP as a relaxation without using all vertices (see [12]
for details).
Now, we provide a short review of a few graph-theoretic problems that can be formulated in terms of a StQP, namely the maximum clique problem, graph/tree matching, and pairwise data
clustering.
2.1. Maximum clique problem
Let G = (V, E) be an undirected graph, where V = {1, . . . , n} is the
set of vertices and E # V  V is the set of edges. The order of G is
the number of its vertices, and its size is the number of edges.
Two vertices i, j 2 V are said to be adjacent if (i, j) 2 E. The adjacency
matrix of G is the n  n symmetric matrix AG = (aij) deﬁned as aij = 1
if (i, j) 2 E, and aij = 0 otherwise. A subset C of vertices in G is called
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a clique if all its vertices are mutually adjacent. A clique is said to be
maximal if it is not contained in any larger clique, and maximum if
it is the largest clique in the graph. The clique number, denoted by
x(G), is deﬁned as the cardinality of the maximum clique. The
maximum clique problem is to ﬁnd a clique whose cardinality
equals the clique number. It is known to be NP-hard for arbitrary
graphs and so is the problem of approximating it within a constant
factor. We refer to [10] for a survey of results concerning algorithms, complexity and applications of this problem.
Based on a result due to Motzkin and Straus [33], the maximum/maximal cliques of a graph can be characterized in terms
of local/global solutions of the following StQP [8]:

maximize



x> AG þ 12 I x

subject to

x2D

Note that by replacing the path-string str(i, j) between two
nodes with the length d(i, j) of the unique path along the tree joining them, it is possible to extend the previous result to the case of
matching free (unrooted) trees [43].
The framework just described has also been extended in a
natural way to the case of attributed and many-to-many
matching problems [45,46,1], and has found applications in problems as diverse as shape matching [45,53], region-based
hierarchical image matching [56], range image matching [27],
image registration and region-based many-to-many image
matching [1].
2.3. Pairwise data clustering

ð2Þ

Theorem 1. Let C be a subset of vertices of a graph G and let xC be its
characteristic vector, deﬁned as xCi ¼ 1=jCj if i 2 C and xCi ¼ 0
otherwise. Then, C is a maximum (maximal) clique of G if and only
if xC is a global (local) solution of (2). Moreover, all local (and hence
global) solutions of (2) are strict.
This result has also been generalized to the problem of ﬁnding a
maximum weight clique in a vertex-weighted graph [23,7].
2.2. Graph and tree matching

A further problem that can be successfully formulated in terms
of StQPs is pairwise data clustering. Here, the data to be clustered
is represented as an edge-weighted graph G = (V, E, w), where the n
vertices in V correspond to data points, the edges in E represent
neighborhood relationships, and the weight function w : E ! R reﬂects the similarity between pairs of neighboring vertices. It is customary to represent the graph G with the corresponding (realvalued) similarity matrix, which is the n  n matrix A = (aij) deﬁned
as:

aij ¼



wði; jÞ if ði; jÞ 2 E
0

otherwise:

The problem of matching two structures (e.g., graphs, trees, etc.)
can be cast into a maximum clique problem over an auxiliary
graph, usually called association graph, which in turn can be approached by solving the StQP in (2).
As for graphs the following theorem holds [2].

In a recent series of papers [39,38,40,41], Pavan and Pelillo introduced a novel framework for pairwise clustering which involves
ﬁnding the local solutions of the following StQP:

Theorem 2. Let G1 = (V1, E1) and G2 = (V2, E2) be two graphs of order
n, and let G = (V, E) be the corresponding association graph, where

In particular, they showed that the local solutions of (3) are in oneto-one correspondence to dominant sets, a graph-theoretic notion
which generalize the concept of a maximal clique to edge-weighted
graphs. This result is indeed a generalization of the Motzkin–Straus
theorem [33]. The theory has recently been extended to the cases of
asymmetric as well as high-order similarities [57,52], for which
intriguing connections to game theory exist. The dominant-set
framework has proven to be successful in a variety of different
applications ranging from image and video segmentation [39,41]
to perceptual grouping [57], analysis of fMRI data [34,35], content-based image retrieval [59], detection of anomalous activities
in video streams [24], bioinformatics [20] and human action recognition [61].

V ¼ V1  V2
and

E ¼ fðði; hÞ; ðj; kÞÞ 2 V 2 : i–j; h–k and ði; jÞ 2 E1 () ðh; kÞ 2 E2 g:
Then, G1 and G2 are isomorphic if and only if x(G) = n. In this case, any
maximum clique of G induces an isomorphism between G1 and G2, and
vice versa. In general, maximal/maximum cliques in G are in one-toone correspondence with maximal/maximum common subgraph isomorphisms between G1 and G2, respectively.
This idea also holds when the structures being matched are
trees, although, in this case, we need additional constraints in order to preserve the hierarchical relations [45]. Let i and j be two
distinct vertices of a rooted tree T = (V, E), and let i = x0 x1, . . . , xn = j
be the (unique) path joining them. The path-string of i and j, denoted by str(i, j), is the string s1s2, . . . , sn on the alphabet {1, +1}
where, for all k = 1, . . . , n, si = lev(xk)  lev(xk1) with lev(x) = dist(x, r) is the distance of a vertex x from the root r. By convention,
when i = j we deﬁne str(i, j) = e, where e is the null string.
Theorem 3. Let T1 = (V1, E1) and T2 = (V2, E2) be two (rooted) trees,
and let G = (V, E) be the corresponding tree association graph (TAG),
where

V ¼ V1  V2
and, for any two vertices (i, h) and (j, k) in V, we have

ðði; hÞ; ðj; kÞÞ 2 E () strði; jÞ ¼ strðh; kÞ:
Then any maximal/maximum subtree isomorphism between T1 and T2
induces a maximal/maximum clique in the corresponding TAG, and vice
versa.

maximize

x> Ax

subject to

x 2 D:

ð3Þ

3. Evolutionary game theory and replicator dynamics
Evolutionary game theory originated in the early 1970s as an attempt to apply the principles and tools of (non-cooperative) game
theory to biological contexts, with a view to model the evolution of
animal, as opposed to human, behavior.
It considers an idealized scenario whereby pairs of individuals
are repeatedly drawn at random from a large, ideally inﬁnite, population to play a symmetric two-player game. In contrast to conventional game theory, here players are not supposed to behave
rationally or to have complete knowledge of the details of the
game. They act instead according to a pre-programmed behavior
pattern, or pure strategy, and it is supposed that some evolutionary
selection process operates over time on the distribution of behaviors. We refer the reader to [62,25] for excellent introductions to
this rapidly expanding ﬁeld.
Let O = {1, . . . , n} be the set of pure strategies available to the
players and let A be the n  n payoff or utility matrix, where aij is
the payoff that a player gains when playing the strategy i against
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an opponent playing strategy j.1 A mixed strategy is a probability distribution x = (x1, x2, . . . , xn)> over the available strategies in O. Mixed
strategies lie in the standard simplex D of the n-dimensional Euclidean space.
We denote by ei the ith column of the identity matrix. The support of a mixed strategy x 2 D, denoted by r(x), deﬁnes the set of
elements with non-zero probability: r(x) = {i 2 O: xi > 0}. The expected payoff that a player obtains by playing the pure strategy i
against an opponent playing a mixed strategy x is

pðei jxÞ ¼ ðAxÞi ¼

X

aij xj :

j

Hence, the expected payoff received by adopting a mixed strategy y
is given by

987

in D satisfying, for all i = 1, . . ., n, the condition
ðtÞ

xi

pðei  xðtÞ jxðtÞ Þ ¼ 0

or, equivalently, p(ei  x(t)jx(t)) = 0 whenever xi > 0.
The basic idea behind this model is that the fraction of i-strategists will grow whenever their performance, in terms of average
payoff, exceeds the population’s average payoff. Conversely, the
share of i-strategists will decrease over time. The following theorem states that under replicator dynamics the population’s average
payoff always increases, provided that the payoff matrix is
symmetric.
Theorem 4. Suppose that the (nonnegative) payoff matrix A is
symmetric. Then, the quadratic polynomial p deﬁned as

pðyjxÞ ¼ y> Ax
pðxÞ ¼ x> Ax

while the population expected payoff is

pðxÞ ¼ pðxjxÞ ¼ x> Ax:
For notational compactness, in the sequel we will write p (y  xjz)
for the payoff difference p(yjz)  p(xjz), and p(y  x) for p(y 
xjy)  p(y  xjx).
A mixed strategy x is a (symmetric) Nash (equilibrium) strategy if
for all y 2 D, we have p(y  xjx) 6 0. This implies that p(ei  xj
x) 6 0 for all i 2 O, which in turn implies that p(ei  xjx) = 0 for
all i 2 r(x). Hence, the payoff is constant across all (pure) strategies
in the support of x, while all strategies outside the support of x
earn a payoff that is less than or equal p(x). A strategy x is said
to be an Evolutionary Stable Strategy (ESS) if it is a Nash strategy
(equilibrium condition) and for all y 2 D satisfying p(y  xjx) = 0
we have p(y  xjy) < 0 (stability condition). Intuitively, ESS’s are
strategies such that any small deviation from them will lead to
an inferior payoff.
There is an intimate relation between evolutionary game theory
and standard quadratic optimization, as in the case of doubly-symmetric games, where the payoff matrix A is symmetric, there exists
a one-to-one correspondence between ESSs and strict local maximizers of the population expected payoff p(x) = x>Ax over the
standard simplex, while critical points are shown to be related to
Nash equilibria [62].
3.1. Replicator dynamics
In evolutionary game theory the assumption is made that the
game is played over and over, generation after generation, and that
the action of natural selection results in the evolution of the ﬁttest
strategies. If successive generations blend into each other, the evolution of behavioral patterns can be described by the following discrete-time equations [32, Appendix]:
ðtþ1Þ

xi

ðtÞ

¼ xi

pðei jxðtÞ Þ
pðxðtÞ Þ

ð4Þ

for i = 1, . . ., n. It is straightforward to see that the simplex D is
invariant under dynamics (4) or, in other words, any trajectory
starting in D will remain in D.
A point x(t) is said to be a stationary (or equilibrium) point for
ðtþ1Þ
ðtÞ
our dynamical systems, if xi
¼ xi ði ¼ 1; . . . ; nÞ. Moreover, a stationary point is said to be asymptotically stable if any trajectory
starting in its vicinity will converge to it as t ? 1. The set of stationary points of the replicator dynamics contains all the points

is strictly increasing along any non-constant trajectory of discrete-time
(4) replicator equations. In other words, for all t P 0 we have
p(x(t+1)) > p(x(t)), unless x(t) is a stationary point. Furthermore, any
such trajectory converges to a (unique) stationary point.
The previous result is known in mathematical biology as the
fundamental theorem of natural selection [17,25,62] and, in its
original form, traces back to Fisher [19]. It can also be regarded
as a straightforward implication of the Baum-Eagon theorem
[4,5] which is valid for general polynomial functions over product
of simplices. Waugh and Westervelt [60] also proved a similar result for a related class of continuous- and discrete-time dynamical systems. In the discrete-time case, however, they put bounds
on the eigenvalues of A in order to achieve convergence to ﬁxed
points.
The fact that all trajectories of the replicator dynamics converge
to a stationary point has been proven in [29]. However, in general,
not all stationary points are local maximizers of p on D. The vertices of D, for example, are all stationary points for (4) whatever the
landscape of p. Moreover, there may exist trajectories which, starting from the interior of D, eventually approach a saddle point of F.
However, a result proved by Bomze [8] asserts that all asymptotically stable stationary points of replicator dynamics correspond to
(strict) local maximizers of p on D, and vice versa.
Another popular population game dynamics is given by the following equations:
ðtþ1Þ

xi

ðtÞ

¼ xi P n

expðjpðei jxÞÞ

ðtÞ
j¼1 xj

expðjpðej jxðtÞ ÞÞ

ð5Þ

where j is a positive constant. As j tends to 0, the orbits of this
dynamics approach those of the standard, ﬁrst-order replicator
model (4), slowed down by the factor j. From a computational perspective, exponential replicator dynamics are particularly attractive
as they may be considerably faster and even more accurate than the
standard, ﬁrst-order model (see [42,43]). Unfortunately, unlike the
continuous-time case, there is no guarantee that the discrete-time
exponential dynamics (5) increases the value of x>Ax for any ﬁxed
value of the parameter j. For a partial result in this direction see [9].
Nevertheless, as suggested in [47] one can iteratively adapt this
parameter to enforce this property. Global convergence of a variant
of (5) with Armijo-like stepsize rule in a more general context is
proved in [58, Section 7].
4. A new class of evolutionary dynamics

1

Here, we shall focus on symmetric games, whereby the two players share the
same payoff matrix (which is not necessarily symmetric). Games where the payoff
matrix is symmetric are referred to as doubly-symmetric, or partnership, games
[62,25].

In this section we introduce our population game dynamics,
which is motivated by the analogy with infection and immunization processes within a population of ‘‘players,’’ and prove some
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Fig. 1. Diagram of the evolutionary dynamics for ﬁnding a Nash equilibrium. Starting from a population x, if there are no infective strategies for x, i.e., if !(x) = ;, then we have
an equilibrium. Otherwise, we select an infective strategy for x and update the population according to Proposition 1 and reiterate the process.

properties that are instrumental in solving standard quadratic
optimization problems.
Let x 2 D be the incumbent population state, y be the mutant
population invading x and let z = (1  e)x + ey be the population
state obtained by injecting into x a small share of y-strategists.
The score function of y versus x [13] is given by:

hx ðy; eÞ ¼ pðy  xjzÞ ¼ epðy  xÞ þ pðy  xjxÞ:
Following [15], we deﬁne the (neutral) invasion barrier bx(y) of x 2 D
against any mutant strategy y as the largest population share ey of
y-strategists such that for all smaller positive population shares e, x
earns a higher or equal payoff than y in the post-entry population z.
Formally:

bx ðyÞ ¼ infðfe 2 ð0; 1Þ : hx ðy; eÞ > 0g [ f1gÞ:
Given populations x, y 2 D, we say that x is immune against y if
bx(y) > 0. Trivially, a population is always immune against itself.
Note that, x is immune against y if and only if either p(y  xjx) < 0
or p(y  xj x) = 0 and p(y  x) 6 0. If p(y  xjx) > 0 we say that y is
infective for x. We denote the set of infective strategies for x as

!ðxÞ ¼ fy 2 D : pðy  xjxÞ > 0g:
Consider y 2 !(x); clearly, this implies bx(y) = 0. If we allow for
invasion of a share e of y-strategists as long as the score function
of y versus x is positive, at the end we will have a share of dy(x) mutants in the post-entry population, where

dy ðxÞ ¼ inf ðfe 2 ð0; 1Þ : hx ðy; eÞ 6 0g [ f1gÞ:
Note that if y is infective for x, then dy(x) > 0, whereas if x is immune against y, then dy(x) = 0. Since score functions are
h (afﬁne-)lini
ear, there is a simpler expression dy ðxÞ ¼ min ppðxyjxÞ
; 1 , if
ðyxÞ
p(y  x) < 0, and dy(x) = 1, otherwise.
Proposition 1. Let y 2 !(x) and z = (1  d)x + dy, where d = dy(x).
Then y R !(z).

librium is reached. In Fig. 1 we schematically summarized the basic
idea.
The formalization of this process provides us with a class of new
dynamics which, for evident reasons, is called Infection and Immunization Dynamics (INIMDYN):

xðtþ1Þ ¼ dSðxðtÞ Þ ðxðtÞ Þ½SðxðtÞ Þ  xðtÞ  þ xðtÞ :

ð6Þ

Here, S : D ! D is a generic strategy selection function which returns
an infective strategy for x if it exists, or x otherwise:


SðxÞ ¼

y

for some y 2 !ðxÞ if !ðxÞ–;;

x otherwise:

ð7Þ

By running these dynamics we aim at reaching a population state
that can not be infected by any other strategy. In fact, if this is
the case, then x is a Nash strategy, which happens if and only if it
is ﬁxed (i.e., stationary) under dynamics (6):
Theorem 5. Let x 2 D be a strategy. Then the following statements
are equivalent:
(a) !(x) = ;: there is no infective strategy for x;
(b) x is a Nash strategy;
(c) x is a ﬁxed point under dynamics (6).
Proof. A strategy x is a Nash strategy if and only if p(y  xjx) 6 0
for all y 2 D. This is true if and only if !(x) = ;. Further, d = 0 implies
SðxÞ ¼ x. Conversely, if SðxÞ returns x, then we are in a ﬁxed point.
By construction of SðxÞ this happens only if there is no infective
strategy for x. h
The following result shows that average payoff is strictly
increasing along any non-constant trajectory of the dynamics (6),
provided that the payoff matrix is symmetric.
Theorem 6. Let {x(t)}tP0 be a trajectory of (6). Then for all t P 0,

pðxðtþ1Þ Þ P pðxðtÞ Þ;
The proof of this result is straightforward by linearity and can
be found, e.g., in [50].
The core idea of our method is based on the fact that x 2 D is a
Nash equilibrium if and only if !(x) = ; (we prove this in Theorem
5). Therefore, as long as we ﬁnd a strategy y 2 !(x), we update the
population state according to Proposition 1 in order obtain a new
population z such that y R !(z) and we reiterate this process until
no infective strategy can be found, or in other words, a Nash equi-

with equality if and only if x(t) = x(t+1), provided that the payoff matrix
is symmetric.
Proof. Let us write x for x(t) and d for dSðxÞ ðxÞ.
As shown in [50], we have





pðxðtþ1Þ Þ  pðxðtÞ Þ ¼ d hy ðx; dÞ þ pðy  xjxÞ :
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If x(t+1) – x(t), then x is no Nash strategy, and y ¼ SðxÞ returns an
infective strategy. Hence d > 0 and

hy ðx; dÞ þ pðy  xjxÞ P pðy  xjxÞ > 0
(in fact, if d < 1, then even hy(x, d) = 0), so that we obtain a strict increase of the population payoff. On the other hand, if
p(x(t+1)) = p(x(t)), then the above equation implies d = 0 or hx
(x, d) = p(y  xjx) = 0, due to nonnegativity of both quantities above.
In particular, we have d = 0 or p(y  xjx) = 0. In both cases, y ¼ SðxÞ
cannot be infective for x. Thus !(x) = ; and x must be a ﬁxed point,
according to Theorem 5. This establishes the last assertion of the
theorem. h
Theorem 6 shows that by running INIMDYN, under symmetric
payoff function, we strictly increase the population payoff unless
we are at a ﬁxed point, i.e., have already reached Nash equilibrium. This of course holds for any selection function SðxÞ satisfying (7). However, the way we choose SðxÞ may affect the
efﬁciency of the dynamics. The next section introduces a particular selection function that leads to a well-performing dynamics
for our purposes.
5. A pure strategy selection function
Depending on how we choose the function SðxÞ in (6), we may
obtain different dynamics. One in particular, which is simple and
leads to nice properties, consists in allowing only infective pure
strategies. This way, our equilibrium selection process closely
resembles a vertex-pivoting method, as opposed to interior-point
approaches like replicator dynamics or best-response dynamics
[25].
Let

sþ ðxÞ ¼ fi 2 O : pðei  xjxÞ > 0g
s ðxÞ ¼ fi 2 O : pðei  xjxÞ < 0g
s0 ðxÞ ¼ fi 2 O : pðei  xjxÞ ¼ 0g:
Given a population x, we deﬁne the co-strategy of ei with respect to
x as

ei

x

xi
¼
ðei  xÞ þ x:
xi  1

Note that if i 2 s+(x) or i 2 s(x) then ei 2 !(x) or ei x 2 !ðxÞ,
respectively.
Consider the strategy selection function S Pure ðxÞ, which ﬁnds a
pure strategy i maximizing jp(ei  xjx)j, and returns ei ; ei x or x
according to whether i 2 s+(x), i 2 s(x) \ r(x) or i 2 s0(x). Let
MðxÞ be a pure strategy such that



Then S Pure ðxÞ can be written as

if i ¼ MðxÞ 2 sþ ðxÞ
if i ¼ MðxÞ 2 s ðxÞ \ rðxÞ
otherwise:

Note that the search space for an infective strategy is reduced from
D to a ﬁnite set. Therefore, it is not obvious that S Pure ðxÞ is a welldeﬁned selection function, i.e., it satisﬁes (7). The next theorem
shows that indeed it is.
Proposition 2. Let x 2 D be a population state. There exists an
infective strategy for x, i.e., !(x) – ;, if and only if S Pure ðxÞ 2 !ðxÞ.
Proof. Let y 2 !(x). Then

n
X

yi pðei  xjxÞ:

i¼1

But this implies that there exists at least one infective pure strategy
for x, i.e., ei 2 !(x) for some i = 1, . . ., n. The remainder follows as in
[50]. The converse trivially holds.
Theorem 7. A state x is asymptotically stable for INIMDYN with S Pure
as strategy selection function if and only if x is an ESS, provided that
the payoff matrix is symmetric.
Proof. If the payoff matrix is symmetric, every accumulation point
of INIMDYN with S Pure is a Nash equilibrium [50]. Moreover ESSs are
strict local maximizers of p(x) over D and vice versa [62]. If x is
asymptotically stable, then there exists a neighborhood U of x in
D such that any trajectory starting in U converges to x. By Theorem
6 this implies that p(x) > p(y) for all y 2 U, y – x. Hence, x is a strict
local maximizer of p(x) and therefore x is an ESS. The converse follows as in [50].
This selection function exhibits the nice property of rendering
the complexity per iteration of our new dynamics linear in both
space and time, as opposed to the replicator dynamics, which have
quadratic space/time complexity per iteration.
Theorem 8. Given the iterate x(t) and its linear transformation Ax(t),
both space and time requirement of one iteration step is linear in n, the
number of objects.
Proof. Again abbreviate x = x(t). Now, given Ax we can straightforwardly compute in linear time and space p(x) and S Pure ðxÞ. Assume
that S Pure ðxÞ ¼ ei , then the computation of dei ðxÞ has a linear complexity, since p(x  eijx) = (Ax)i  p(x) and p(ei  x) = aii  2A
x + p(x). Moreover, Ax(t+1) can be also computed in linear time
and space since

Axðtþ1Þ ¼ dei ðxÞ½Ai  Ax þ Ax;
where Ai is the ith column of A. Similar arguments hold if
S Pure ðxÞ ¼ ei x . Indeed,

pðei x  xjxÞ ¼

xi
pðei  xjxÞ;
xi  1

pðei x  xÞ ¼

xi
xi  1

2

pðei  xÞ;

and ﬁnally,

i

MðxÞ 2 arg max fpðe  xjxÞ : i 2 sþ ðxÞg


[ pðx  ei jxÞ : i 2 s ðxÞ \ rðxÞ :

8 i
>
<e
S Pure ðxÞ ¼ ei x
>
:
x

0 < pðy  xjxÞ ¼

989

Axðtþ1Þ ¼

xi
d ðxÞ½Ai  Ax þ Ax:
xi  1 ei x

Hence the result.
The only step of quadratic complexity is the ﬁrst one, where we
need to compute Ax(0). Even this can be reduced to linear complexity, if we start from a pure strategy ei, in which case we have
Ax(0) = Ai. Note that the latter is impossible, e.g., for the replicator
dynamics.
The algorithmic procedure for ﬁnding an equilibrium using
INIMDYN with S Pure is summarized in Algorithm 1. Note that as stopping criterion we compute the following quantity:

ðxÞ ¼

X

minfxi ; pðx  ei jxÞg2 < s;

ð8Þ

i

which measures the degree of violation of the Nash conditions. Indeed, (x) = 0 if and only if x is a Nash equilibrium.
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Algorithm 1. FindEquilibrium(A, x, s)
Require: n  n symmetric payoff matrix A, x 2 D and
tolerance s
while (x) > s do
y
S Pure ðxÞ
d
1
if p(y  x) < 0 then
h
i
d
min ppðxyjxÞ
ðyxÞ ; 1
end if
x d(y  x) + x
end while
return x
6. Experimental results
In order to test the effectiveness of INIMDYN, we present experiments on various graph-based computer vision problems formulated in terms of StQP. Speciﬁcally, we present comparisons on
tree matching [43], image registration [1] image segmentation
[41] and region-based hierarchical image matching [56]. Our goal
is to demonstrate the computational gain over standard replicator
dynamics (RD) and its exponential counterpart (EXPRD).
All dynamics were started from the simplex barycenter. As for
the stopping criterion, INIMDYN was stopped when the violation of
the Nash conditions was below a given tolerance s. In our experiments we set s = 1010. As for RD and EXPRD, the same criterion could
not be used because it usually leads to an excessive computation
time. Therefore, at the cost of a lower accuracy, we stopped them
when the distance between two consecutive states was below a
predeﬁned threshold which, in the experiments, was set to 106,
or the number of iterations exceeded a problem-dependent limit.
All the algorithms were coded in C and run on a machine
equipped with 8 Intel Xeon 2.33 GHz CPUs and 8 GB RAM, except
for the image segmentation experiments, which were run on a
AMD Sempron 3 GHz computer with 1 GB RAM.
6.1. Matching free trees
In [43], RD and EXPRD were used for matching free trees by the
free tree association graph (FTAG), with application to shape-axis
matching. We repeated the same experiments as described in

[43], which consisted in generating random free trees and then
corrupting them by deleting a fraction of the terminal vertices in
order to get trees that were isomorphic to subtrees of the original
ones. Speciﬁcally, we generated a hundred 100-vertex trees using
the procedure described by Wilf in [63] and used the following corruption levels: 0%, 10%, 20%, 30% and 40% (which yields 500 pairs of
trees being matched).
To evaluate the quality of the solution found by the three dynamics, after convergence, we calculated the proportion of matched
nodes, i.e., the ratio between the cardinality of the clique found
and the order of the smaller tree and then we averaged. Fig. 2 reports
the results obtained, together with the corresponding running times
in logarithmic scale, for all dynamics as a function of the corruption
level. As can be seen all three algorithms performed comparably
well, obtaining a 100% accuracy on almost all cases, however the
corresponding CPU time varied dramatically, INIMDYN being orders
of magnitude faster than RD and, to a lesser extent, EXPRD.
6.2. Image registration
Here, we perform experiments on feature-based image registration by similarity transformations. This problem can, indeed, be
solved by searching ESSs equilibria of a particular two-player
non-cooperative matching game [1], which is in turn equivalent
to ﬁnding local solutions of a StQP.
We work with images from the Amsterdam Library of Object
Images (ALOI) [22]. For each image we generate a new one by
applying a random similarity transformation. We extract from each
image a set of SIFT features [28], each of which is augmented with
a scale s, an orientation h, a position p in the image and a descriptor
d (i.e., a 128-dimensional real vector). Given two sets of features F1
and F2 extracted from two images to be registered, we deﬁne a
two-player game, where strategies A correspond to feasible feature associations, i.e., subsets of F1  F2, and the payoff function
C : A  A ! Rþ provides the compatibility between two such features. From any feature association ði; jÞ 2 A we can estimate a
similarity transformation. Indeed, the isotropic scale factor is given
by sj/si, the rotation angle is given by hj  hi and the translation vector is computed as

t ¼ pj 

sj
Rh h p ;
si j i i

where Ra is a rotation matrix with angle a.

Fig. 2. Experiments on matching 100 randomly generated 100-vertex free trees against corrupted versions of themselves. We plotted the percentage of correct vertex
matches found and the CPU time in seconds (in logarithmic scale) of INIMDYN, RD and EXPRD as a function of the tree corruption level measured in terms of number or pruned
nodes.
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In our experiments, A contains the n feature associations from
F1  F2 having the most similar descriptors (we consider several
values of n between 100 and 2000), each of which represents a single transformation. To measure the compatibility between two
associations a1 ; a2 2 A, we project the ﬁrst point of a1 with the
transformation estimated from a2, and measure the distance between the transformed point and the corresponding point in the
ﬁrst association. We then repeat the operation by reversing the
role of the two associations, thereby obtaining the two distances
d1 and d2. Accordingly, exp(min(d1, d2)) is used as a measure of
compatibility between a1 and a2.
Fig. 3 plots the average error rate in estimating the similarity
transformation and the running times (in logarithmic scale) of
RD, EXPRD and INIMDYN as a function of the number of feature associations in A. As can be seen, EXPRD is more efﬁcient than RD, but
our approach turns out to be orders of magnitude faster than its
competitors. Note also that, despite being much faster, the results
obtained by INIMDYN are as good as the others. Interestingly,
increasing the number of feature associations in A does not affect
the quality of the solution.
Fig. 4 shows in the ﬁrst row some examples of matched images
from the ALOI dataset. Note that the ﬁrst two images are particularly difﬁcult, because of the presence of multiple possibly wrong
sub-matches, but, as we can see, our approach ﬁnds the best solution. In the second row, we presents the registration results obtained on two challenging image pairs from [64], namely, two
retina images (on the left) and two images, where one is an extre-
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mely zoomed version of the other. In both cases, our approach succeeds in ﬁnding the best solution.
6.3. Image segmentation
We performed image segmentation experiments over the whole
Berkeley dataset [31] using the dominant-set framework as proposed in [41] (see Section 2.3). The afﬁnity between two pixels i
and j was computed using the standard Gaussian kernel:

wði; jÞ ¼ expðkCðiÞ  CðjÞk2 =r2 Þ;
where r is a positive real number and C(j) is the color of pixel j expressed as a 3-dimensional vector in the Lab color space.
Since in this application both RD and EXPRD reached the maximum allowed number of iterations, their performance in terms
of computational time was indistinguishable. Hence, here we only
report the results for RD. To test the behavior of the algorithms under different input sizes we performed experiments at different
pixel sampling rates, namely 0.005, 0.015, 0.03 and 0.05, which
roughly correspond to afﬁnity matrices of size 200, 600, 1200
and 2000, respectively. Since the Nyström method, as opposed to
the dominant set approach, needs as input the desired number of
clusters, we selected an optimal one after a careful tuning phase.
In Fig. 5 we report the average computational times (in logarithmic scale) per image obtained with the three approaches as a function of the sampling rate. Note how the computational gain of

Fig. 3. Experiments on image registration under similarity transformation. We plotted the error in the estimation of the transformation and the CPU time in seconds (in
logarithmic scale) of INIMDYN, RD and EXPRD as a function of the number of associations in A.

Fig. 4. Examples of matched correspondences for image registration. In the ﬁrst row, three examples of images from the ALOI dataset. In the second row, two challenging
image registration instances from [64].
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form equivalently. In particular, as expected, RD and INIMDYN
achieved precisely the same results. Of course, better results might
be obtained by incorporating more information (e.g., texture and
contours [30]), but achieving state-of-the-art segmentation performances was beyond the scope of this work. Fig. 7 shows three segmentation examples from the Berkeley dataset. From left to right
we ﬁnd the original image and the segmentations obtained by
our approach, RD and the Nyström method. As we can see the three
approaches achieve approximately the same results, but our approach is order of magnitude faster.

6.4. Region-based hierarchical image matching

Fig. 5. Average CPU times (in logarithmic scale) for image segmentation over the
Berkeley dataset at varying pixel sampling rates.

INIMDYN over both competitors is remarkable and it clearly increases at larger sampling rates.
As for the quality of the segmentation results, we report in Fig. 6
the average precision/recall obtained in the experiment with the
different sampling rates. As can be seen, all the approaches per-

In [56] the authors present an approach to region-based hierarchical image matching, aimed at identifying the most similar regions in two images, according to a similarity measure deﬁned in
terms of geometric and photometric properties. To this end, each
image is mapped into a tree of recursively embedded regions, obtained by a multiscale segmentation algorithm. In this way the image matching problem is cast into a tree matching problem, that is
solved recursively through a set of sub-matching problems, each of
which is then attacked using standard replicator dynamics (see
[56] for details). Given that, typically, hundreds of sub-matching
problems are generated by a single image matching instance, it is
of primary importance to have at one’s disposal a fast matching

Fig. 6. Precision/recall plots obtained on the Berkeley Image Database for various sampling rates.
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Fig. 7. Examples of color-based image segmentation. From left to right we ﬁnd the original image and the segmentations obtained by our approach, RD and the Nyström
method. (For interpretation of the references to color in this ﬁgure legend, the reader is referred to the web version of this article.)

Fig. 8. Examples of region-based hierarchical image matching. Each row presents a pair of images that have been matched (left) and the best matched regions that have been
obtained (right).

algorithm. This makes our solution particularly appealing for this
application.
We compared the running time of INIMDYN and RD over a set of
images taken from the original paper [56] (for the same reason as
before, we do not report the results of EXPRD). Fig. 8 shows an example of image pairs used in the experiments and the most similar regions that have been matched: each row presents a pair of images
that have been matched (left) and the best matched regions that
have been obtained (right).
Fig. 9 shows the average computation times (in seconds)
needed by RD and INIMDYN to solve the set of sub-matching problems generated from 10 image matching instances. Since each image matching problem generated sub-matching problems of

different sizes, we grouped the instances having approximately
the same size together. We plotted the average running time within each group (in logarithmic scale) as a function of the instance
sizes and reported the standard deviations as error bars. Again,
as can be seen, INIMDYN turned out to be orders of magnitude faster
than RD.

7. Conclusions
Many computer vision and pattern recognition problems can be
cast into standard quadratic programs (StQPs). Having efﬁcient and
effective algorithms for this problem at one’s disposal is thus very
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Fig. 9. Average CPU times (in logarithmic scale) at varying instance sizes for solving
sub-matching problems, which arise in hierarchical image matching.

important. In this paper we introduced a new population game
dynamics for solving StQPs and reviewed some application where
this class of quadratic optimization problems arises in connection
to graph-theoretical problems. Our dynamics is inspired by evolutionary game-theoretic principles and exhibits linear space and
time complexity per iteration, as opposed to the quadratic one of
the replicator dynamics, which is the standard approach to solving
StQPs. The dynamical behavior of our dynamics is governed by a
quadratic Lyapunov function which strictly increases along nonconstant trajectories, thereby making it a viable alternative to replicator dynamics for solving StQPs. We demonstrate the effectiveness of our approach over various graph-theoretic problems
arising in computer vision. The results show that our dynamics is
dramatically faster than standard approaches, while preserving
the quality of the solution found. Future works include extending
the proposed algorithm over a multi-population setting, with
applications to multi-StQPs [14], as well as studying variations of
the proposed dynamics.
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A Graph-Based Approach to Feature Selection
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Abstract. In many data analysis tasks, one is often confronted with
very high dimensional data. The feature selection problem is essentially a
combinatorial optimization problem which is computationally expensive.
To overcome this problem it is frequently assumed either that features
independently inﬂuence the class variable or do so only involving pairwise feature interaction. To tackle this problem, we propose an algorithm
consisting of three phases, namely, i) it ﬁrst constructs a graph in which
each node corresponds to each feature, and each edge has a weight corresponding to mutual information (MI) between features connected by
that edge, ii) then perform dominant set clustering to select a highly coherent set of features, iii) further selects features based on a new measure
called multidimensional interaction information (MII). The advantage of
MII is that it can consider third or higher order feature interaction. By
the help of dominant set clustering, which separates features into clusters
in advance, thereby allows us to limit the search space for higher order
interactions. Experimental results demonstrate the eﬀectiveness of our
feature selection method on a number of standard data-sets.

1

Introduction

High-dimensional data pose a signiﬁcant challenge for pattern recognition. The
most popular methods for reducing dimensionality are variance based subspace
methods such as PCA. However, the extracted PCA feature vectors only capture
sets of features with a signiﬁcant combined variance, and this renders them relatively ineﬀective for classiﬁcation tasks. Hence it is crucial to identify a smaller
subset of features that are informative for classiﬁcation and clustering. The idea
underpinning feature selection is to select the features that are most relevant to
classiﬁcation while reducing redundancy. Mutual information provides a principled way of measuring the mutual dependence of two variables, and has been
used by a number of researchers to develop information theoretic feature selection criteria. For example, Batti [1] has developed the Mutual Information-Based
Feature Selection (MIFS) criterion, where the features are selected in a greedy
manner. Given a set of existing selected features S, at each step it locates the
feature xi that maximize the relevance to the class I(xi ; C). The selection is
regulated by a proportional term βI(xi ; S) that measures the overlap information between the candidate feature and existing features. The parameter β may
signiﬁcantly aﬀect the features selected, and its control remains an open problem. Peng et al [7] on the other hand, use the so-called Maximum-Relevance
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Minimum-Redundancy criterion (MRMR), which is equivalent to MIFS with
1
β = n−1
. Yang and Moody’s [9] Joint Mutual Information (JMI) criterion is
based on conditional MI and selects features by checking whether they bring
additional information to an existing feature set. This method eﬀectively rejects
redundant features. Kwak and Choi [5] improve MIFS by developing MIFS-U
under the assumption of a uniform distribution of information for input features.
It calculates the MI based on a Parzen window, which is less computationally
demanding and also provides better estimates.
However, there are two limitations for the above MI feature selection methods.
Firstly, they assume that each individual relevant feature should be dependent
with the target class. This means that if a single feature is considered to be
relevant it should be correlated with the target class, otherwise the feature is irrelevant [2]. So only a small set of relevant features is selected, and larger feature
combinations are not considered. The second weakness is that most of the methods simply consider pairwise feature dependencies, and do not check for third
or higher order dependencies between the candidate features and the existing
features. To overcome the above problem, we introduce the so called multidimensional interaction information (MII) I(F ; C) = I(f1 , . . . , fm ; C) to select the
optimal subset of features. The main reason for using I(F ; C) as feature selection
criterion is that: because I(F ; C) is a measure of the reduction of uncertainty
in class C due to the knowledge of feature vector F = {f1 , . . . , fm }, selecting features that maximize I(F ; C), from an information theoretic perspective,
translates into selecting those features that contain the maximum information
about class C.
Although an MII based on the second-order feature dependence assumption
can be used to select features that both maximize class-separability and simultaneously minimize dependencies between feature pairs, there is no reason to
assume that the ﬁnal optimal feature subset formed by features that only exhibit pairwise interactions. In particular the approach neglects the fact that third
or higher order dependencies feature combinations may determine the optimal
feature subset.
 ; C) for feature selection
The primary reason for using the approximation I(F
instead of directly using multidimensional interaction information I(F ; C) is that
I(F ; C) requires estimation of the joint probability distribution for features using large training samples. To overcome this problem, in this paper, we propose
a graph-based approach to feature selection. In this feature selection scheme, the
original features are clustered into diﬀerent dominant-sets based on dominant-set
clustering and each dominant-set just includes a small set of features. Therefore,
 ; C). Instead
for each dominant set, we do not need to use the approximation I(F
we can directly use the multidimensional interaction information I(F ; C) criterion for feature selection. Using the Parzen window for probability distribution
estimation, we then apply a greedy strategy to incrementally select the feature
that maximizes the multidimensional mutual information between the already
selected features and the output class set.
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Dominant-Set Clustering Algorithm

Concept of Dominant Set: The dominant set[6], is a combinational concept in graph theory that generalizes the notion of a maximal complete subgraph from simple graphs to edge-weighted graphs. In fact, dominant sets turn
out to be equivalent to maximal cliques. The deﬁnition of the dominant set
simultaneously emphasizes internal homogeneity and together with external inhomogeneity. Thus it is can be used as a general deﬁnition of a ”cluster”. To
provide an example, assume there are N training samples, each having 5 feature vectors. In order to capture the dominant features from these 5 features
(represented as F1 , . . . , F5 ), we construct a graph G = (V, E) with node-set V ,
edge-set E ⊆ V × V and edge weight matrix W whose elements are in the interval [0, 1]. Each vertex represents a feature and the edge between two features
represents their pairwise relationship. The weight on the edge reﬂects the degree
of relevance between two features. Therefore, we represent the graph G with
the corresponding edge-weight or weighted relevance matrix. In our example,
in Fig. 1, features {F1 , F2 , F3 } form the dominant set, since the edge weights
“internal” to that set (0.6, 0.7 and 0.9) are larger than the sum of those between
the internal and external features (which is between 0.05 and 0.25).
For the graph G = (V, E) above, we can locate the dominant set by ﬁnding
the solutions of a quadratic program that maximizes the functional
f (x) =

1 T
x Wx .
2

(1)

n
subject to x ∈ , where  = {x ∈ Rn : x ≥ 0and i=1 xi = 1} and W is the
relevance weight matrix between features. The dominant set corresponds in the
strict sense with solutions of the quadratic program. Let u denote a strict local
solution of the above program. It has been proved by [6] that σ(u) = {i|ui > 0} is
equivalent to a dominant set of the graph represented by the edge-weight matrix
W. In addition, the local maximum of f (u) indicates the “cohesiveness” of the
corresponding cluster. The replicator equation can be used to solve the program
using the iterative update equation:

Fig. 1. The subset of features {F1 , F2 , F3 } is dominant
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xi (t + 1) = xi (t)

(Wx(t))i
.
x(t)T Wx(t)

(2)

where xi (t) is correspondent to the i − th feature vector at iteration t of the
update process.
Dominant-Set Clustering Algorithm: Pavan et al have demonstrated that
the concept of a dominant set provides an eﬀective framework for iterative pairwise clustering. Consider a set of features represented by an undirected edgeweighted graph with no self-loops. Let the graph be denoted by G = (V, E, ω)
where V = 1, . . . , n is the vertex set, E ⊆ V × V is the edge set, and ω is the
weight function. Each vertex represents a feature and the weight residing on
the edge between two nodes represents the pairwise aﬃnity of the corresponding features. To cluster the features into coherent groups, a dominant set of the
weighted graph is iteratively located, and then removed from the graph. This
process is repeated until the node-set of the graph is empty. The main property
of a dominant set is that the overall similarity among the internal features is
greater than that between the external features and the internal features.

3

Feature Selection Using Dominant-Set Clustering

In this paper we aim to utilize the dominant-set clustering algorithm for feature
selection. Using a graph representation of the features, there are three steps to
the algorithm, namely a) computing the relevance matrix W = (wij )n×n based
on the mutual information between feature vectors, b) dominant-set clustering
to cluster the feature vectors and c) selecting the optimal feature set from each
dominant set using the multidimensional interaction information (MII) criterion.
Fig. 2 shows a schematic view of the proposed method for feature selection. In
the remainder of this paper we describe these elements of our feature selection
algorithm in more detail.
Computing the Relevance Matrix: In accordance with Shannon’s information theory [8], the uncertainty of a random variable Y can be measured by
the entropy H(Y ). For two variables X and Y , the conditional entropy H(Y |X)
measures the remaining uncertainty about Y when X is known. The mutual information (MI) represented by I(X; Y ) quantiﬁes the information gain about Y
provided by variable X. The relationship between H(Y ), H(Y |X) and I(X; Y )
is I(X; Y ) = H(Y ) − H(Y |X).
As deﬁned by Shannon, the initial uncertainty for the random variable Y is
expressed as:
H(Y ) = −



P (y) log P (y) .

(3)

y∈Y

where P (y) is the prior probability density function over Y . The remaining uncertainty in the variable Y if the variable X is known is deﬁned by the conditional
entropy H(Y |X)
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Fig. 2. The ﬂowchart of our approach for feature selection


H(Y |X) = −

p(x){
x



p(y|x) log p(y|x)}dx .

(4)

y∈Y

where p(y|x) denotes the posterior probability for variable Y given another random variable X. After observing the variable vector x, the amount of additional
information gain is given by the mutual information (MI)

p(y, x)
dx .
(5)
p(y, x)log
I(X; Y ) = H(Y ) − H(Y |X) =
p(y)p(x)
x
y∈Y

From the above deﬁnition, we can see that mutual information quantiﬁes the
information which is shared by two variables X and Y . When the I(X; Y ) is
large, this implies that variable X and variable Y are closely related, otherwise,
when I(X; Y ) is equal to 0, this means that two variables are totally unrelated.
Therefore, in our feature selection scheme, the relevance of pairs of feature vectors is computed using mutual information. Suppose there are N training samples, each having K feature vectors. The k th feature vector for the lth training
sample is fkl , so we can represent the k th feature vector for the N training samples as the long vector Fk = {fk1 , fk2 , . . . , fkN }. The entropy of the feature vector
Fk where (k = 1, 2, . . . , K) can be computed using Equation (3). For two feature
vectors Fk1 and Fk2 , their mutual information I(Fk1 , Fk2 ) can be computed by
Equation (5). The relevance degree between two feature vectors Fk1 and Fk2 can
be deﬁned as [10]:
W(Fk1 , Fk2 ) =

2I(Fk1 , Fk2 )
.
H(Fk1 ) + H(Fk2 )

(6)
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where k1, k2 ∈ K and the higher the value of W(Fk1 , Fk2 ) the more relevant are
the features Fk1 and Fk2 . Otherwise, if W(Fk1 , Fk2 ) = 0, the two features are totally unrelated. In addition, for the above computation, we use Parzen-Rosenblatt
window method to estimate the probability density function of random variables
Fk1 and Fk2 [7]. The Parzen probability density estimation formula is given by:
x−xi
i
p(x) = N1 φ( x−x
h ), where φ( h ) is the window function and h is the window
1
i
width. Here, we use a Gaussian as the window function, so φ( x−x
d
1
h )=
d
(2π) 2 h |Σ| 2

−1
(x−xT
(x−xi )
i )Σ
exp(
),
−2h2

where Σ is the covariance of (x − xi ), d is the length of vector x. When d = 1, p(x) estimates the marginal density and when d = 2, p(x)
estimates the joint density of variables such as Fk1 and Fk2 .
Dominant-set Clustering: As illustrated in Fig. 2, the dominant-set clustering algorithm commences from the relevance matrix and iteratively
bi-partitions the features into a dominant set and a non-dominant set. It therefore produces the dominant-set progressively and hierarchically. The clustering
process stops when all the features are grouped into one of the dominant-sets.
Selecting Key Features: The multidimensional interaction information between feature vector F = {f1 , . . . , fm } and class variable C is:
I(F ; C) = I(f1 , . . . , fm ; C) =

 

P (f1 , . . . , fm ; c)

f1 ,...,fm c∈C

× log

P (f1 , . . . , fm ; c)
.
P (f1 , . . . , fm )P (c)

(7)

The main reason for using I(F ; C) as a feature selection criterion is that: because
I(F ; C) is a measure of the reduction of uncertainty in class C due to knowledge of
the feature vector F = {f1 , . . . , fm }, from an information theoretic perspective selecting features that maximize I(F ; C) translates into selecting those features that
contain the maximum information about class C. In practice and as noted in the
introduction, locating a feature subset that maximizes I(F ; C) presents two problems: 1) it requires an exhaustive “combinatorial” search over the feature space,
and 2) it demands large training sample sizes to estimate the higher order joint
probability distribution in I(F ; C) with a high dimensional kernel [5]. Bearing
these obstacles in mind, most of the existing related papers approximate I(F ; C)
based on the assumption of lower-order dependencies between features. For example, the ﬁrst-order class dependence assumption includes only ﬁrst-order interactions. That is it assumes that each feature independently inﬂuences the class
variable, so as to select the mth feature, fm , P (fm |f1 , . . . , fm−1 , C) = P (fm |C). A
second-order feature dependence assumption is proposed by Guo and Nixon [4] to
approximate I(F ; C), and this is arguably the most simple yet eﬀective evaluation
criterion for selecting features. The approximation is given as


 ; C) =
I(fi ; C) −
I(fi ; fj )
I(F ; C) ≈ I(F
i

i

+


i

j>i

j>i

I(fi ; fj |C) .

(8)
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 ; C) instead of I(F ; C), it is possible to locate a subset of informative
By using I(F
features by implementing a greedy “pick-one-feature-at-a-time” selection procedure. Given K features, out of which m are to be selected (m < K), this involves

that maximizes I(f  ; C), and 2) select
two steps: 1) select the ﬁrst feature fmax
m−1 subsequent features that maximize the criterion in Equation (8), i.e., select



the second feature fmax
that maximizes I(f  ; C) − I(f  ; fmax
) + I(f  ; fmax
|C),




select the third feature fmax that maximizes I(f ; C) − I(f ; fmax ) − I(f  ;



fmax
) + I(f  ; fmax
|C) + I(f  ; fmax
|C) and so on.
Although an MII based on the second-order feature dependence assumption
can select features that maximize class-separability and simultaneously minimize
dependencies between feature pairs, there is no reason to assume that the ﬁnal
optimal feature subset is formed by pairwise interactions between features. Infact, it neglects the fact that third or higher order dependencies can be lead to
an optimal feature subset.
 ; C) for feature selection
The primary reason for using the approximation I(F
instead of directly using multidimensional interaction information I(F ; C) is that
I(F ; C) requires estimation of the joint probability distribution of features using
a large training sample. Consider the joint distribution P (F ) = P (f1 , . . . , fm ),
by the chain rule of probability
P (fi , . . . , fm ) = P (f1 )P (f2 |f1 ) × P (f3 |f2 , f1 ) · · · P (fm |f1 , f2 . . . fm−1 ) ,

(9)

P (F ; C) = P (f1 , . . . fm ; C) = P (C)p(f1 |C)P (f2 |f1 , C)P (f3 |f1 , f2 , C)
(10)
×P (f4 |f1 , f2 , f3 , C) · · · P (fi |f1 , . . . , fm , C) .
In our feature selection scheme, the original features are clustered into diﬀerent dominant-sets based on dominant-set clustering and each dominant-set just
includes a small set of features. Therefore, for each dominant set, we do not
 ; C). Instead, we can directly use the multidineed to use the approximation I(F
mensional interaction information I(F ; C) criterion for feature selection. Using
Parzen windows for probability distribution estimation, we then apply the greedy
strategy to select the feature that maximizes the multidimensional mutual information between the features and the output class set. As a result the ﬁrst



feature fmax maximizes I(f , C), the second selected feature fmax maximizes






I(f , f , C), the third feature fmax maximizes I(f , f , f , C), and so on. For
each dominant set, we repeat this procedure until |S| = k.

4

Experiments and Comparisons

The data sets used to test the performance of our proposed algorithm are
the benchmark data sets from the NIPS 2003 feature selection challenge and
the UCI Machine Learning Repository. Table. 1 summarizes the properties of
these data-sets. Using the feature selection algorithm outlined above, we make
a comparison between our proposed feature selection method (referred to as the
DSplusMII method) (which utilises the multidimensional interaction information
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Table 1. Summary of UCI and NIPS benchmark data sets
Data-set
Madelon
Breast cancer
Pima

From Examples
NIPS
2000
UCI
699
UCI
768

Features Classes
500
2
10
2
8
2

Table 2. The experiment results on three data-sets
Method
MII

DSplusMII

Madelon
Breast cancer
{f476 , f49 , f178 , f131 ,f491 ,
{f3 , f7 }
f299 , f283 , f121 , f425 ,f7 ,
f385 , f216 , f458 , f237 ,f310 ,
f366 , f98 , f499 , f54 ,f346 ,
f198 , f368 }
{f476 , f379 , f49 , f330 , f412 ,
{f3 , f7 }
f137 , f11 , f256 , f135 , f56 ,
f138 , f283 , f324 , f425 , f467 ,
f62 , f455 , f472 , f208 , f206 ,
f169 , f424 }

Pima
{f2 ,f8 ,f6 ,f7 }

{f2 ,f8 ,f6 ,f1 }

(MII) criterion and dominant-sets for feature selection) and the use of multidimensional interaction information (MII) using the second-order approximation,
see Equation (8).
The experimental results shown in Table. 2 demonstrate that at small dimensionality, i.e. with the Breast cancer data-set(10 features and 699 examples) and
the Pima data-set (8 features and 768 examples), the feature subset selected
using our proposed method (i.e. DSplusMII ) is consistent at least to some degree with those obtained using MII with second-order approximation. However,
at higher dimensionality (e.g. the Madelon data set with 500 features and 2000
examples), there is a signiﬁcant diﬀerence between the selected feature subsets.
There are three reasons for this. The ﬁrst reason is that dominant-set clustering
focuses on the information-contribution of each feature, so the most informative
features can be extracted. The second reason is that the multidimensional interaction information (MII) criterion is applied to each dominant set for feature
selection, and can consider the eﬀects of third and higher order dependecies between the features and the class. As a result the optimal feature combination
can be located so as to guarantee the optimal feature subset. The third and
ﬁnal reason is that multidimensional interaction information (MII) by secondorder approximation simply checks for pair-wise dependencies between features
and the class, and so only limited feature subsets can be obtained. When the
database is large, our proposed method DSplusMII shows its advantage.
To illustrate the dominant-set clustering process for feature extraction in more
detail, we list the dominant sets for Pima and Breast cancer data-set in Table. 3.
By inspection, we can see that the ﬁrst dominant set includes most of the important features. For example, in the Breast cancer data-set, the ﬁnal selected
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Table 3. The dominant sets for Breast cancer and Pima data-set
Dominant-sets
Dominant set 1
Dominant set 2

Breast cancer
{f3 , f4 , f6 , f7
f9 , f5 , f8 }
{f1 , f2 , f10 }

Pima
{f5 , f2 , f4 , f8
f3 , f6 }
{f7 , f1 }

Table 4. J value comparisons for two methods on three data sets
Method
Madelon
MII
1.0867
DSplusMII 1.1082

Breast cancer
3.7939
3.7939

Pima
1.3867
1.3977

features {f3 , f7 } are all from the ﬁrst dominant-set, the second dominant-set
provides no further information relevant to the classication process. For the
Pima data-set, most of the ﬁnal selected informative features are also from the
ﬁrst dominant set. This reveals the advantage of our dominant-set based feature
extraction method. It focuses on the information-contribution of each feature
which is capable capturing the greatest number of informative features at a low
computation cost. Additionally, it also indicates that not all of the dominant-sets
located by dominant-set clustering are signiﬁcant. It is for this reason that we
utilize the multidimensional interaction information (MII) criterion for further
feature selection.
After obtaining the discriminating features, we compute a scatter separability
criterion to evaluate the quality of the selected feature subset. This is a well
known measure of class separability introduced by Devijiver and Kittler [3], and
given by
J(Y ) =

d

|Sw + Sb |
=
(1 + λk ) .
|Sw |

(11)

k=1

where Y denotes the feature set, tr(S) is the sum of the diagonal elements of
−1
S, λk , k = 1 . . . d, are the eigenvalues of matrix Sw
Sb , and Sw and Sb are the
between and within class scatter matrices.
In Table. 4, we compare the the performance of the two methods. At small
dimensionality there is little diﬀerence between the two methods. However, at
higher dimensionality, the features selected by our proposed DSplusMII method
are superior to the features selected by MII based on the second-order approximation. This means that our proposed DSplusMII feature selection method can
guarantee the optimal feature subset, as it not only focuses on the informationcontribution of each feature but also considers its contribution to class.

5

Conclusions

This paper has presented a new graph theoretic approach to feature selection. The proposed feature selection method oﬀers two major advantages. First,
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dominant-set clustering can capture the most informative features. Second, the
MII criteria takes into account high-order feature interactions, overcoming the
problem of overestimated redundancy. As a result the features associated with
the greatest amount of joint information can be preserved.
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A Hypergraph-Based Approach to Feature
Selection
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Abstract. In many data analysis tasks, one is often confronted with the
problem of selecting features from very high dimensional data. The feature selection problem is essentially a combinatorial optimization problem which is computationally expensive. To overcome this problem it is
frequently assumed that either features independently inﬂuence the class
variable or do so only involving pairwise feature interaction. To overcome this problem, we draw on recent work on hyper-graph clustering
to extract maximally coherent feature groups from a set of objects using
high-order (rather than pairwise) similarities. We propose a three step
algorithm that, namely, i) ﬁrst constructs a graph in which each node
corresponds to each feature, and each edge has a weight corresponding
to the interaction information among features connected by that edge, ii)
perform hypergraph clustering to select a highly coherent set of features,
iii) further selects features based on a new measure called the multidimensional interaction information (MII). The advantage of MII is that
it incorporates third or higher order feature interactions. This is realized
using hypergraph clustering, which separates features into clusters prior
to selection, thereby allowing us to limit the search space for higher order interactions. Experimental results demonstrate the eﬀectiveness of
our feature selection method on a number of standard data-sets.
Keywords: Hypergraph clustering, Multidimensional interaction information(MII).

1

Introduction

High-dimensional data pose a signiﬁcant challenge for pattern recognition. The
most popular methods for reducing dimensionality are variance based subspace
methods such as PCA. However, the extracted PCA feature vectors only capture
sets of features with a signiﬁcant combined variance, and this renders them
relatively ineﬀective for classiﬁcation tasks. Hence, it is crucial to identify a
smaller subset of features that are informative for classiﬁcation and clustering.
The idea underpinning feature selection is to a) reduce the dimensionality of the
feature space, b) speed up and reduce the cost of a learning algorithm, c) obtain
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the feature subset which is most relevant to classiﬁcation. In practice, however,
optimal feature selection requires 2n feature subset evaluations, where n is the
original number of features and many problems related to feature selection are
shown to be NP-hard [2]. Traditional feature selection methods address this
issue by partitioning the original feature set into distinct clusters formed by
similar features [3]. However, all of the above methods are weakened by only
considering pairwise relations. In some applications higher-order relations are
more appropriate to the classiﬁcation task on hand, and approximating them in
terms of pairwise interactions can lead to a substantial loss of information.
To overcome the above problem, in this paper, we propose a hypergraph-based
approach to feature selection. Hypergraph clustering is capable of detecting highorder feature similarities. In this feature selection scheme, the original features
are clustered into diﬀerent groups based on hypergraph clustering and each group
includes just a small set of features. In addition, for each group, a new feature
selection criterion referred to as multidimensional interaction information (MII)
I(F ; C) is applied to feature selection. In contrast to existing feature selection
criterion, MII is sensitive to the relations between feature combinations and can
be used to seek third or ever higher order dependencies between the relevant
features. However, the limitations of the MII criterion are that it requires an exhaustive “combinatorial” search over the feature space and demands estimation
of the joint probability distribution for features using large training samples.
So most existing works use MII based on the second-order feature dependence
assumption [1]. Since hypergraph clustering separates features into clusters in
advance, this allows us to limit the search space for higher order interactions
directly using the MII criterion I(F ; C) for feature selection. Using the Parzen
window for probability distribution estimation, we apply a greedy strategy to
incrementally select the features that maximize the multidimensional mutual
information between the current selected features and the output class set.

2

Hypergraph Clustering Algorithm

Concept of hypergraph: A hypergraph is deﬁned as a triplet H = (V, E, s),
where V = {1, . . . , n} is the node-set, E is a set of non-empty subsets of V or
hyperedges and s is a weight function which associates a real value with each
edge. A hypergraph is a generalization of a graph. Unlike graph edges which
consisting pairs of vertices, hyperedges are arbitrarily sized sets of vertices. Examples of a hypergraph are shown in Fig. 1. For the hypergraph, the vertex set
is V = {v1 , v2 , v3 , v4 , v5 }, where each vertex represents a feature, and the hyperedge set is E = {e1 = {v1 , v3 }, e2 = {v1 , v2 }, e3 = {v2 , v4 , v5 }, e4 = {v3 , v4 , v5 }}.
The number of vertices constituting each hyperedge represent the order of the
relationship between features.
Hypergraph Clustering Algorithm: Let H = (V, E, s) be a hypergraph
clustering problem. We can locate the hypergraph cluster by ﬁnding the solutions
of the following non-linear optimization problem that maximizes the functional
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Fig. 1. Hypergraph example

f (x) =


e∈E

s(e)



xi .

(1)

i∈e

n
subject to x ∈ , where  = {x ∈ Rn : x ≥ 0, i=1 xi = 1} and s is a weight
function which associates a real value with each edge. The local maximum of
f (x) can be solved using the Baum-Eagon inequality and leads to the iteratively
updated lambda:
xi ∂i f (x)
, i = 1, . . . , n .
(2)
zi = n
j=1 xj ∂j f (x)
where f (x) is a homogeneous polynomial in the variables xi and z = M(x)
is a growth transformation of x. The Baum-Eagon inequality f (M(x)) > f (x)
provides an eﬀective iterative means for maximizing polynomial functions in
probability domains.

3

Feature Selection Using Hypergraph Clustering

In this paper we aim to utilize the hypergraph clustering algorithm for feature
selection. Using a hypergraph representation of the features, there are three
steps to the algorithm, namely a) computing the relevance matrix S based on
the interaction information among feature vectors, b) hypergraph clustering to
cluster the feature vectors and c) selecting the optimal feature set from each
cluster using the multidimensional interaction information (MII) criterion. In
the remainder of this paper we describe these elements of our feature selection
algorithm in more detail.
Computing the Relevance Matrix: In accordance with Shannon’s information theory, the uncertainty of a random variable Y can be measured by the
entropy H(Y ). For two variables X and Y , the conditional entropy H(Y |X)
measures the remaining uncertainty about Y when X is known. The mutual information (MI) represented by I(X; Y ) quantiﬁes the information gain about Y
provided by variable X. The relationship between H(Y ), H(Y |X) and I(X; Y )
is I(X; Y ) = H(Y )−H(Y |X). As deﬁned by Shannon,
the initial uncertainty for
the random variable Y is expressed as: H(Y ) = − y∈Y P (y) log P (y), where
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P (y) is the prior probability density function over y ∈ Y . The remaining uncertainty in the variable Y if the
 variable
 X is known is deﬁned by the conditional entropy H(Y |X) = − x p(x){ y∈Y p(y|x) log p(y|x)}dx, where p(y|x)
denotes the posterior probability for variable y ∈ Y given another random
variable x ∈ X. After observing the variable vector x, the amount of additional information gain is given by the mutual information (MI) I(X; Y ) =


p(y,x)
y∈Y x p(y, x)log p(y)p(x) dx.
From the above deﬁnition, we can see that mutual information quantiﬁes the
information which is shared by two variables X and Y . When the I(X; Y ) is
large, this implies that variable x ∈ X and variable y ∈ Y are closely related,
otherwise, when I(X; Y ) is equal to 0, this means that two variables are totally
unrelated. Analogically, the conditional mutual information of X and Y , denoted
as I(X; Y |Z) = H(X|Z) − H(X|Y, Z), represents the quantity of information
shared by X and Y when Z is known. The conditioning on a third random
variable may either increase or decrease the original mutual information.That
is, the diﬀerence between the conditional mutual information and the simple
mutual information, referred to as the Interaction Information is:
I(X; Y ; Z) = I(X; Y |Z) − I(X; Y ) .

(3)

The interaction information measures the inﬂuence of the variable Z on the
amount of information shared between variables {Y, X}, the value can be positive, negative, or zero. A zero value means that the relation between X and Y is
entirely because of Z. A positive value means that X and Y are independent of
each other. However, when combined with Z, X and Y are correlated with each
other. A negative value indicates that Z can account for or explain the correlation between X and Y . The extension of interaction information to n variables
is deﬁned recursively,
I({X1 , . . . , Xn }) = I({X1 , . . . , Xn−1 }|Xn ) − I({X1 , . . . , Xn−1 }) .

(4)

In our feature selection scheme, the high-order relevance of features is computed using interaction information. Suppose there are N training samples, each
having K feature vectors. The k th feature vector for the lth training sample is
fkl , and so we can represent the k th feature vector for the N training samples
as the long vector Fk = {fk1 , fk2 , . . . , fkN }. For three feature vectors Fk1 , Fk2 and
Fk3 , their interaction information I(Fk1 , Fk2 , Fk3 ) can be computed by Equation
(3). The relevance degree among three feature vectors Fk1 , Fk2 and Fk3 can be
deﬁned as
3I(Fk1 , Fk2 , Fk3 )
.
(5)
S(Fk1 , Fk2 , Fk3 ) =
H(Fk1 ) + H(Fk2 ) + H(Fk3 )
where k1, k2, k3 ∈ K and the higher the value of S(Fk1 , Fk2 , Fk3 ) the more
relevant are the features Fk1 , Fk2 and Fk3 . Otherwise, if S(Fk1 , Fk2 , Fk3 ) = 0,
the three features are totally unrelated. In addition, for the above computation,
we use Parzen-Rosenblatt window method to estimate the probability density
function of random variables Fk1 , Fk2 and Fk3 . The Parzen probability density
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x−xi
i
estimation formula is given by: p(x) = N1 φ( x−x
h ), where φ( h ) is the window
function and h is the window width. Here, we use a Gaussian as the window
−1
(x−xT
(x−xi )
1
i
i )Σ
function, so φ( x−x
), where Σ is the covari2
d
1 exp(
h )=
−2h
d
(2π) 2 h |Σ| 2

ance of (x − xi ), d is the length of vector x. When d = 1, p(x) estimates the
marginal density and when d = 3, p(x) estimates the joint density of variables
such as Fk1 , Fk2 and Fk3 .
Hypergraph Clustering: the hypergraph clustering algorithm commences from
the relevance matrix and iteratively bi-partitions the features into a foreground
cluster and a background cluster. It locates the foreground cluster progressively
and hierarchically. The clustering process stops when all the features are grouped
into either the foreground or background cluster.
Selecting Key Features: The multidimensional interaction information between feature vector F = {f1 , . . . , fm } and class variable C is:
I(F ; C) =





P (f1 , . . . , fm ; c) × log

f1 ,...,fm c∈C

P (f1 , . . . , fm ; c)
.
P (f1 , . . . , fm )P (c)

(6)

The main reason for using I(F ; C) as a feature selection criterion is that since
I(F ; C) is a measure of the reduction of uncertainty in class C due to knowledge of the feature vector F = {f1 , . . . , fm }, from an information theoretic perspective selecting features that maximize I(F ; C) translates into selecting those
features that contain the maximum information about class C. In practice, and
as noted in the introduction, locating a feature subset that maximizes I(F ; C)
presents two problems: 1) it requires an exhaustive “combinatorial” search over
the feature space, and 2) it demands large training sample sizes to estimate
the higher order joint probability distribution in I(F ; C) with a high dimensional kernel [6]. Bearing these obstacles in mind, most of the existing related
papers approximate I(F ; C) based on the assumption of lower-order dependencies between features. For example, the ﬁrst-order class dependence assumption
includes only ﬁrst-order interactions. That is, it assumes that each feature independently inﬂuences the class variable, so as to select the mth feature, fm ,
P (fm |f1 , . . . , fm−1 , C) = P (fm |C). A second-order feature dependence assumption is proposed by Guo and Nixon [5] to approximate I(F ; C), and this is
arguably the most simple yet eﬀective evaluation criterion for selecting features.
The approximation is given as



 ; C) =
I(fi ; C) −
I(fi ; fj ) +
I(fi ; fj |C) . (7)
I(F ; C) ≈ I(F
i

i

j>i

i

j>i

Although an MII based on the second-order feature dependence assumption
can select features that maximize class-separability and simultaneously minimize
dependencies between feature pairs, there is no reason to assume that the ﬁnal
optimal feature subset is formed by pairwise interactions between features. Infact, it neglects the fact that third or higher order dependencies can be lead to
an optimal feature subset.
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 ; C) for feature selection
The primary reason for using the approximation I(F
instead of directly using multidimensional interaction information I(F ; C) is that
I(F ; C) requires estimation of the joint probability distribution of features using
a large training sample. Consider the joint distribution P (F ) = P (f1 , . . . , fm ),
by the chain rule of probability
P (fi , . . . , fm ) = P (f1 )P (f2 |f1 ) × P (f3 |f2 , f1 ) · · · P (fm |f1 , f2 . . . fm−1 ) ,

(8)

P (F ; C) = P (f1 , . . . fm ; C) = P (C)p(f1 |C)P (f2 |f1 , C)P (f3 |f1 , f2 , C)
(9)
×P (f4 |f1 , f2 , f3 , C) · · · P (fi |f1 , . . . , fm , C) .
In our feature selection scheme, the original features are clustered into diﬀerent groups based on hypergraph clustering and each cluster just includes a small
set of features. Therefore, for each cluster, we do not need to use the approx ; C). Instead, we can directly use the multidimensional interaction
imation I(F
information I(F ; C) criterion for feature selection. Using Parzen windows for
probability distribution estimation, we then apply the greedy strategy to select
the feature that maximizes the multidimensional mutual information between

the features and the output class set. As a result the ﬁrst feature fmax max



imizes I(f , C), the second selected feature fmax maximizes I(f , f , C), the




third feature fmax maximizes I(f , f , f , C), and so on. For each cluster, we
repeat this procedure until |S| = k.

4

Experiments and Comparisons

The data sets used to test the performance of our proposed algorithm are the
benchmark data sets from the UCI Machine Learning Repository. Table. 1 summarizes the properties of these data-sets. Using the feature selection algorithm
outlined above, we make a comparison between our proposed feature selection
method (referred to as the HGplusMII method) (which utilizes the multidimensional interaction information (MII) criterion and hypergraph clustering for
feature selection) and the use of multidimensional interaction information (MII)
using the second-order approximation (see Equation (7)).
The experimental results shown in Table. 2 demonstrate that our proposed
method (i.e. HGplusMII ) can achieve higher degree of dimensionality reduction, as it selects a smaller feature subset compared with those obtained using
MII with second-order approximation. There are three reasons for this. The ﬁrst
reason is that hypergraph clustering simultaneously considers the informationcontribution of each feature and the correlation between features, so the structural information concealed in the data can be eﬀectively identiﬁed. The second
Table 1. Summary of UCI benchmark data sets
Data-set
Australian
Breast cancer
Pima

Examples
690
699
768

Features Classes
14
2
10
2
8
2
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reason is that the multidimensional interaction information (MII) criterion is
applied to each cluster for feature selection, and can consider the eﬀects of third
and higher order dependencies between the features and the class. As a result
the optimal feature combination can be located so as to guarantee the optimal
feature subset. The third and ﬁnal reason is that second-order approximation
to multidimensional interaction information (MII) simply checks for pair-wise
dependencies between features and the class, and so only limited feature subsets
can be obtained.
Table 2. The experiment results on three data-sets
Method
Australian
Breast cancer
MII
{f8 , f14 , f5 ,f13 }
{f3 , f8 , f7 }
HGplusMII
{f8 , f9 , f5 }
{f3 , f7 , f9 }

Pima
{f2 ,f8 ,f6 ,f7 }
{f2 ,f6 ,f1 }

After obtaining the discriminating features, we compute a scatter separability
criterion to evaluate the quality of the selected feature subset. This is a well
known measure of class separability introduced by Devijiver and Kittler [4], and
d
+Sb |
= k=1 (1 + λk ), where Y denotes the feature set, λk ,
given by J(Y ) = |Sw
|Sw |
−1
Sb , and Sw and Sb are the between
k = 1 . . . d, are the eigenvalues of matrix Sw
and within class scatter matrices.
Table 3. J value comparisons for two methods on three data sets
Method
Australian
MII
2.2832
HGplusMII
2.3010

Breast cancer
5.0430
5.1513

Pima
1.3867
1.3942

In Table. 3, we compare the the performance of the two methods. We ﬁnd
that the eﬀective feature subsets can be obtained using our proposed HGplusMII
method, e.g., for dataset Australian and Pima, it can achieve a higher discriminability power based on fewer features.This means that our feature selection
method can guarantee the optimal feature subset, as it not only achieves higher
degree of the dimensionality reduction but also obtains better discriminability
power.
After obtaining the discriminating features, we apply a variational EM algorithm to learn Gaussian mixture model on the selected feature subset for the
purpose of classiﬁcation. For the Breast Cancer dataset, we visualize the classiﬁcation results using the selected feature subset. The classiﬁcation accuracy
achieved using the selected feature subset is 96.3% which is superior to the accuracy of 95.4% achieved by RD-based method [7]. The classiﬁcation results
are shown in Fig. 2. The left hand panel is the data with correct labeling, and
the right hand panel is the classiﬁcation results with the misclassiﬁed data highlighted. Because of the unsupervised nature of the variational EM algorithm and
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(b) Classiﬁcation result

Fig. 2. Classiﬁcation result visualized on 3rd, 7th and 9th features

the Gaussian mixture model, the classiﬁcation accuracy of 96.3% demonstrates
the adequate class separability provided by the selected feature subset.

5

Conclusions

This paper has presented a new graph theoretic approach to feature selection.
The proposed feature selection method oﬀers two major advantages. First, hypergraph clustering simultaneously considers the signiﬁcance of both the features
and the correlation between features, and therefor the structural information
concealed in the data can be more eﬀectively utilized. Second, the MII criteria
takes into account high-order feature interactions with the class, overcoming the
problem of overestimated redundancy. As a result the features associated with
the greatest amount of joint information can be preserved.
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Mutual Information Criteria for Feature
Selection
Zhihong Zhang and Edwin R.Hancock
Department of Computer Science,University of York,UK

Abstract. In many data analysis tasks, one is often confronted with
very high dimensional data. The feature selection problem is essentially a
combinatorial optimization problem which is computationally expensive.
To overcome this problem it is frequently assumed either that features
independently influence the class variable or do so only involving pairwise
feature interaction. In prior work [18], we have explained the use of a
new measure called multidimensional interaction information (MII) for
feature selection. The advantage of MII is that it can consider third or
higher order feature interaction. Using dominant set clustering, we can
extract most of the informative features in the leading dominant sets in
advance, limiting the search space for higher order interactions. In this
paper, we provide a comparison of different similarity measures based on
mutual information. Experimental results demonstrate the effectiveness
of our feature selection method on a number of standard data-sets.

1

Introduction

High-dimensional data pose a significant challenge for pattern recognition. The
most popular methods for reducing dimensionality are variance based subspace
methods such as PCA. However, the extracted PCA feature vectors only capture
sets of features with a significant combined variance, and this renders them relatively ineffective for classification tasks. Hence it is crucial to identify a smaller
subset of features that are informative for classification and clustering. The idea
underpinning feature selection is to a) reduce the dimensionality of the feature
space, b) speed up and reduce the cost of a learning algorithm, c) obtain the feature subset which is most relevant to classification. Mutual information provides
a principled way of measuring the mutual dependence of two variables, and has
been used by a number of researchers to develop information theoretic feature
selection criteria. For example, Batti [1] has developed the Mutual InformationBased Feature Selection (MIFS) criterion, where the features are selected in a
greedy manner. Given a set of existing selected features S, at each step it locates
the feature xi that maximize the relevance to the class I(xi ; C). The selection is
regulated by a proportional term βI(xi ; S) that measures the overlap information between the candidate feature and existing features. The parameter β may
significantly affect the features selected, and its control remains an open problem. Peng et al [11] on the other hand, use the so-called Maximum-Relevance
Minimum-Redundancy criterion (MRMR), which is equivalent to MIFS with
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1
β = n−1
. Yang and Moody’s [15] Joint Mutual Information (JMI) criterion is
based on conditional MI and selects features by checking whether they bring
additional information to an existing feature set. This method effectively rejects
redundant features. Kwak and Choi [8] improve MIFS by developing MIFS-U
under the assumption of a uniform distribution of information for input features.
It calculates the MI based on a Parzen window, which is less computationally
demanding and also provides better estimates.
However, there are two limitations for the above MI feature selection methods. Firstly, they assume that each individual relevant feature should be dependent with the target class. This means that if a single feature is considered
to be relevant it should be correlated with the target class, otherwise the feature is irrelevant [3]. So only a small set of relevant features is selected, and
larger feature combinations are not considered. The second weakness is that
most of the methods simply consider pairwise feature dependencies, and do not
check for third or higher order dependencies between the candidate features
and the existing features. To overcome the above problem, Zhang and Hancock [18] introduce the so called multidimensional interaction information (MII)
I(F ; C) = I(f1 , . . . , fm ; C) to select the optimal subset of features. The main
reason for using I(F ; C) as feature selection criterion is that: because I(F ; C)
is a measure of the reduction of uncertainty in class C due to the knowledge of
feature vector F = {f1 , . . . , fm }, selecting features that maximize I(F ; C), from
an information theoretic perspective, translates into selecting those features that
contain the maximum information about class C.
In prior work[18], we have proposed a graph-based method to feature selection. In this feature selection scheme, the original features are clustered into
different clusters based on dominant-set clustering and each cluster just includes
a small set of features. As dominant set clustering can group most of the informative features into the leading dominant set based on suitable similarity measure,
this allows us to limit the search space for further feature selection. The similarity measure used for clustering is based on mutual information. We compare the
similaity measure with other two well known alternative measures of similarity,
namely Pearson’s correlation coefficient (ρ) which based on distance and the
Least square regression error (e) is made. Using the Parzen window for probability distribution estimation, we then apply a greedy strategy to incrementally
select the features that maximizes the multidimensional mutual information between the already selected features and the output class set.

2

Dominant-Set Clustering Algorithm

There are several different methods for clustering features, well-known examples
are: k-means algorithm [9] is built for all sample, but requires a user to supply
the number of clusters in advance. In addition, it can not detect clusters of
arbitrary shapes. The Self Organizing Map(SOM) [14] is a type of artificial
neural network which can produce a low-dimensional space for the input data
objects using a neighborhood function to cluster nodes. As same with k-means
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algorithm, it does not explicitly optimize any measure of the total dissimilarity
to locate clusters. Again, it requires the number of clusters as user input. In
this paper, we use dominant set clustering which is suitable for both subspace
and high dimensional data clustering. In addition, it does not require the user
to provide the number of clusters and can also handle outliers efficiently. Most
importantly, it can group most of the informative features into cluster based on
a suitable similarity measure.

2.1

Concept of Dominant Set

The dominant set[10], is a combinational concept in graph theory that generalizes
the notion of a maximal complete subgraph from simple graphs to edge-weighted
graphs. In fact, dominant sets turn out to be equivalent to maximal cliques. The
definition of the dominant set simultaneously emphasizes internal homogeneity
and together with external inhomogeneity. Thus it is can be used as a general
definition of a ”cluster”. To provide an example, assume there are N training
samples, each having 5 feature vectors. In order to capture the dominant features from these 5 features (represented as F1 , . . . , F5 ), we construct a graph
G = (V, E) with node-set V , edge-set E ⊆ V × V and edge weight matrix W
whose elements are in the interval [0, 1]. Each vertex represents a feature and
the edge between two features represents their pairwise relationship. The weight
on the edge reflects the degree of relevance between two features. Therefore, we
represent the graph G with the corresponding edge-weight or weighted relevance
matrix. In our example, in Fig. 1, features {F1 , F2 , F3 } form the dominant set,
since the edge weights “internal” to that set (0.6, 0.7 and 0.9) are larger than
the sum of those between the internal and external features (which is between
0.05 and 0.25).

Fig. 1. The subset of features {F1 , F2 , F3 } is dominant
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For the graph G = (V, E) above, we can locate the dominant set by finding
the solutions of a quadratic program that maximizes the functional
f (x) =

1 T
x Wx .
2

(1)

Pn
subject to x ∈ 4, where 4 = {x ∈ Rn : x ≥ 0and i=1 xi = 1} and W is the
relevance weight matrix between features. The dominant set corresponds in the
strict sense with solutions of the quadratic program. Let u denote a strict local
solution of the above program. It has been proved by [10] that σ(u) = {i|ui > 0}
is equivalent to a dominant set of the graph represented by the edge-weight
matrix W. In addition, the local maximum of f (u) indicates the “cohesiveness”
of the corresponding cluster. The replicator equation can be used to solve the
program using the iterative update equation:
xi (t + 1) = xi (t)

(Wx(t))i
.
x(t)T Wx(t)

(2)

where xi (t) corresponded to the i − th feature vector at iteration t of the update
process.
2.2

Dominant-Set Clustering Algorithm

Pavan et al have demonstrated that the concept of a dominant set provides an
effective framework for iterative pairwise clustering. Consider a set of features
represented by an undirected edge-weighted graph with no self-loops. Let the
graph be denoted by G = (V, E, ω) where V = 1, . . . , n is the vertex set, E ⊆
V × V is the edge set, and ω is the weight function. Each vertex represents
a feature and the weight residing on the edge between two nodes represents
the pairwise affinity of the corresponding features. To cluster the features into
coherent groups, a dominant set of the weighted graph is iteratively located,
and then removed from the graph. This process is repeated until the node-set
of the graph is empty. The main property of a dominant set is that the overall
similarity among the internal features is greater than that between the external
features and the internal features.

3

Feature Similarity Measure

There are different similarity measure methods that can be used for clustering and different methods may lead to different cluster results. As a result, we
need to carefully select the most suitable measure to use. In general, the Euclidean distance is widely used as the distance or similarity measure for clustering
[7]. However, Euclidean distance only accounts for a data which follows a particular distribution [16], it is not effective to reflect functional similarity such
as positive and negative correlation and interdependency. Rao [12] introduced
two approaches to measure the linear dependency between variables, namely,
a)Pearson’s correlation coefficient (ρ), b) Least square regression error (e).
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Pearson’s correlation coefficient (ρ): The Correlation coefficient (ρ) between two random variables x and y is defined as:
ρ(x, y) = p

cov(x, y)
var(x)var(y)

.

(3)

where var() denotes the variance of a variable and cov(x, y) is the covariance between two random variables. From the above definition, we can see that Pearson’s
correlation coefficient quantifies the linear dependency between two variables x
and y. When the ρ(x, y) is large (i.e. 1 or -1), this implies that variable x and
variable y are closely related, otherwise, when ρ(x, y) is equal to 0, this means
that two variables are totally unrelated. As a result, the method can be used
to detect positive and negative correlation. However, there are two limitations
which unsuit the utility of Pearson coefficient to used for dominant set clustering.
First, it is not robust to outliers and as a result it may assign a high similarity
score to a pair of dissimilar features. Second, as it is sensitive to rotation and
invariant to scaling, the two pairs of variables having different variances may
give the same value of the similarity measure.
Least square regression error (e): The dependency of two variables x
and y can be modeled by the linear model, y = a + bx. As a result, the degree of
dependency between them can be measure by the error in predicting y from the
linear model. The parameters of the model a and b can be learned by minimizing
the mean square error as follows:
1X
(e(x, y)i )2 .
(4)
e(x, y)2 =
n
cov
where e(x, y)i = yi − a − bxi , a = ȳ, b = (x,y)var(x)
and e(x, y) = var(y)(1 −
2
ρ(x, y) ). From this definition, we can see that the least square regression error
(e) quantifies the amount of variance of y unexplained by the linear model. As
with Pearson’s correlation coefficient (ρ), it is sensitive to rotation and scaling.

4

Feature Selection Using Dominant-Set Clustering

In this paper we aim to utilize the dominant-set clustering algorithm for feature
selection. Using a graph representation of the features, there are three steps to
the algorithm, namely a) computing the relevance matrix W = (wij )n×n based
on the mutual information between feature vectors, b) dominant-set clustering to
cluster the feature vectors and c) selecting the optimal feature set from leading
dominant set using the multidimensional interaction information (MII) criterion.
In the remainder of this paper we describe these elements of our feature selection
algorithm in more detail.
4.1

Computing the Similarity Matrix

Instead of using the Euclidean distance, Pearson’s correlation coefficient (ρ) or
the least square regression error (e), our similarity measure employs an mutual
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information measure to evaluate the interdependence of features. The use of this
mutual information measure allows dominant set clustering to discover the informative features and group them into cluster. In accordance with Shannon’s
information theory [13], the uncertainty of a random variable Y can be measured by the entropy H(Y ). For two variables X and Y , the conditional entropy
H(Y |X) measures the remaining uncertainty about Y when X is known. The
mutual information (MI) represented by I(X; Y ) quantifies the information gain
about Y provided by variable X. The relationship between H(Y ), H(Y |X) and
I(X; Y ) is I(X; Y ) = H(Y ) − H(Y |X).
As defined by Shannon, the initial uncertainty for the random variable Y is
expressed as:
X
H(Y ) = −
P (y) log P (y) .
(5)
y∈Y

where P (y) is the prior probability density function over Y . The remaining uncertainty in the variable Y if the variable X is known is defined by the conditional
entropy H(Y |X)
Z
X
H(Y |X) = − p(x){
p(y|x) log p(y|x)}dx .
(6)
x

y∈Y

where p(y|x) denotes the posterior probability for variable Y given another random variable X. After observing the variable vector x, the amount of additional
information gain is given by the mutual information (MI)
XZ
p(y, x)
dx .
(7)
I(X; Y ) = H(Y ) − H(Y |X) =
p(y, x)log
p(y)p(x)
x
y∈Y

From the above definition, we can see that mutual information quantifies
the information which is shared by two variables X and Y . When the I(X; Y )
is large, this implies that variable X and variable Y are closely related, otherwise, when I(X; Y ) is equal to 0, this means that two variables are totally
unrelated. Therefore, in our feature selection scheme, the relevance of pairs of
feature vectors is computed using mutual information. Suppose there are N
training samples, each having K feature vectors. The k th feature vector for the
lth training sample is fkl , so we can represent the k th feature vector for the N
training samples as the long vector Fk = {fk1 , fk2 , . . . , fkN }. The entropy of the
feature vector Fk where (k = 1, 2, . . . , K) can be computed using Equation (3).
For two feature vectors Fk1 and Fk2 , their mutual information I(Fk1 , Fk2 ) can
be computed by Equation (5). The relevance degree between two feature vectors
Fk1 and Fk2 can be defined as [17]:
W(Fk1 , Fk2 ) =

2I(Fk1 , Fk2 )
.
H(Fk1 ) + H(Fk2 )

(8)

where k1, k2 ∈ K and the higher the value of W(Fk1 , Fk2 ) the more relevant are
the features Fk1 and Fk2 . Otherwise, if W(Fk1 , Fk2 ) = 0, the two features are
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totally unrelated. In addition, for the above computation, we use the ParzenRosenblatt window method to estimate the probability density function of random variables Fk1 and Fk2 [11]. The Parzen probability density estimation forx−xi
i
mula is given by: p(x) = N1 φ( x−x
h ), where φ( h ) is the window function
and h is the window width. Here, we use a Gaussian as the window function,
−1
(x−xT
(x−xi )
1
i
i )Σ
so φ( x−x
), where Σ is the covariance of
1 exp(
d
h ) =
−2h2
d
(2π) 2 h |Σ| 2

(x − xi ), d is the length of vector x. When d = 1, p(x) estimates the marginal
density and when d = 2, p(x) estimates the joint density of variables such as Fk1
and Fk2 .
4.2

Dominant-set Clustering

The dominant-set clustering algorithm commences from the relevance matrix and
iteratively bi-partitions the features into a dominant set and a non-dominant set.
It therefore produces the dominant-set progressively and hierarchically. The clustering process stops when all the features are grouped into one of the dominantsets. We can formulate the dominant-set clustering algorithm in the following:
a) Initialize Wt by the similarity matrix W, where t = 1. b) Calculate the local
solution of Equation(1) by Equation(2): ut and f (ut ). c) Get the dominant set:
DS t = σ(ut ). d) Split out DS t from Wt and get a new similarity matrix Wt+1 .
e) If Wt+1 is not empty, Wt = Wt+1 and t = t + 1, then go to step b; else exit
4.3

Selecting Key Features

In accordance with Shannon’s information theory [13], the uncertainty of a random variable Y can be measured by the entropy H(Y ). For two variables X and
Y , the conditional entropy H(Y |X) measures the remaining uncertainty about Y
when X is known. The mutual information (MI) represented by I(X; Y ) quantifies the information gain about Y provided by variable X. The relationship
between H(Y ), H(Y |X) and I(X; Y ) is I(X; Y ) = H(Y ) − H(Y |X).
As defined by Shannon, the initial uncertainty for the random variable Y is
expressed as:
X
H(Y ) = −
P (y) log P (y) .
(9)
y∈Y

where P (y) is the prior probability density function over Y . The remaining uncertainty in the variable Y if the variable X is known is defined by the conditional
entropy H(Y |X)
Z
X
H(Y |X) = − p(x){
p(y|x) log p(y|x)}dx .
(10)
x

y∈Y

where p(y|x) denotes the posterior probability for variable Y given another random variable X. After observing the variable vector x, the amount of additional
information gain is given by the mutual information (MI)
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I(X; Y ) = H(Y ) − H(Y |X) =

XZ
y∈Y

p(y, x)log

x

p(y, x)
dx .
p(y)p(x)

(11)

In addition, for the above computation, we use Parzen-Rosenblatt window
method to estimate the probability density function of random variables Fk1
and Fk2 [11]. The Parzen probability density estimation formula is given by:
x−xi
i
p(x) = N1 φ( x−x
h ), where φ( h ) is the window function and h is the wini
dow width. Here, we use a Gaussian as the window function, so φ( x−x
h ) =
1
d
(2π) 2

1
hd |Σ| 2

exp(

−1
(x−xT
(x−xi )
i )Σ
),
−2h2

where Σ is the covariance of (x − xi ), d is the

length of vector x. When d = 1, p(x) estimates the marginal density and when
d = 2, p(x) estimates the joint density of variables such as Fk1 and Fk2 .
The multidimensional interaction information between feature vector F =
{f1 , . . . , fm } and class variable C is:

I(F ; C) = I(f1 , . . . , fm ; C) =

X X

P (f1 , . . . , fm ; c)

f1 ,...,fm c∈C

× log

P (f1 , . . . , fm ; c)
.
P (f1 , . . . , fm )P (c)

(12)

The main reason for using I(F ; C) as a feature selection criterion is that:
because I(F ; C) is a measure of the reduction of uncertainty in class C due to
knowledge of the feature vector F = {f1 , . . . , fm }, from an information theoretic
perspective selecting features that maximize I(F ; C) translates into selecting
those features that contain the maximum information about class C. In practice and as noted in the introduction, locating a feature subset that maximizes
I(F ; C) presents two problems: 1) it requires an exhaustive “combinatorial”
search over the feature space, and 2) it demands large training sample sizes
to estimate the higher order joint probability distribution in I(F ; C) with a
high dimensional kernel [8]. Bearing these obstacles in mind, most of the existing related papers approximate I(F ; C) based on the assumption of lower-order
dependencies between features. For example, the first-order class dependence
assumption includes only first-order interactions. That is it assumes that each
feature independently influences the class variable, so as to select the mth feature, fm , P (fm |f1 , . . . , fm−1 , C) = P (fm |C). A second-order feature dependence
assumption is proposed by Guo and Nixon [5] to approximate I(F ; C), and this is
arguably the most simple yet effective evaluation criterion for selecting features.
The approximation is given as

b ; C) =
I(F ; C) ≈ I(F

X

I(fi ; C) −

i

XX
i

+

XX
i

j>i

I(fi ; fj )

j>i

I(fi ; fj |C) .

(13)
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b ; C) instead of I(F ; C), it is possible to locate a subset of inforBy using I(F
mative features by implementing a greedy “pick-one-feature-at-a-time” selection
procedure. Given K features, out of which m are to be selected (m < K), this
0
involves two steps: 1) select the first feature fmax
that maximizes I(f 0 ; C), and
2) select m − 1 subsequent features that maximize the criterion in Equation
00
0
(8), i.e., select the second feature fmax
that maximizes I(f 00 ; C) − I(f 00 ; fmax
)+
00
0
000
000
000
0
I(f ; fmax |C), select the third feature fmax that maximizes I(f ; C)−I(f ; fmax
)−
000
00
000
0
000
00
I(f ; fmax ) + I(f ; fmax |C) + I(f ; fmax |C) and so on.
Although an MII based on the second-order feature dependence assumption
can select features that maximize class-separability and simultaneously minimize
dependencies between feature pairs, there is no reason to assume that the final
optimal feature subset is formed by pairwise interactions between features. In
fact, it neglects the fact that third or higher order dependencies can be lead to
an optimal feature subset.
b ; C) for feature selection
The primary reason for using the approximation I(F
instead of directly using multidimensional interaction information I(F ; C) is that
I(F ; C) requires estimation of the joint probability distribution of features using
a large training sample. Consider the joint distribution P (F ) = P (f1 , . . . , fm ),
by the chain rule of probability
P (fi , . . . , fm ) = P (f1 )P (f2 |f1 ) × P (f3 |f2 , f1 ) · · · P (fm |f1 , f2 . . . fm−1 ) , (14)
P (F ; C) = P (f1 , . . . fm ; C) = P (C)p(f1 |C)P (f2 |f1 , C)P (f3 |f1 , f2 , C)
×P (f4 |f1 , f2 , f3 , C) · · · P (fi |f1 , . . . , fm , C) .

(15)

In our feature selection scheme, the original features are clustered into different dominant-sets based on dominant-set clustering and each dominant-set
just includes a small set of features. Therefore, for each dominant set, we do
b ; C). Instead, we can directly use the
not need to use the approximation I(F
multidimensional interaction information I(F ; C) criterion for feature selection.
Using Parzen windows for probability distribution estimation, we then apply
the greedy strategy to select the feature that maximizes the multidimensional
mutual information between the features and the output class set. As a result
0
00
0
the first feature fmax maximizes I(f , C), the second selected feature fmax max000
00
0
00
0
000
imizes I(f , f , C), the third feature fmax maximizes I(f , f , f , C), and so
on. For each dominant set, we repeat this procedure until |S| = k.

5

Classification

After finding the discriminating features, we apply the variational EM (VBEM)
algorithm [2] to fit a mixture of Gaussians model to the selected feature subset.
After learning the mixture model, we use the a posteriori probability, see Equation(16), to classify sample. Given a sample, we first compute its selected feature
vector b through feature selection. Then we compute its a posteriori probabilities
rc , the mean vectors b̂c , and the precision matrices Λc , where c ∈ c1 , . . . , cl and
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l is the number of class for the data. For example, in binary class, if rc1 > rc2
then the sample is classified as class c1 . Otherwise, the sample is classified as c2 .
The posterior probabilities are given by
rnk ∝ πk |Λk |

−1
2

1
exp{ (xn − µk )T Λk (xn − µk )} .
2

(16)

where k = 1, . . . , K is the mixture component, n = 1, . . . , N denotes the data
index. Model parameters πk , µk and Λk are respectively a priori probability, the
mean of selected feature vectors and precision matrices of the k th component. In
the variational Bayesian EM (VBEM) algorithm, all of these model parameters
are characterized by hyper-parameters, which take into account the uncertainty
in the parameter estimation. The parameters rnk are called posteriori probability
because they represent the responsibility the k th component takes in explaining
the nth observation. The posteriori probability can be arranged into a matrix
R = (rnk ) and will have to satisfy the following conditions:
0 ≤ rnk ≤ 1 .

6

(17)

Experiments and Comparisons

The data sets used to test the performance of our proposed algorithm are the
benchmark data sets from the NIPS 2003 feature selection challenge and the
UCI Machine Learning Repository. Table. 1 summarizes the properties of these
data-sets. Our proposed feature selection method (referred to as the DSplusMII
method) (which utilizes the multidimensional interaction information (MII) criterion and dominant-set clustering for feature selection) involves grouping a set
of informative features into cluster from the original feature set by dominant-set
clustering and then applying MII criterion into the cluster for feature selection.
In order to examine the performance of our proposed method DSplusMII, we
need to know how meaningful the cluster obtained based on mutual information
is and what more useful information they contain. In view of this, we should
first examine how discriminative the features in the leading dominant set. Next,
we could use the extracted features for classification to check the performance.
Our proposed scheme for evaluation and comparison can be outlined as follows:
a) the study of the cluster performance obtained by different similarity measure
methods(i.e., the Pearson’s correlation coefficient (ρ) and Least square regression error (e) ). b) the study of classification results based on the selected feature
subset captured by MII in the dominant sets and compared with other MI-based
criterion methods(i.e., the MRMR algorithm [11] and the MIFS algorithm [1]).
6.1

Cluster Performance Evaluation using Different Similarity
Measures

As we mentioned before, our proposed algorithm is capable of grouping informative features in the leading dominant set by dominant set clustering based on
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Table 1. Summary of UCI and NIPS benchmark data sets
Data-set
Examples Features Classes
Madelon
2000
500
2
Breast cancer
699
10
2
Pima
768
8
2
Australian
690
14
2
Table 2. J value comparisons of dominant set using different feature similarity measure
Data-set
Similarity Measure:MI Similarity Measure: (ρ) Similarity Measure: (e)
Madelon
1.1082
1.0024
1.0094
Breast cancer
5.1513
5.1513
5.1513
Pima
1.3716
1.3716
1.0177
Australian
2.2546
2.2006
1.2090

a suitable similarity measure. Different similarity measures will lead to different clustering results, which means that an unsuitable similarity measure may
group less informative features into a cluster. Therefore, we should carefully
select which similarity measure to use. Here, we study the clustering results
obtained by using three different similarity measures for dominant-set clustering(DS). In order to examine the discriminability of the features grouped in the
leading dominant set, we will use the multidimensional interaction information
(MII) criterion. Then, a criterion function is used to measure the discrimination
of the selected key features. This is a well known measure of class separability
introduced by Devijiver and Kittler [4], and given by

J(Y ) =

d
Y
|Sw + Sb |
(1 + λk ) .
=
|Sw |

(18)

k=1

where Y denotes the feature set, λk , k = 1 . . . d, are the eigenvalues of matrix
−1
Sw
Sb , and Sw and Sb are the between and within class scatter matrices. Table. 2
shows the comparative cluster results of our mutual information based similarity
measure with other two similarity measures in terms of the measured J value.
The subset obtained by our mutual information based similarity measure is more
discriminative, giving the highest J value.
6.2

Classification Results using Selected Feature Subset

After obtaining the discriminating features, we apply a variational Bayesian
EM(VBEM) algorithm to learn a Gaussian mixture model on the selected feature
subset for the purpose of classification. We compare classification results from
our proposed feature selection method (referred to as the DSplusMII method)
(which utilizes the multidimensional interaction information (MII) criterion and
dominant-sets for feature selection) with those obtained using k-means algorithm
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[9] and alternative existing MI-based criterion methods, namely a) MaximumRelevance Minimum-Redundancy (MRMR), b) Mutual Information Based Feature Selection (MIFS).
Based on the feature subsets selected by our proposed DSplusMII method,
We first examine the classification performance using different sized feature subsets by selecting the top k features ranked by their incremental gain. In the
classification performance evaluation process, we employ a posteriori probability, see Equation(16), to perform classification, we got the classification accuracy
by the percentage of the data, which are predicted correctly. For the purpose of
comparison, we repeated the feature selection process using the k-means algorithm, MRMR algorithm and MIFS algorithm.
The Madelon data set is a 2 classes problem originally proposed in the
NIPS’2003 feature selection challenge [6]. The data points grouped into 32 clusters placed on the vertices of a five dimensional hypercubes. As a result, there
are only 5 informative features, but 15 redundant features and 480 probes. In
Fig. 2, we present the top 14 features ranked by the incremental gain calculated
by MII. The classification accuracies obtained on different feature subsets are
shown in the right hand side of Fig. 2. From the figure, it is clear that using the
leading 6 features (476, 339, 379, 154, 443, 456), we achieve 90% classification
accuracy. Because of the unsupervised nature of the VBEM algorithm and the
gaussian mixture model, the classification accuracy of 90% demonstrates the adequate separability provided by the selected feature subset. For comparison, we
also visualize the classification results of using the feature subset obtained by
MRMR;

(a) Top-ranked Features by Incremental
Gain

(b) Classification result

Fig. 2. The result on Madelon data set for our algorithm. The values of the Incremental
gain for the top 14 features are presented in the left part along with the feature indices,
while the classification accuracies are plotted in the right part

In Fig. 3, the top-ranked features ranked by MRMR are presented in the
left hand part, and the classification accuracies using the top-ranked features

Mutual Information Criteria for Feature Selection
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(b) Classification result

Fig. 3. The result on Madelon data set using MRMR for feature ranking. The values
of the relevance score for the top 14 features are presented in the left part along with
the feature indices, while the classification accuracies are plotted in the right part

incrementally are presented in the right hand part. The best result is about
63.1% using 9 features, which is much worse than the result of our algorithm as
shown in Fig. 2. The poor classification performance may be explained by our
observation that most of the selected top features are not in the 1st dominant
set and ranked very low by DSplusMII. On the other hand, we find that for
MRMR there is a tendency to overestimate the redundancy between features,
since they neglect the conditional redundancy term I(xi , S|C). As a result some
important features can be discarded, which in turn leads to information loss.
Table 3. The classification accuracy on the top features selected by different methods
in the Breast Cancer data set
No.of Features Selected DSplusMII
2
88.84%
3
96.3%
4
96.3%

MRMR MIFS
88.84% 88.84%
87.98% 84.4%
87.55% 82.51%

Table 4. The classification accuracy on the top features selected by different methods
in the Pima data set
No.of Features Selected DSplusMII
2
74.09%
3
75.91%
4
72.79%

MRMR MIFS
74.09% 74.09%
75.91% 75.91%
70.31% 70.31%
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Table 5. The classification accuracy on the top features selected by different methods
in the Australian data set
No.of Features Selected DSplusMII
3
83.77%
4
83.77%
5
83.77%

MRMR MIFS
68.84% 64.35%
69.13% 64.35%
69.28% 83.62%

The experimental results in Table. 3, 4 and 5 show that DSplusMII is, by
and large, superior to the other feature clustering and feature selection methods
by selecting a smaller set of discriminative features than the others as reflected
by the classification results. As shown by the results, DSplusMII outperforms
MIFS and MRMR algorithms in all cases except in the Pima dataset, in which
all the four methods yield a comparable classification rate. It is interesting to
note that the performance achieves a 96.3% when using the 3 features selected
by DSplusMII and maintain at the same accuracy even when more features are
selected(see Table. 3). Similaly, 83.77% is achieved when 3 features are selected
by DSplusMII and its performance remains at this level even when more features
are selected(see Table. 5). This implies that the discriminative information exists
in a small set of features which can be used to fit the mixture Gaussian models
to the data. In addition, in breast cancer, we find out that the leading 4 selected
features are all from the first dominant set found by dominant set clustering.
This again supports the fact that the first dominant set captures the greatest
number of informative features. From Table. 4, it is clear that using the leading
three features, then all the four methods achieve 75.91% classification accuracy,
which is higher than that obtained using other sized feature subsets. Using fewer
or more features both deteriorate the accuracy. This implies that classification
of samples is based on a very few of the most important features.

7

Conclusions

This paper has presented a new graph theoretic approach to feature selection. The proposed feature selection method offers two major advantages. First,
dominant-set clustering can capture the most informative features based on MIbased similarity measure. Second, the MII criteria takes into account high-order
feature interactions, overcoming the problem of overestimated redundancy. As a
result the features associated with the greatest amount of joint information can
be preserved.
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